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1. INTRODUCTION

In [3], Melham considered sequences {U,, }72, and {V,,}72, defined by
Up=pUp-1—Un—2, Uy=0, Uy =1,
Vi = an—l - Vn—27 Vo = 27 Vi= D,

where p > 2. If p = 2, then U,, =n and V,, = 2 for all n > 0. For p > 2, if a and 3, assumed
distinct, are the roots of 22 — px + 1 = 0, the Binet’s formula are

a — ﬁn
a—p3
It was remarked in [2] by Grabner and Prodinger that up to simple changes of variable these

polynomials are Chebyshev polynomials, that is

Un(p) = Un—1 (g) )

Vu(p) = 27, (g)

where 7,, and U,, denote the classical Chebyshev polynomials of the first and second kind,
respectively. Throughout this paper, let s be an arbitrary positive integer. Let W, (a,b) =
alU,, + bV, and

U, = and V, = a" + g".

k
Wik(a,b) + Wik (a,0) = Y Ar(a, bk, s)W5 " (a, b)W, L (a,b). (1)
r=0
Melham [3] conjectured that A, (1,0;k,1) = D;!V’“ , where D means differentiation with respect
to p. This conjecture was proved in [2] by Grabner and Prodinger in a more general setting
that contains Melham’s conjecture as a special case. Let = a? 4 4b%> — b?p?. Grabner and
Prodinger obtained that

LG S )Ly
Ap(a, bk, 1) =7 —1) — . e
(a ) : ( )r!j!(k—r—2j)!p
0<2j<k—r

and Ag(a, b;0,1) = 2. Furthermore, Grabner and Prodinger also obtained that

Ar(a,b;k,2) = Q" Z

0<A<k—r

A L31-1
k(k— (3] —1)12031 '3 A
VA, 2k—2) 2 _ o271
(=17 PNk — 7 — 2! 1;[0 <2k 2l51-1 22)
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and Ag(a, b;0,2) = 2.
In this note, we obtain some identities involving the Chebyshev polynomials. This gener-
alizes Melham’s and Grabner and Prodinger’s results.

2. MAIN THEOREMS AND THEIR PROOFS

Lemma 2.1:

Ar(a,byk+1,s) = VA (a, by k,s) + QUSQAr,l(a, byk,s) — Ar(a, bk —1,5); (2)
Ar(a,byk,s) =0, forr>korr<0ork<O0; (3)

AO(a7b; Oa S) = 27 AO(a7 bv 17 S) = V:@a Al(a7 bv 13 S) = QU52’ (4)

Ao(a, bk, s) = Vis (k> 0). (5)

Proof: Obviously, (3) and Ag(a,b;0,s) = 2 hold. Using the Binet’s formula of U,, and
V., we have
Wi(a,b) + W7, (a,0) = VsWy(a,b) W s(a, b) + QU (6)

JFrom (6), Ag(a,b;1,s) = Vi and A1(a,b;1,s) = Qs hold immediately. Noting that
WD (a,0) + Wil (@, b) = (W2 (a.b) + Wi (a, b)) (W2F(a,b) + W)k (a,b)
— Wi a, W2, (a,b) (W25 (a,0) + Wi D (a,b))

and applying (6) we have

k41
ZAT(a, bik+1,8) W= (q, b)W,’fisl_r(a, b)

r=0

k
= (VsWh(a,b)Wpys(a,b) + QU?) (Z A (a, bk, s)WET (a, 0))WE T (a, b)>

r=0
k—1
— W2 a,b)W2  (a,0) Y Apa, bk — 1,8)Wr=" " (a, )Wyl ™" (a,b).
r=0

Comparing the coefficients of WF+1="(a,b)WrI1""(a,b) yields (2) and Ag(a,b;k + 1,8) =
ViAo(a, b; k,s)—Ag(a, b; k—1, s). Solving this recurrence relation we obtain Ag(a, b; k, s) = Vis.

Theorem 2.2:

1 k—r—2 1
1— Vyz + 22)r+ [m ] 1— Vi + x2)r+1) ) (7)

A(a, bk, s) = QU ([azk_r] (
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where [z¥]f(z) denotes the coefficient of z* in f(z).
Proof: Let f(x,y) =3 150,50 Ar(a, bik, s)z*y". Summing Lemma 2.1, we have

> An(abik,s)at "= Y A(a, bk, s)abTy”

k>1,r>0 k>1,r>0

+ > QUZA.a(a,bik,s)x" YT — > An(a,bik — 1,s)2 My

k>1,r>1 k>1,r>0

ie.,

> Adabik sty =aVe Y Adabiks)aty"

E>2,r>0 kE>1,r>0

+ zyQU? Z An(a, bk, s)zky" — 2? Z Ay(a, bk, s)zky",

k>1,7>0 k>0,r>0
that is
fla,y) =2 —a (Vs + QUZy) = 2Vi(f(2,y) — 2) + 2yQUI(f(z,y) — 2) — 2* (2, y).
Hence we have

2 — Voo — QU2zy

flay) = 1 —Vix — QU2zxy + 22
1—2?
=1+
1 —Viz — QU2zy + 22
1— 22 1
=1+ 2 QU2x
L=Ver+ 271~y

Comparing the coefficient of " (r > 1), we have

2 — T -
> A(a, bk, s)ak = QU { (2-Viz)z" . }

k>0 (1= Viz+a?)+t (1= Vix+a?)

1— 22

(1= Viz + 22)r 1

—Qr UQTxT
S
So reading off the coefficient of z* we get

1 1
. [Jfk T 2] )
1 — Ve + 22)r+1 (1 —Vix + 22)r+!

An(a, bk, s) = QU2 <[mk_q (
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The proof of the theorem is completed.
We rewrite the main results of this paper as follows

1
(1 — Vx4 22)r+1

k
W2k(a,b) + W2 (a,b) =Y QU2 ([x’”]
r=0

[ = stl+ x2)r+1) W= (a,)Wyii(a,b).  (8)

Corollary 2.3:

k
DTVk _ k—?“
UZF+ U, = Z . Ukruky.

r=0

Proof: Take a =1,b=0,s =1 in Theorem 2.2.
Corollary 2.4:

k
VR VIE =D (1) (0 - 4)

r=0

- D"V

7!

k—rysrk—r
Vo Vi

n

Proof: Take a =0,b =1,s =1 in Theorem 2.2.
We denote by o;(n, k) the summation of all products of choosing i elements from n + k —
i+1,n+k—i+2,...,n+ 2k — 1 but not containing any two consecutive elements, i.e.

Ui(n,k):ZH(n—l—k—i—i—jt)

where the summation is taken over all i-tuples with positive integer coordinates (j1, j2,- - -, ji)
such that 1 < j; < jo < -+ < j; <k+i—1and |j. —js| >2for 1 <r # s <i. For more
details see [1].

Lemma 2.5: (Feng and Zhang [1))

k

1 Y] —1
Gglz—'—l) = kLU (V2 _ 4)k § (_1) 2 Vsk <n>k—iai(nv k)Us(n-i-k—i)
TTS\Ts i=0

k
. k)
where (n); =n(n+1)...(n+i—1) and }_, -, G gn—1 = <m> .

Proof: See [1].
We obtain the explicit expression of the coefficients A, (a, b; k, s) in Theorem 2.2 as follows.
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Theorem 2.6:

QU

Ar(a,bik,s) = (V2 4y

(1) 2VF [k =7+ 1)p—ioi(k — 7+ 1L,7)Usrr1-r)
1=0

— <]€ - T — 1>7"—i0'i(k' - Tr— 17T)Us(k—1—r)} .
Proof: Combining Theorem 2.2 and Lemma 2.5, Theorem 2.6 follows.
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