mptlp-1)

-n Pi@* ™t + 1) - Lm,

= 2 , (mod p?).

This means that the exponent of 3 in the canonical expansion of B, (3, m;3%) (3 | my) is
a~-1, and
PalB1(p’ mp?) (p / my) for p > 3.

In the last case, we do not know, however, the exact exponent of p in the canonical factoriza-
tion of B;.

VII
Returning to the difference
' m(p -1)/2 n
n+1l n n ! r p-1 .
(327) - () e om = (2) |5 oo [ T
' r=1 i=1,p7j

we know that
n p -t no_ 2
() -0 [ 2oi

is divisible by p but not by p?. Thus, the results concerning the divisibility of B, give
immediately the results ennounced in the theorem. More generally, if

M= mlpa, K = klpb, min(a, b) = @, (p le, kl)’ and Z/M(l - _?1_)’
then
pa‘b"c*d/Dp(K, M),
where
-2 for p=2, a>2,
d=¢ -1 for p =3,
0 for p > 3.

As for Ap(X, M), we have to multiply this by the power of p in the factorization of (5)
which can be calculated by the theorem of Lagrange.

L2 L2

FORMATION OF GENERALIZED F-L IDENTITIES OF THE FORM E:r'ﬂr“

rel

GREGORY WULCZYN
Bucknell University, Lewisburg, PA 17837

PRELIMINARIES

p®=p(p+1) *** (r +s - 1). The various identities will be formed by using, if
necessary, an iterated integration by parts formula for finite differences. r% is conven-
ient since Ar® = s(r + 1)5-1, A2p® = g(s = 1) (r + 2)5-2, +-», Ar® = g!

A ughve] = ugv, - AT (Aug) W) ]

This formula can be iterated:

(continued)

192

I YR



A A A A A A A Al

Starting with the second term, after each finite integration, the

z+2

\v ”r

T+ 3

=g
'
v
<
I

"
= Va1

= U"Y

T+2

subscript x is replaced by

x+ 1.
DM uwe) = uVe - (Aun) (0)1,) + QPu) W) - (BPu) @) + ...
1. PURE FIBONACCI-LUCAS {DENTITIES
APy = Foyy = F, =Fp )y Mo =L,y ~Lc=5L,_y, 87'F, =F, ., AL, =1L,
n
(l) ZF.T = [A-IFI]?.*’I = [F.'r+1]']‘.+1 =Fn+2 - FZ
1
n
2 SL. = DL = (2,405 = Lawy - I
1
n -
ZxFI = [2Fr 4y - Fr+3],i+1 =M+ DF, ., - Fy, -F, +F,
1
n
(3) pr:r = (n+ 1)F71+? - Fn-&-h + FS
1
n
4) ZxLx =+ D), = Ly + Ly
1
noo_ _
S atE, = [27F,,, - 200+ DE, L, + 2F,  13%}
1
=+ 1)+ 2)F,,. - 2(n+ 2)F,,, + 2F, , - 21(F, - 2F, + F,)
n Y
(5) Y @R = (nt D+ F,,, = 2+ DF, ., + 2, - 2IF,
1
n _
(6) P 2L, = (n+ 1)@+ DI, - 20+ DI, + 2L, - 2!,
1
noo_ - _
Salm = 2%, - 3@+ D, + 6@+ 2D)F, 5 - 6F, ]}
1 — —
=M+ DF,, ., -3+ 2)F, .y +6mn+3)F, ¢ ~-6F -3 (F, - 3F, + 3F, - Fy)
n —
(1) D zF, =i+ D+ 2+ DF,,, -3+ 2D+ D, +6(mn+ DF,,, - 6F,,, + 31F,
1
(8) Dz, = (n+ 1)L, - 300+ D2, + 6(n + D, - 6Ly, + 31I,
1
n _ - —_— o
(9 Zl'SFx =Mm+ 1)°F,,, -sn+ 2)5'1FnM +s8(s -1+ 3)" 7 F e -
1
+ (-1)°8!F, peun + (‘1)S+IS!F3+2
n p— — —— ——
(10) Z‘TSL::: =+ DL, -+ 2 L, +e(s - D0 +3) L - -
1
+ (-1)%s!'L + (-1)** g1z,

n+28+2 8+2
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(11
(12)
(13)

(14)

(15)
(16)
(17)

(18)

(19)
(20)
(21)

(22)

(23)
(24)

(25)

194

2. PURE FIBONACCI-LUCAS IDENTITIES

VT en

AFye = Fozaz = Faz = Fozan

A Py = Fogys D71y = Lypy
[A-le.-.-]qH = [FZ::-I]';.."I =Foper - F3 |
LGf; L
Fonee = Fy
L2n+2 LZ
[2F,, .y = Fzz]’;ﬂ =+ DF, = Fppy - - F))
(+ DF, )= Foper T Fy
(m+ Dlpyy = Lopsr ¥ 5
(n + 1)F2n+2 R P Fy
(n+ DL, ., = Lys ¥ 1y
[xEFZx-l - 2@+ DF,, + 2F, 117
(n+ 1)(n+ DF, -2+ 2DF, , +2F,  -20(F -2F, +F)
n+1Mn+ 2)F2n+1 -2(n + 2)F2n+2 +2F, .o~ 2!F,
n+ 10+ DL, ., - 2(n + 2)L,,,, + 2L, ., = 2!L,
n+1)n+ 2)F2n -2(n + 2)1*"2,1+1 2F2n+2 - Z!F2
n+ 1+ Z)LG -2Mn + 2)L2n+1 + 2L2n+2 - Z!Lz
[2F, , - 3@+ )P, + 6@ + 2)F,_,, - 6F, 1%
(n+ DF, -3+ DF,  +6(m+ N, - 6F, - 31(F - 3F, +3F, -F)
m+ D, -3+ D7, + 60+ DF, - 6F, |+ 3IF_,
(n+ 1%, -3+ 2%, ,+60n+ 3, . -6L, . +3,
(m+ DF, -3+ 2%,  +6n+ D, . -6F, o+ 3F



A A A A A A 4 A

3 _ 3 _ Z _
26) Y&, = @®+ DL, -3+ 2L, +6(n+ 3L, -6I, . +31_
1
27) Z‘rEFz.z = (4 1)§F2n+1 s+ 2)8_1F2n+2 tele-1m+ 3)3—2F2n+3 -
1
& 8+1
(-1) S!F2n+s+1 + (1) s!F_(s_l)
n
5 _ g _ -1 _ T-2
(28) Zw L, =0+ DL, -st+2°'L, +ss-D0m+3?D,
- .
8 s+l,
-D7s!L, .ot D S!L-(s-l)
3. PURE FIBONACCI-LUCAS IDENTITIES
Fop = Faps ~Fyp = /A_g_[aax(aa - D -8 - D]
' 1 2
= Tg[aax(za) _ 83:(28)] = ﬁ(aaz+1 - Ba.r+1) = 2F3x+1
| - 1
L7 Fg, 'Q’st-l’ L7 Ly, ‘fLax-l
n +1
- 1 _ |1 i _ 1 1
(29) ;st = [A7Fy 0" ”[3‘73:-1]1 =5 Fapnys =5 F
n
1 1
(30) 2F33+1=§F3n+3’5‘p3
- 1 1
(31) ZF3:+2 =§Fan+u "Q'Fu
1
I 1 1
(32) Z“'Elz =75 Lypsr ~5 L2
T
% 1 1
(33) ZLaxu =3 Ly ~ 3 L
2 1 1
(34) ;Lamz =5 laew 3 Ly
n _ 1 _1_ n+1l
TFap = |3 %31 ~ 3 Fazna 1
T
< 1 1 Py
(35) ;fo!x = 7(71 + 1)F3n+2 - Z F3n+h + —4_
2 1 1 1
(36) Y aF, ,, =3+ D - F YT,
1
Z 1 1 1
(37) ZxFa:cafz =gt Dy = F Fanse T4 Fs
1
< 1 1 1
(38) sz’a: =570+ Dlg.s - 7 Lanew T3 0y
T
z 1 1 1
(39 sz’axn =g+ DIy s =g Lanss Y7 5,
1
- 1 1 1
(40) sz’axn_ = f(” + DLy - Z Lanee Y7 L
1

1
L 7p Lo+ +2p "
5 & Fy, -7 2 g 8 faz+3),

8
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@) YaF, =xnt Do+ DF, -2+ DF,  +EF =BT
1
1
“» ix—iFa’*z ) %(n *D0+DE ., - ZZT(n +DF Lot %Fam-e - 28_!F2
“0 ixELax ) %(n *DO DL, - %(n + DLy, * % Lgnas = % L,
(45) ix'f/:a“l = -21-(n +‘1)(n + DL, ., - %(n + I, ., +%L3"” _ 28—!L1
(46) Zn:xiz,aﬂ_z = —;—(n + D0+ 2L, ., - %(n + DI, . +%L3n+3 _ '28—!L2

noo_
It is evident that the formulas for szFSxm, a=1, 2, ..., follow directly from
1

n.oo_
szFaz' However, they are very useful for determining lower limit algoritlms, if they exist.
1

n — +1
o [L .3 3 z 6 5 i
;x Foe = [2 TF e " @t D v g@ DF - T8 F3:+5]1
n
3, _1 3 3 z 6 6 31
47) z°F,. = 2(7’1 + 1) F3n+2 - Z(n + 2) Foes +§(n + 3)1"’3’”‘6 - 16 Z"'a’”_8 + 16 F_,

3!

3 3 6 6 3!
2 'Z'(” + 2L Lt '8'(-'Z + 3)L3n+6 ~ 16 L3n+8 * 16 L,

5 1 5 = -1
x°F,, = [— 2°Fa_q - %(:z + 1)L, ———3(58 )

p) @+ 2)" " Fyppy = v

2
1
(48) Z::x'z =S+ DT,
2
1

+ ( 1)8 - n+l
") 8 yzi2e -1,

5 1 7 -1 - =3
(49) Zx”Faz =5+ 1*Fapup - 'Zi(” +2)7 T g, + "?_("9_3_1)(” +3)° g -
1
s! s!
+ ("1)523—4_'1' Fypszgs2 T (_1)B+123+1 Fosz
n g
5 + 1 - -1 -
(50) szLs:c = _(nz_)_ Lan+z = %(” +2)° Dy, + _s__(_sB_)(n + 8)° zI-'a\n+s -
T
(-1)°s! s+1 8!
+ S8+ 1 me2ss2 + D Qo+l Loser

Furnther Remarks: The 50 identities in Sectioms 1, 2, and 3 involved Fibonacci sequence' proper-—
ties. The following identities involve Type 1 primitive unit properties. Let (a + bv/D)/2 be
a primitive unit in the real quadratic field (/D), D = 5 (mod 8), a? - b?D = -4. Let

n L, +FED
+ -
- Eﬂz—b/ﬁ’ B = a zb/ﬁ’ (a +2b}/ﬁ> - n 5 n , Fn = %(u" _ Bn)’ L,, = un + Bn, aB = -1,

F, and L, are also given by the finite differemce equations

Fn+2 = aF".,_l + Fn, Fl = b, Fp_ = gb
(*)
Ln+2 = aI’rH-l + Ln, L'.\. = a, Lz = a2 + 2
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Examples:

(o)
1

i,

AF =F

brx br(z+1

- _I_{Otlorx

VD

FerZr (

Lrx

A, == F

= 13, with primitive unit

SN

1 +

5, with primitive unit

2
3+ /5

2
39 + 5/61

61, with primitive unity

[ae]

TYPE 1 PRIMITIVE UNIT IDENTITIES

1 z ,
y = Fupz = 7-5[@‘”’ @ - 1) - B¥"T (B - 1))

a2’ (azr - B2r) + Bhr:BZr(azr - 821‘)]

2z +1)

brz Fzr 2r (2x-1)

ALHI’I = uurxazr (032!’ - BZr) - Bkr:BZP (azr _ 821-)
AL,,. = DFZI‘FZr(ZI‘ +1)
-1 _ 1
bF = DF,, Lop(2x-1)
n
_ =1 r+l _ 1 T 1 -
(51) leFkr:z: =[5 F‘-»r::]l - DF,, “2r(.n+1) DF, Loy
n F . F
1 n+1 2r (va+1) 2r
2) S I, = [—- P ] Sl
; hrz Fop %7 (2z-1)); For For
n 7 _ -.'L‘_ - ; - Ho+l
;x bpr = DFzr Lor(22-1) ~ DF;” r 21"(7.’:,’{]1
"
n+1) 1 1
(53) prurx =—73}2—“L2r(:r.+1) ‘TFZr(zmz) + 5 Fo
1 r Dsz DF2:"
n
n+ 1) 1 1
(564) Zmz’hrz = 7 Fzr(;'n+1) - 2 L2r(.>):+.2) + 5 Lg
1 2r DF3;, DF5,.
n._ 2 n+ 1
2 _ | = 2(x + 1) 2
Z-’” Flpg= [DF” Loy (czx-1) T T o Fop (2z) T 3 Lon (2;+1£}
1 DFZI' D [‘21, 1
n _ 7 "
2 x 2(z + 1) 2 741
Zm Lypz = [F For(zz- )~ 2 Lop(ozy * 3 For(oz+)
1 ar Doy DF;y 1
n
7 n+ 1Dn+2) . 2(n + 2) 2
(SS)ZxZFL)ylx = DF Lor (sn+1) T 2—F2r(2n+2) + — 5 For (2n+3)
1 2r DF3, D°F;,
n
z n+1Dn+2) 2(n + 2)
(56) szzum = F F2r('n:+".) - . LZr (2n+2) + Fzr(2n+3)
I B DF;, 2
n El 2
3 x3 3z + 1) 6(x + 2) 6
Zx Fipze = [ 'LZr(r:-l) - Fop(cz) ¥ 2r (zx+1)
1 Phar DFgr Dngr : ;
noo_ 3 2
3 |l x 3(x + 1) 6(x + 2) 6
Zx Llor:c -[F Fzr(f':‘—i) - 5 LZr( x) + 23 Fzr(":r+1) - 2ol
1 2r DF,. D°r3, D°F,.

2!

D%F3,

2r

F ] F21’(2'.r+:?):|

n
Lyy (2x+:‘)]
1

L.,

n+1

1

+1
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3 _ (m+ DM+ 2)(m+ 3) 3(n + 2)(n + 3)
(57) Zl:x Fypr = DF,, sz(2n+1) - DF2 FZr(2n+2)
2r
6(n + 3) 3!
+_ZT_L2r(2n+3) R For(on+u) T - Foyp
D Fzr D Fz:» D FZr
n
3 _(n+ D+ 2)(n+ 3) 3+ 2)(n + 3)
(58) Zx Lype = 7 For(an+1) = ) Lor (2n+2)
1 2r DFZr
6(n + 3) 6 3!
+ 3 = Fon(2n+3) ~ - Dor (2naw) ¥ 5 L yp
2r 2r 2r
' n — ) T 3 z
m _n+1) 4(n + 2) 12(n + 3)
(59 Zx Fupz = DFzr L2r(2n+1) - DF2 F2r(2n+2) + D2F.3 L2r(2n+3)
1 2r 2r
24(n + A)FZI‘(Zer) 24 41
- - + s Lop(on+s) ~ a5 L-er
D Fzr D Fzr D F21-
n - . -
T _(n+ D" 4(n + 2)3 12(n + 3)2
(60) Zx Lypz = F._ For(2n+1) ~ - Lop (2n+2) + 3 Far(2n+3)
1 2r DF;, DF;,
24(n + 4) 24 41
- ——T:_ 2r (2n+4) + Py For (2n+5) = T F¢r
D°F;, : DF3, - D°F,,
n o __ 55 28-1
3 _(n+ D 2s(n + 2)
(61) Zx BFur: = DF L2r(2n+l)- 2 Fop (2n+2)
1 2r DF;,
L 28028 - D(n+ 3" L 25(25 - 1) (28 — 2)(n + 4)2° 78
23 2r (2n+3) ~ ot For (2n+u)
D°F,p D°F,,
(-1)2° (26) 'Ly (2n+25+1) -1 23+1L2r (25-1)(2,8)!
+ ...+ +
+1p28+1 +1p28+1
D® FZ;', D® Fz;’,
n _ (n + I)EFZI. (2n+1) 26-1 2-2
) _ < 2s(n + 2) 28(28 - 1)(n + 3)
(62) Zx 8Lkr: - F - 2 Ly (2n+2) + 23
1 r DFZI‘ D FZI‘
(2s)(2s - 1) (25 - 2) (n + &)2°"°
Fzr(2n+3)- - o h Loy (2n+4) + ..
DF;,.
28 1
L ED* et . DT T2, (g0
.. 2r (2n+28+1
D2Fp2e+l r(2n+28+1) p2p2s+l
63 ixz_é_-ﬁF _ i+ D (s + DO+ 2D%F;, (5040
- [ DFzr 2r (2n +1) DF%;»
+ 25+ D@+ 3T (25 + 1)(28)(28 - 1) (n + 4)%°72
23 2r (2n+3) bl
D F?.r D Fzr

(1)%%(25 + DE 5, (54

(-1D?**1(2s + 1
-+ F +
DS+IF§§ s 2r (2n+2s+2) D5+1F§:*2

Fz:r- (2n+4) + o
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A A A A A A A A

n (n + 1)28+1F
6o e, - -
1

2r (on+1) 2r (n+2)

(28 + D(n + 2)%°L

2r DFir

o - 25 -2
+ (28 + 1)(28) (n + 3)28-1 (2s + 1‘) (2s) (2e = 1) (n + &)

F -
3 2r (in+3) 2 Al
DFzr D F2r
2641 -1)%% (28 + DI
(-1) (28 + 1)! s *Loar(ze)
Lzr(2n+u) toeee t §.28+2 2r (2n+28+2) + +1m28 42
Dep2s* DeriF
2r 2r

5. TYPE 1 PRIMITIVE UNIT IDENTITIES

AFZ::(:‘;’-rl) = F(‘:':c+2)(:r+1) - Fz:(:r+1)

_ LD[a:('p-«rZ)(er-fl(azr-i»l 4 B2rtLy _ pTlirw2)g2rHlor+l 4 par+ly)

L2r+1F( r+1)(7r+1)

- - 1
A YF(omur)22 = Torea Florsr)( =105 A 1L(Pr+])2.1: = Tyres L(2p+1) (22 -1)
n r n+1l Fors1
— 1
65 F 5 Fn e = Forons 2 -
(65) ; 2x (2r+1) _L2P+1 (:r+1) (om 1)]1 N (;r+1) (2n+1) L2r+1

n
1 1
(66) ZLz.r(,ml) =1z, L(.‘~+1)(:':-'!):| =T Lcovry(eney — 1
T . ”

L72»+1 2r+1
n B F n+l
x - (irr41) 22
Z‘IFZ:E(.‘."+1) =z Feran) (2a-1) P
1 L 2r+1 L27’+1 1
n i x 1 n+1l
ZLyz (re1) = Lone1 L(arsr) (r2-1) 'fgr—HL(er)(p:)]
1 L 1
n F
_(n+ D 1 0
(67) ZxFZI(:.er+1) L F(2r+1)(2n+l) T F(:‘r+1)(;.n+2) + 5
1 2r +1 L2r+1 L2r+1
" L
_n+ 1) 1 0
(68) ZxLZx(Zr'*l) T L L(2r+1)(2n+1) - ) L(?r+1)(2r.+2) + )
1 2r +1 o 41 L2r+1

i+l

2r+1 L2

2r+1 2r+1

noo_ z

_ x , 2(x + 1) 2
szFz:(::rn) - I:L F(?z'+1)(2x—l) - F(.?r’+1)2:c + F(:r+1)(z:+1)]
1 1

n+1l

LO— 2

2 _ x 2(x + 1) 2
2 =Ly, (2n41) = [L “Lire1) (22-1) T BT Liapsryee t ITI L(arer) (oz+1)
1

2r+1l 1
2r+1 2r+1

n
7 (n+ 1)(n+ 2) 2(n + 2)
(69) ZxZFZI(I"’-l-l) = I F(.'!‘+l)(l'n+1) - S Fipe1) (2n+2)
1 el Lyrsa
F 2L g
+ = (zr+1) (zn+3) = T, (2r+1)
L2r+1 2r+1
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(70)

a1

(72)

n
3 _m+ D@+ 2) 2(n + 2)
Z:L‘ L21(2r+1) - L L(2r+1)(2n+1) - 2 L(2r+1) (2"+2)
' e L2r+1
2 2!
+ La L(2!‘+1) (2n+3) - 3 L-(3r+1)
2r+l 2r+1

n 3 g-1
3 _(n+1) s(n + 2)
Z z F(2r+1)2:c - F(zr+1) (2n+1) F(2r+1) (2n+2)
1

L 1 Tr2
e Lorsr
s(s - D(n + 3)37? (~1)°s!
+ r F(2r+1)(2n+3) et s +1 F(zr+1)(2n+s+n
‘2r+1 2r+1
(-1)8*1s!
+ Joye -(s-1) (2r+1)
2r+1
n 7 8-1
G S nt D7 _sm+ 2)° 7
:E:a’L(zr+1)zx L2r+1 L(2r+1)(2n+1) 2 L(2r+1)(2n+2)
1 2r+1
s(e - (n+ 3)° 2 (-1)°s!
+ 13 L(2r+1)(2n+3) et a4l L(2r+1)(2n+a+n
2r+1 2r+1
(_1)H+13!
F e Lee-u) (2re)
2r+1
SECTION 6

n
t =2r + 1. ZF” =-/1—_[oat 4 o0+ 0" - (BY 4 - + B™EY]
1 D

_ _I_Ext(a”t -1 @t +1) _ BYB™ - 1) (B + 1)]
DL @t -1) @ +1) (8 -1 (B +1)

_1fert - neren @™ -1nets 1)]
‘/5L at + St at + Bt

= —i——[at("*l) +a™ - gt - gEntY _ gnt y gty

VDL,

n
- n+l 1
ZFxt = [b lF:rt]1 =f,:(Ft(n+1) + Fpy = Fy)
1

-1 V_ 1 -1 = 1
AT Fzy _E(th‘ + Ft(::-l))’ A P "L_t(Lt:c*-Lt(z—l))

n
1
(73) zFxt =E(Ft(n+1) + Fep = Fy)
1

n
1
(74) D Day = 7y (nany * Len = De = Lp)
1

n n+l
x 1
(75) ZxFIt =[Z(th +Ft(:c—1)) -F(Ft(x-v'l) + 2F, +Ft(z-1) )]
1 1
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A A A A A A A A

noo z
an S o%F,, = [%—(Ft,

1 t

n - xf .
(78) Z szt: = [L_(Ltz

1 t

(79 2 xELt:: = ['E_F(Lt:c
t

LN B
(80) szLtz = [%(Lt:
1 t

Note 1:

n
The union of these formula sets makes possible the formation of identities for ZP(:L‘)F;: .

Note 2:

9999,
but unused program can be

1 n+l
+Liz-1) - ;{(Lt(zn) + 2L, + Lz -y )]1
t

2(x + 1)

2
t

+Ft(::—1)) - (Ft(:-l-l) + 2F +Ft(=-1))

n+1l
1
+L—3(Ft(a:+2) + 3Ft(z:+1) + 3, t+ Ft(z-]) )]1
t

2(z + 1
tli-n) - —(xL—zl(Lt(zm + 2ez + Dy(z-n) )

t
n+1l

1
+ L_B-(Lt(x*z) + 3Lt(x+1) + 3Lt: + Lt(:—l) )]

t 1

s(x + 1)° !

L2 (F(t+1):c+ Zth +Ft(::-1))
t

+ Lt(:—l)) -

s(s - 1)(x + 2)°2
L]

(-1)%s! s +1 s +1

8+1
Lt

1
)Lt(:+a—2)

n+1l
+ .. +Ft(£-l)}]
1
+ 1Hf?
+ Li(z-1)) - i('x—z)——(h(xu) + 2Lzt Di(z-1)
Lt
g(s - 1 + 2 -2
+ ¢ )(:L; ) (Lt (x+2) + 3Lt(:+1) + 3Lt:c + Lt(:c-l))
Lt
(-1)°s! s+ 1 s +
g U (h y LUMPY
t

n+1l
¥oeee d Lt(.’r-l)}]
1

2m or 2m+1

Y (-1)*°F,, .
1

used for integers with more than six digits.

9 336 3 3¢

The author has a slightly larger collection of corresponding formulas for

1

The author has a table of Type 1 and Type 2 primitive units for quadratic domains
5 to 9997 and a second table that includes primitive units for quadratic domains from 2 to

Current on file computer programs can extend these tables to 999999, A true tested

Fea)e * F(ern)z + F(tar)x + Fip + Fr(zon))
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