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INTRODUCTION

If h and k are integers such that (h, k) = 1 and k > 0, the Dedekind sum s(h, k) is defined
by

(See Apostol [1], p. 61). Theorem 0 below is Exercise 12a, p. 72 of [1].
Theorem 0: s(Fy,, Fo,11) =0 for all n > 1.
In this note, we (1) generalize Theorem 0 to somewhat more general linear recurrences of

order two, and (2) obtain a theorem concerning Lucas numbers that is analogous to Theorem
0.

PRELIMINARIES
If B = +h (mod k), then s(h', k) = +s(h, k) (1)
If 2 +1=0 (mod k), then s(h,k) =0 (2)

h% +k? + 1 — 3hk

s(h, k) + s(k,h) = onk

Let P,Q be integers such that (P,Q) =1 and D = P2 +4Q # 0. Let a = P+2*/5,6 = P_Q‘/B,
so that a« — 0 = P,af3 = —Q. Let two linear recurrences of order 2 be defined for n > 0 by:

up = 0,u; = 1,up = Puy_1 + Quy_o forn > 2 (4)

vg = 2,01 = P,v, = Pv,_1 + Qu,_s forn > 2 (5)

(In particular, if P = @ =1, then u,, = F,, and v,, = L,,.)
The Binet equation state that:

_an_ﬁn

Un = =g un ="+ 5" (6)

Some consequences of (6) are:
U 1tign—1 — U3, = Q¥ (7)
V3, — Vont1Von_1 = DQ*" ! (8)
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FopnLop_1 — Fop_oLlopi1 = 1. 9)

Remarks: (1), (2), (3) are well-known properties of Dedekind sums. (See [1], p. 62.) (4)
through (8) are well-known properties of linear recurrences of order 2. (See [2], p. 193-194).
(9) can be proved via (6) or by induction on n.

THE MAIN RESULTS

Theorem 1: Let {u,} be a linear recurrence of order 2 (as in (4) above) with @ = 1. Then
S(UQn, U2n+1) = 0.

Proof: Applying (7) and the hypothesis, we get u2, = —1 (mod ug,41). The conclusion
now follows from (2).

Theorem 2:

F2n

$(Lon, Lopt+1) = "o
n+

Proof: Since Lo, = Loy+1 — Lap—1, it suffices (by (1)) to prove that

F2n
Loyt

S(LG—h L2n+1) =

We use induction on n. The theorem holds for n = 1, since

1 F
s(L1, Ls) = 5(1,4) = ¢ = ﬁ

(3) implies

L3, 12+ L3, 1 —3Lopt1Lop—1 +1

L n— 7L n L n ’L n— -
S( on—1, L2 +1)+S< 2n+1, ~2 1) 12L2n+1L2n71

(1) and (5) imply

FQn—Q
2L2p 1

$(Lant1, Lon—1) = $(Lon—2, Lon—1) = —s(Lap—3, Lap—1) =

by induction hypothesis. Furthermore, by (5) and (8), we have
Ly + Lyy_q = 3Lant1Lon—1 = Ly, — Lan-1Lopt1 = 5.

Therefore it suffices to show that

1 FQn—Q o FQTL
2L3p—1Lony1  2Lop_1Lapt1 2Lopy1

But the last identity follows from (9), so we are done.
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