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POLYNOMIAL FIBONACCI-LUCAS IDENTITIES OF THE FORM 2: P(r)F,
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Bucknell University, Lewisburg, PA 17837
INTRODUCT ION

n
E: P(r) can be evaluated by substitution in the mnemonic chain of formulas:

rel
. = _nn+1)
e) 3 r -2
(2) ;g;r(r +1) = nn + l;(n + 2)
(K) Sre+1 ... (r+k—1)=”(”+1%;-i (n + k)

The proof of (K) by mathematical induction also establishes the validity of (1), (2),
(K + 1).

Exampfe 1: From (a) on the right, (a)
rP=r@@+1)@E+2) -3r@+1) +r 1 0 O
n n " -1{1 -1 |1
Drt=Y rr+ D@42 -3) v+ 1)+ r -2f1 -3
r=1]1 r=1 r=1 r=1
_nn+ 1D(n+ 2)(n + 3) nn+1)
= 7 -nn+ 1)(n+ 2) + —
_nim+1)?
= I

THE FIBONACCI-LUCAS CHAIN OF POLYNOMIAL IDENTITIES

I. Using the Fibonacci lists of identities, or otherwise, it is possible to write the following

relations:
n
m 2 F=F, -1
re=]l
n
(2) S rF, = nF,,, - Fya, + 2
r=1
n
(3) D or(r+ DF, = n(n+ DF,y, = 20F,, 3+ 2F,,, - 6
r=1
n
) Yorr + D@+ DF, = n+ 1) + DF,,, - 3k + DE,, ,
re=]
+ 6nF,,, - 6F,,s + 30

]

B) Y rr+ D@+ 2@+ NF, =nr+ D@+ 20+ NF,,, - bnln+ 1)+ 2)F,,,
=1

+ 12n(n + l)Fn+l¢ - 24nFn+5 + 24Fn+s - 192

®) Y r@@+1) oo @+k-1DF, =nn+1) - (2 +k=- 1)F

n+2
r=1

- kn(n + 1)

m+k=2F _+ -0 + (<D} 11IF

k+1
n+3 neke2 T (-1) KiFpyqe

lo
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Using iterated integration by parts for finite differences:

n

e+ 1) s (k- DE =nm+1) o (n+k+ D(F,,, +F,)
ral

-kn(n+ 1) <+« n+ k-2 (Fyyq + 2F, + F,_,)

+k(k - Dnn+1) <o+ (n+k=-3)(F,,, + 3F, +3F,_, +F,_,)

4)(Fuyy + 4F, + 6F, 4 + 4F, _, + F,_3)

1)F,,+3 + ] + 0y

Catalan has an operator formula U"*P= U""P(y + 1)P, After the algebraic operations are
performed on the right, all powers become subscripts of U. U, can be replaced by either F, or
L,. Using this formula, or mathematical induction,

- k(k - 1)(k - 2)n(n + 1) s (n+ K

k+1 k
+ oo+ (—1)"”k![F,,+1 +( 1 )F,,+2 + (

N+

Sre+1) o (p+k-DF, =n(r+1) 1+ k= Dy,
r=1

-kn(n +1) -+« (n+ k - 2)F,,,
oo CDFPIRIE L, + G

Let n = 1 in (K) and (K - 1), Cx, an integer, must be a multiple of k! Dividing out the
common factor (k - 1)! in (K - 1) and k! in (K), |C| = Fp,s - Fre1 = Fryn.

n n n n
Example 2: D r’F, = 3 r(» + (@ + 2)F, - 39_r(r + DF, + ) _F,
r=1 r=1 r=1 r=1

n’F,,, = (3% = 3n + 1)F,,, + (6n - 6)F,,, - 6F

n

.5 + 50.

II. Using a Lucas list of identities, or otherwise, it is possible to establish (using proofs
similar to those in (I) the following identities:

n
(0 2 Ln =L -3
r=3
n
(2) ZTLr =Nhyyp — Lpysz + 4
r=1
.n
(3) dre+ DIy =n(n+ DL, - 2L, ; + 2L,,, - 14
r=j
4) dSorr+ )@+ DI, =n(m+ 1)+ 2)L,,, - 3n(m + DL, + 6nl,,,
=] .

- 6L, + 66
(5) i”'(r + D@+ )@+ 3Nr=n(n+1n+2)n+3),,, -bnn+ 1)+ 2)L,,,
Tt +120(n + DLy, = 24nDyyg + 260,45 = 432

(K) ir(r + 1) (@+k-DLp=nn+1) -+ m+k-1L,,, - kn(n + 1)
T (n+ k- 2)I,,, + k(k = Dnee + 1)
(m# K= DLy = o0+ DRI L,

+ (DKL,
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n
Example 3: ZraL, =
r=1

1. ZLeonard Dickson.

n

Sre+ D@+ DI, - 3ir(r + DIy + zn:m:,

r=] r=1 r=]1

3 2
n°L 2 " (3n° - 3n + l)Ln+ + 112.

n

+ (6n - 6)L ,, - 6L

3 n+s
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A GENERALIZATION OF SOME L. CARLITZ IDENTITIES

GREGORY WULCZYN
Bucknell University, Lewisburg, PA 17837

Leonard Carlitz [1], by factoring (x + y)? - x? - yF, developed the following identities:
1. Py = Fy = Fay = 3F, \FF,
3 3 3 o
Lyyp =Ly -1 = 3L, 1LpLnys

2. F:+1 + F: + F:-l = 2[Fyf+1 - FnFn—1]2

2

L:+1 + L: + L’:‘l-l = 2[Ln+1 - Ln]--’n-l]2

3. F3+1 'Frsl _Fs—l =5Fn—1FnFn+1(Fﬁ+1 - F,Fyoq)

L:_'_l - Li - Lrs:-l = SLn—anLn+1(L3+1 - LnLn-l)

be Flo- Fy - FZ-l = 7Fn-1FnFn+1(F5+1 - FnFn—1)2
7 2

er+1 - I’Z - Ln-l = 7Ln-1LnLn+1(Ln+1 - Lnl-’rl-l)2

The common subscript difference is 1. A generalization consists in forming identities with
(a) a common subscript difference 2r + 1; (b) a common subscript difference 2r.

3 3 3 3
1. Friorsr ~ LypsrFn LIP

= 3Ly s1Fnonp 1 FnFusor 41

3 3 3 3 -
Ln+2r+1 - L2r+1Ln - Ln-zr-l - 3L2r+1Ln-2r-anLn+2r+1
3 3 3 3 —
Lszn - Fn+2r - Fn-zr - 3L2an—2anFn+2r
3 3 3 -
Lgan - Ln+2r - Ln-zr - 3L2an-2anLn+2r
4 A " " - 2 _ 2
2. Floomer Y lpidBn T E _0poy = Z[Fn+2r+1 L2r+1FnFn-2P-1]
y [ L = 2 2
L:+?_r+1 Flopirln YL op1 = 2Ly sor41 = Dowia DDy op g ]
4 b 4 - 2 2
Z:':J(Zr + Lszn + Fn-Zr - 2(Fn-ur + LZanFn-zr)
= 2 2
L:+2r + LgrL: + L:—Zr - Z(LrH—Zr + LernLn-zr)
5 5 5 = 2
3. Fysz+zr+1 “LpiiFy T E L T 5L 41 Fn-2p -1 FnFrsor 1 Favorsr = Lops1FnFucon 1)
5 - T 2
L:+2r+1 - L§r+1L3 - L opy T 5“2P+1Ln-21‘—1LnLn+2r+1(Ln+2P+l = LopsrlnLly_pp-1)
- 2
LSrF: - Fn5+2r - Fr?—zr - SLszn-z FnFn+2r (Fn+2r + LZanFn-Zr)
5 5 5 - 2
L;an - Ln+2r - Ln-2r - SLZrI’n-Z LnLn+2r (Ln+2r + LZanLn-Zr)
4. (a) F’ - L] ,FT - F! =70,.,.F F F (F? - L, 4, FF )2
* a n+2r+1 2r+1°n n-2r-1 2r+1"n-2r-1"n"n+2r+l\V n+2r+1 2r+1“n-n-2r-1
7 7 7 7 . 2 2
(b) Livors1 = Loparly = Ly onoy = 7L21-+1Ln-2r-anLn+2r+1(Ln+2r+1 =~ Lops1lyLnoop 1)
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