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1. INTRODUCTION
The approximation of solutions of the polynomial equations P(x) = 2" — apax"™ ! — -+ —
ar_ox — ar—1 = 0, where ag,ay,...,a,—1 (r > 2 and a,_1 # 0) are real or complex numbers,
is still playing a central role in many branches of mathematics. To solve this problem several
theoretical and numerical methods have been developed. The iterative Bernoulli process is
one of the most usual methods for the approximation of the solutions of P(z) = 0 (see [
7, 8,9, 10, 11, 12, 13], for example). The main idea consists of associating with P(z) =

2" —agx" ' —- - —a,_9x—a,_1 asequence {Vi}n>0 defined by the following linear recurrence
relation of order r

Vi1 =aoVp +ar1Vp_1 +--+a,_1Vy_pqq forn >r —1, (1)
where Vp, Vi,...,V,._1 are specified by the initial conditions. Such sequences, called r-

generalized Fibonacci sequences, are largely studied in the literature (see [7, 8, 13, 14, 15,
16, 18], for example). We shall refer to them in the sequel as sequences (1). If the sequence

of ratios {@} converges, then g =lim,,_, 4 V{}“ is a root of P(z). Therefore, sequences
TLZO n

Vn

(1) may be used in the approximation of roots of algebraic equations (see [12, 17], for example),
like Newton’s method or the secant method (see [10]).

For a convergent sequence {S,,},>¢ one of the most important problems consists of ac-
celerating its convergence to S =lim,,_,,S,. The extrapolation methods are a powerful tool
for producing a new sequence {7}, },>0 converging to the same limit S, faster than {S,,},>0,
namely lim,, (T, —5)/(S, —S) =0 (see [1, 3, 4, 5, 6], for example). The most well known
of these methods are the Aitken’s A? process, e-algorithm and the E-algorithm (see [3, 4, 5,
6], for example). This later extrapolation method generalizes the e-algorithm and represents
the more powerful extrapolation method for accelerating the convergence (see [3, 5, 6]).

When r = 2 McCabe and Phillips have studied a theoretical application of Aitken accel-
eration for the convergence of the sequence of ratios {W,, = V"}“ >0, where {V,,}n>0 is a
sequence (1) (see [17]). This gives an application of the Aitken acceleration to the Bernoulli
method for solving 2 — agz — a; = 0 (see [17]). The extension of McCabe-Phillips’s idea
to the general case of sequence (1) is studied in [2]. More precisely, the e-algorithm method,
which generalizes the Aitken acceleration, has been applied to accelerate the convergence of
the sequence of ratios {W,, },>¢ associated with a sequence (1) (see [2]). The hypothesis that
the dominant root Ay of P(X) (namely |A| < |A\g| for every other root \) is simple plays an
important role in [2].
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In this paper we apply the general F-algorithm extrapolation method to accelerate the
convergence of the sequence of ratios {W,, = VV+ >0, associated with a sequence (1). There-
fore, we extend and perform results of [2, 17] U In particular, it is not necessary to suppose
that the dominant root of P(X) is simple. Moreover, since the e-algorithm is a subcase of
the F-algorithm, we discuss the difference between these two extrapolation methods. Some
examples allow us to show that the E-algorithm method is more powerful for accelerating the
convergence of {W),},,>0.

Note that there is a large literature on the extrapolation methods. In this paper, our basic
reference is Brezinski’s papers and monographs.

This paper is organized as follows. In Section 2 we give a connection between sequences
(1) and the E-algorithm. In Section 3 we apply the E-algorithm to the sequence of the ratios

{W,, = V"Zl tn>0. The last section is devoted to some results on the vectorial case.
2. E-ALGORITHM AND SEQUENCES (1).

2.1 The E-Algorithm:

The extrapolation E-algorithm method is an extension of the e-algorithm (see [3, 4, 5, 6]).
Indeed, it is a more general extrapolation algorithm. Its main idea consists of associating with
each convergent sequence {Sn},>¢ a sequence {7}, },, >0, which converges to S =lim,,_, -5,
faster than {S,},>0. Therefore, we have 11mnH+OO\T =5 =0 (see [3, 4, 5, 6], for example).
The kernel of the transformatlon T : {Sh}tn>0 — T({S o) = {Thn }n>07 namely Kp =
{{Sn}tn>0;3N > 0,T,, = S for every n > N}, plays a central role in the extrapolation methods
(see [3, 4, 5, 6]).

Let {Sy}n>0 be a convergent sequence of real numbers, with S =lim,,_,; Sy, such that

Sn =5+ algl(n) +et Oékgk(n),
where {gs(n)}n>0(1 < s < k) are some real sequences and a1, . .., ay are real numbers. In sum-

mary, the E-algorithm associated with {5, },,>0, consists in considering the following sequence
{E;(Sn)}j>0,n>0, defined as follows,

Su i Sw 1 o
Ei(S,) = 91 En) g (n:+ k) g1 En) e g1 (n:+ k) | o
a(n) ... ge(n+k) g ... gn+k)

Let {EJ(") }i>0,n>0 be the sequence defined by,

n n+1 n+1 n
B, gt _ gt (o)

(n) _ FPr—19k—1 Ik—1,k
E) = <n+1> o n >0k >1, (3)
k—1,k — Ik—1,k
where
(n) _(n+1) _ _(n+1) (n)
E(g") =5y, 91(;,? = %L Zglzn}rlk) gIZn)1 L , for every n > 0,i > k + 1, (4)

k-1 — k1K
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such that g((ffi) = gi(n) for every i > 1 and n > 0. It was proved in Theorem 1 of [4] (see also
[3]) that Ej(S,) = E{".

Recall that the e-algorithm is a particular case of the E-algorithm, corresponding to
gi(n) = A'S,, in (2) - (3) (see [3, 4, 6]). Therefore, the sequence {€,(€n)}k2—1,nzo associated
with the convergent sequence {S),},>¢ satisfies 5@1) =0, sén) =5, and 5,({:721 = 5,(:_)1—#
ﬁ, for n > 0 and for k£ > 0. The application of the e-algorithm method considered
gt _cG

k
with some constraints, for example the condition e,gn) #+ 5,(6"“) is assumed. On the other hand,

the 5&2) are the only interesting quantities and the 557;)“ are only used for intermediate com-
putations (see [3, 4, 5, 6]).
2.2 E-Algorithm for sequences (1):

Let {V,,}n>0 be asequence (1) and Ao, . .., \; the roots of P(X) = X" —ao X"t —---—a,_1,
whose multiplicities are my, ..., m; (respectively). Suppose that 0 < || < |N—1] < -+ <
IA1| < [Mo|. If the limit V' =lim, .V, exists, for every choice of the initial conditions
Vo,.-, Ve—p and V' 2 0 for some Vp,...,V,_1, then \g = 1 is a simple root of P(X) and
|A| <1 for every other root A of P(X). Therefore, we have

l
Vn:V+ZPk(n) Z:

where Py (n) = Z;i’“ofl Brn?. Thus, V,, =V + 34 _ gr(n), where gi(n) = Pe(n)Ap(1 < k <

l). We verify easily that, limn_>+oo% = A\ # 1. Since \; # X\;(1 <i# j <), Theorem
2.8 of [3] shows that limnHjLooE,(gn) = limp— 100 Bk (V) =V, for every k.

Since 0 < [N < |Ai—1] < -+ - < JA1] < Ao = 1, we derive that limn_>+oo~’]f]:—gq§7;) = 0. Hence,

Theorem 2.10 of [3] allows us to see that, for every k > 1, the sequence {Elgn)}nzo converges
to V faster than {V,},>0.

Suppose now that Ao =1,A1,...,\,—1 are the distinct roots of P(X). Then, we have
Vi, = V+Zz;i Brgr(n), where gi(n) = A2(1 <k <r—1). Foreveryn >0 and k > j+1, we
set g(()?j) =gj(n)(1<j<r—1)and

a0 = o e
{7 = “ELd s for = k4 L.
91,k — Ir-1,k

Therefore, a straightforward computation shows that g,(gn]) = ay,,jA} for every j >k, where

’\/\1;)‘13' . Application of Theorem 2.2 of [3] (see also Theorem

Ae—A .
Q. = ;kilj ap—1,4, with aq ; =
3 of [4]) allows us to derive that

r—1
EM =v+ Z CrjAj
j=k+1
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where Cj ; = oy, ;3;. Hence, for every k > 1, the sequence {E,in)}nzo is also a sequence (1),
which converges to V faster than {V},},>0. Moreover, in this case the characteristic polynomial
of {E™ 1,50 is given by Qu(X) = (X — 1)(X = Ag1) .- (X = A1),

Summarizing, the preceding discussions give rise to the following proposition.

Proposition 2.1: Let {V,,},>0 be a sequence (1) such thatV =lim, .4V, exists, for

every choice of the initial conditions. Consider the sequence {E,in)}nzo(k > 0), where E]in) =
Er(V,,). Then, we have

(i) lim, oo B = V.
(ii) {E,in)}nzo converges to V' faster than {V, }n>0 and {V,, }n>0 is in the kernel of the trans-
formation T = E, namely Effi)l =V, for everyn > 0.

(iii) Suppose that P(X) has distinct roots \g = 1, A1,..., \r—1. Then, the sequence {E,in)}nzo
is a sequence (1), which converges to V' faster than {V,}n>0.

Remark 2.1: Why the E-algorithm for sequences (1)? Let {V,}n,>0 be a sequence (1).
Suppose that we have A € £ and v € IN* such that lim,, .1 - M‘fg’f)\n = L exists and L4 # 0
for some choice of A = (Vp,...,V,_1). It was shown in Theorem 3 of [8] that the preceding
assertion is equivalent to the following: A is a characteristic root of (1) of maximum modulus
and multiplicity v, and any other characteristic root p of modulus || = || has multiplicity m,,
strictly less than v. Therefore, the F-algorithm is very useful for accelerating the convergence
of the sequence {nuyﬁ}nzy

On the other hand, Theorem 7 of [8] implies that under one of the conditions of Theorem

3 of [8] we have lim,,_, ;o W,, = X\, where W,, = % Therefore, the E-algorithm allows us

again to accelerate the convergence of the sequence of ratios {Wy}n>o-

3. APPLICATION OF THE E-ALGORITHM TO lim,_, 4 V;}“ .

Let {V,, }n>0 be asequence (1) and A1, ..., \; the roots of P(X) = X" —ao X"t —- - —a,_;.
The Binet formula shows that V,, = 2221 P;j(n)A%, where m; is the multiplicity of A\;(1 < j <
l) and Pj(n) = Z?;jofl Bijn'. The ;s are derived from the initial conditions by solving the
linear system of equations Zé’:l Pj(n)A} = Vp,m=0,1,...,7—1 (see [14, 8, 13], for example).
Suppose that P;(n) is not identically vanishing. Set W,, = V{}—:l and S,, = MI/Vn. Then,

Pl ('I‘L+1)
we have lim,,_, y o W,, = lim,, .1 o S,. The Binet formula implies that

Sp =AM+ 9g2(n) + -+ aqi(n), (5)
where
41(n) = Pialn 1), Piaa(n) g N (Aen)" ooy (6)
gj+1 Pl(n+ 1) 7+1 Pl(n) n )\1 ’ J = L

The application of the E-algorithm to {S,},>0 allow us to accelerate the convergence of
{Wy}n>0 to A1. More precisely, we have the main result of this Section.
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Theorem 3.1: Let {V,,},>0 be a sequence (1) and A1, ..., A1 its characteristic roots, such that
Ni] < - < |A1|. Let {Sp}n>0 be defined by (5) - (6). Then, we have the following assertions.

(7,) limn_,_,_oo Ek (Sn) = )\1.

(1i) {Ek(Sn)}n>0 converges to Ay faster than {W,,},>0.
(i1i) E;—1(Sp) = A1 for everyn > 0.

Proof: (i) From (5)- (6) we derive that lim,,_, 4 gj;({gl) = ’\;';1 # 1, for every

J2<5<D). Since A #Nj(i #5), we show that lim, o #2050 2 Jim, 010D,
Therefore, Theorem 2.8 of [3] implies that lim,, 1~ Fx(S,) = A1, for every k > 0.

9i+%(7)l) _
gi(n
0. Therefore, Theorem 2.10 of [3] shows that {Ejy(S,)}n>0 converges to A; faster than
{Ek—1(Sn)}n>0, for every k > 1. Particularly, {Ex(S,)}n>0 converges to A faster than
{Wn}n>o.

(iii) Expression (4) and Theorem 2.1 of [3] imply that E;_1(S,) = A1, for every n > 0.
More generally, we have Fi(S,) = A1 for every k > —1andn>0. 0O

Suppose that A; is a simple root of P(X). It was established that the application of the
Aitken acceleration to the sequence of ratios {W, },>¢ associated with the sequence (1),

(ii) Since |\;| < - -+ < |A\1| a straightforward computation implies that lim,,_, 4«

implies that {egn)}nzo converges to A\; faster than {W,,},,>o (see Proposition 3.1 of [2]). The

application of the e-algorithm to {W,,},>0 shows also that {eg,z)}nzo converges to A1 faster
than {W,,4,_1}n>0, for every k > 1 (see Proposition 3.3 of [2]). For the E-algorithm, we have
the following corollary of Theorem 3.1.

Corollary 3.2: Let {V,,}n>0 be a sequence (1) and X, ..., A1 its characteristic root such that
A1 < -+ < |A1]l. Suppose that Ay is a simple root. Then, for every k > 1, the sequence
{E’in)}nzo converges to A1 faster than {W,},>0 and we have El(f)l = E_1(Wy) = A1, for
every n > 0.

Remark 3.1: The advantage of the E-algorithm for lim, 4 V{‘/:l. Let {V,,}n>0 be a se-

quence (1), whose characteristic roots satisfy |A;| < --- < |A;| and Ay is simple. Proposition
2.1 of [2] shows that there exists N > 0 such that eéz) = A1, for every n > N and some k > 1,
if and only if {W,,+n — A1}n>0 is a sequence (1). However, Corollary 3.2 shows that by the
E-algorithm we have Ey(W,,) = A1, for every n > 0 and k > [ — 1. More generally, for the
FE-algorithm the root A1 is not necessarily simple.

Remark 3.2: Let {V,,},>0, be a sequence (1) defined by V, 41 = aV,, — bV,,_1, where Vj =1
and V7 = a. In [17] the Aitken acceleration has been applied to the sequence of ratios {Wp, },,>0,
with the aim to approximate the larger root of the polynomial equation z? — ax + b = 0.
Consider now the e-algorithm for {W,},>0. A straightforward computation allows us

to obtain that ¢y =0, e =W, 6" = iy, &7 = Waguany, &) = oty +

2
1 (M) — Watnin) =Wtz Wamia)
Want2)—Wany1) ' 4 Wint2)—Wn2

. The application of the E-algorithm to {W,, },,>o0,

shows that E(()n) = W,, and EYL) = lim, 4o W, according to the initial conditions V; =
1, V4 = a. This example shows that he F-algorithm is a more powerful tool in the acceleration
of convergence of {W,,},>0 to the solution of the equation 2 —arx+b=0.

Remark 3.3: The preceding results of Section 3 can be applied to the sequence of ratios {W,, =
Va(n)/Ve(n)}n>o0, where {Va(n)},>0 and {Vg(n)},>o are two sequences (1), whose initial
conditions are A = («g,...,a,—1),B = (Bo,-..,Br—1) respectively. More precisely, suppose
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that we have A € ¢ and v € IN* such that lim, 4 % = Ly, lim,_ 4 n‘fi(&)n = Lp
exist and Lp # 0. Theorem 6 of [8] shows that S = lim,,_, 4~ Va(n)/Ve(n) = La/Lp. For
reason of simplicity, suppose that v =1 (or equivalently X is simple) and 0 < |\| < --- <
|IA\1] < |A\|. The Binet formulas V4(n) = L4 + 22:1 Pr(n)A},Vp(n) = Lp + 22:1 Qr(n)A}
show that

l
Wi =Va(n)/Va(n) =S+ gi(n),

j=1

where gr(n) = M(Ak/)\)”(l < k < 1). A straightforward computation shows
that lim,, 1o gr(n + lﬁ/gk(n) = Ag. Suppose that there exists A = (ag,...,y—1),B =
(Bos .-, Br—1) such that La/Lp # 0 and Py(n) # SQr(n)(1 < k < [). Then, we have
limy, 400 gk+1(n)/gx(n) = 0. Since A\, # A and Ap # X;(j # k), we have lim,,_, 4 o Ex(Va(n)/
Vi(n)) = La/Lp and Ey(Va(n)/Ve(n)) = E,in) = La/Lp. Therefore, the sequence {E,gn)}nzo
(1 <k <) converges to La/Lp faster than {Va(n)/Ve(n)}n>o0.

4. THE VECTORIAL CASE.

In [3, 4] the E-algorithm is applied to the case of convergent sequences in RP (or ),
with p > 2. We extend here some results of the preceding Sections 2 and 3 to the vectorial
sequences (1). More precisely, let {V,,},>0 be a sequence of RP (or ¢¥) such that V41 =
aoVy + -+ ar—1Vy—ry1 for n > r — 1, where Vj,...,V,_1 are the initial values. Therefore,
we have a family {V],}n>0(0 < j < p) of scalar convergent sequences (1), and the procedure
of Section 2 allows us to have V,, = V + 23:1 gx(n), where gip(n) € RP (or (7). Hence,
Theorems 9 and 10 of [4] show that we have lim,,_, . Ex(V,) =V, for every k>0 and
E,(V,)=V+ 91(:13+1 + -+ g,iz), for every k,n, where the g,(cnj) are given in the same way as
in [4] (see p. 184 of [4]).

Moreover, suppose that 0 < |\;| < -+ < |A\1| < Ag = 1 are the distinct roots of P(X) =
X" —agX" ! —... —a,_;. The Binet formula implies that g;(n) = (g,il)(n), e ,glgp) (n)? =
AP (P,gl) (n)y..., P,ép) (n))T. Therefore, we have

im <ngk<n+1>> _
n—too <Y, gr(n) > B

)\ka

for every nonvanishing Y = (y1,...,y,)7. Let j be the first integer such that g; is not

identically 0, then we have lim,_, 4 % = ). Since A\, # A; for k # i, Theorem

4.6 of [3] allows us to have the following proposition,

Proposition 1: Let {V,},>0 be a sequence (1) such that V = lim,_.4. V, ezxists and
Als- .-y A1, Ao its characteristic Toot such that |A| < --- < |A1| < Ao = 1. Then, we have

<Y,E" v >
1; s Lo _
Ay v —vs O

for every k > 0.
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On the other hand, for everyi,j(1 <i<1I[,1<j <p), we have lim,,_, g(j)(n) =0.

i
Consider j; such that degP! < degP}" for every j(1 < j < p). Then, there exists C' > 0 and
(4) (€23)
g{jl_)(n) < C, for every n > N. Finally, we have lim,, o % =)\
g, (n) g9;""" (n)

N € IN such that

Git1)
o750 (n)
a7

7

and lim,, 4o =0, since |A;4+1] < |Ai|]. The preceding discussion allows us to derive

n)
from Theorem 4.7 of [3] the following proposition.
Proposition 2: Let {V,,},>0 be a vectorial sequence (1). Suppose that there exists Vo, ..., V4

such that, for every i, we have lim,_, Ygi(n)> _ o, # 0, for some fired Y = (y1,...,yp) L.

g2t (n)
Then

| B -V _
nree | B~V |

Y

for every i(1 <i <1).

The choice of the initial values Vp,...,V,—1 and Y = (y1,. .. ,yp)T satisfying the hypothe-
ses of Proposition 2 is always possible. For example, if V; = u;(1,...,1)T with u; € R (or @)
and Y = (1,...,1)T, we have lim,,_, | o % =p#0.

g7 (n
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