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ABSTRACT

We give explicit solutions to two longstanding problems on coupled second–order recur-
rences.

1. INTRODUCTION

The authors of [2] pose two problems on coupled second–order recurrence relations, stated
below, and say “This problem was formulated in 1986, but up to the moment it is open.” (See
[1].) The purpose of this note is to present and derive solutions to the recurrences.

2. STATEMENT OF RESULTS

The recurrences we solve are

an+2 = pbn+1 + qbn, (1)
bn+2 = ran+1 + san

and

an+2 = pan+1 + qbn, (2)
bn+2 = rbn+1 + san.

The solution of (1) is for n > 0,

an = a0

∑
(n−4)/4≤k≤(n−3)/2

l2+l4=n−(2k+3)
l1+l2=k+1

l3+l4=k

(
k + 1

l2

)(
k

l4

)
pl1ql2rl3sl4+1 (3)

+ a1

∑
(n−1)/4≤k≤(n−1)/2

l2+l4=n−(2k+1)
l1+l2=k
l3+l4=k

(
k

l2

)(
k

l4

)
pl1ql2rl3sl4

+ b0

∑
(n−2)/4≤k≤(n−2)/2

l2+l4=n−(2k+2)
l1+l2=k
l3+l4=k

(
k

l2

)(
k

l4

)
pl1ql2+1rl3sl4

+ b1

∑
(n−2)/4≤k≤(n−2)/2

l2+l4=n−(2k+2)
l1+l2=k+1

l3+l4=k

(
k + 1

l2

)(
k

l4

)
pl1ql2rl3sl4 ,
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bn = a0

∑
(n−2)/4≤k≤(n−2)/2

l2+l4=n−(2k+2)
l1+l2=k
l3+l4=k

(
k

l2

)(
k

l4

)
pl1ql2rl3sl4+1

+ a1

∑
(n−3)/4≤k≤(n−2)/2

l2+l4=n−(2k+2)
l1+l2=k

l3+l4=k+1

(
k

l2

)(
k + 1

l4

)
pl1ql2rl3sl4

+ b0

∑
(n−4)/4≤k≤(n−3)/2

l2+l4=n−(2k+3)
l1+l2=k

l3+l4=k+1

(
k

l2

)(
k + 1

l4

)
pl1ql2+1rl3sl4

+ b1

∑
(n−1)/4≤k≤(n−1)/2

l2+l4=n−(2k+1)
l1+l2=k
l3+l4=k

(
k

l2

)(
k

l4

)
pl1ql2rl3sl4 ,

while the solution of (2) is

an = a0

∑
4k+l+m=n

(
k + l − 1

l

)(
k + m− 1

m

)
plqkrmsk (4)

+ a1

∑
4k+l+m=n−1

(
k + l

l

)(
k + m− 1

m

)
plqkrmsk

+ b0

∑
4k+l+m=n−2

(
k + l

l

)(
k + m− 1

m

)
plqk+1rmsk

+ b1

∑
4k+l+m=n−3

(
k + l

l

)(
k + m

m

)
plqk+1rmsk,

bn = a0

∑
4k+l+m=n−2

(
k + l − 1

l

)(
k + m

m

)
plqkrmsk+1

+ a1

∑
4k+l+m=n−3

(
k + l

l

)(
k + m

m

)
plqkrmsk+1

+ b0

∑
4k+l+m=n

(
k + l − 1

l

)(
k + m− 1

m

)
plqkrmsk

+ b1

∑
4k+l+m=n−1

(
k + l − 1

l

)(
k + m

m

)
plqkrmsk.
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3. DERIVATION OF (3)

We have

an+2 = pbn+1 + qbn,

bn+2 = ran+1 + san.

If we set
A =

∑
n≥0

antn, B =
∑
n≥0

bntn,

then

A− ptB − qt2B = a0 + (a1 − pb0)t,
B − rtA− st2A = b0 + (b1 − ra0)t,

or, (
1 −pt− qt2

−rt− st2 1

) (
A
B

)
=

(
a0 + (a1 − pb0)t
b0 + (b1 − ra0)t

)
.

It follows that

(
A
B

)
=

1
1− (pt + qt2)(rt + st2)

(
1 pt + qt2

rt + st2 1

) (
a0 + (a1 − pb0)t
b0 + (b1 − ra0)t

)
=

1
1− (pt + qt2)(rt + st2)

(
1 pt + qt2

rt + st2 1

) (
a0 + a1t− b0pt
−ra0t + b0 + b1t

)
=

1
1− (pt + qt2)(rt + st2)

(
a0(1− prt2 − qrt3) + a1t + b0qt

2 + b1(pt2 + qt3)
a0st

2 + a1(rt2 + st3) + b0(1− prt2 − pst3) + b1t

)
.

It follows that

∑
n≥0

antn = a0
1− prt− qrt2

1− (pt + qt2)(rt + st2)
+ a1

t

1− (pt + qt2)(rt + st2)

+ b0
qt2

1− (pt + qt2)(rt + st2)
+ b1

pt2 + qt3

1− (pt + qt2)(rt + st2)

= a0

(
1 +

st3(p + qt)
1− t2(p + qt)(r + st)

)
+ a1

t

1− t2(p + qt)(r + st)

+ b0
qt2

1− t2(p + qt)(r + st)
+ b1

t2(p + qt)
1− t2(p + qt)(r + st)
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= a0

1 + st3(p + qt)
∑
k≥0

t2k(p + qt)k(r + st)k


+ a1t

∑
k≥0

t2k(p + qt)k(r + st)k

+ b0qt
2
∑
k≥0

t2k(p + qt)k(r + st)k

+ b1t
2(p + qt)

∑
k≥0

t2k(p + qt)k(r + st)k

= a0

1 +
∑
k≥0

st2k+3
∑

l1+l2=k+1

(
k + 1

l2

)
pl1ql2tl2

∑
l3+l4=k

(
k

l4

)
rl3sl4tl4


+ a1

∑
k≥0

t2k+1
∑

l1+l2=k

(
k

l2

)
pl1ql2tl2

∑
l3+l4=k

(
k

l4

)
rl3sl4tl4

+ b0

∑
k≥0

qt2k+2
∑

l1+l2=k

(
k

l2

)
pl1ql2tl2

∑
l3+l4=k

(
k

l4

)
rl3sl4tl4

+ b1

∑
k≥0

t2k+2
∑

l1+l2=k+1

(
k + 1

l2

)
pl1ql2tl2

∑
l3+l4=k

(
k

l4

)
rl3sl4tl4 .

The formula for an follows. The formula for bn can be obtained similarly.

4. DERIVATION OF (4)

We have

an+2 = pan+1 + qbn,

bn+2 = rbn+1 + san.

If we set
A =

∑
n≥0

antn, B =
∑
n≥0

bntn,

then

A− ptA− qt2B = a0 + (a1 − pa0)t,
B − rtB − st2A = b0 + (b1 − rb0)t,
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or, (
1− pt −qt2

−st2 1− rt

) (
A
B

)
=

(
a0 + (a1 − pa0)t
b0 + (b1 − rb0)t

)
.

It follows that

(
A
B

)
=

1
(1− pt)(1− rt)− qst4

(
1− rt qt2

st2 1− pt

) (
a0(1− pt) + a1t
b0(1− rt) + b1t

)
=

1
(1− pt)(1− rt)− qst4

(
a0(1− pt)(1− rt) + a1t(1− rt) + b0qt

2(1− rt) + b1qt
3

a0st
2(1− pt) + a1st

3 + b0(1− pt)(1− rt) + b1t(1− pt)

)
.

It follows that∑
n≥0

antn = a0
(1− pt)(1− rt)

(1− pt)(1− rt)− qst4
+ a1

t(1− rt)
(1− pt)(1− rt)− qst4

+ b0
qt2(1− rt)

(1− pt)(1− rt)− qst4
+ b1

qt3

(1− pt)(1− rt)− qst4

= a0
1

1− qst4

(1− pt)(1− rt)

+ a1
t

1− pt

1

1− qst4

(1− pt)(1− rt)

+ b0
qt2

1− pt

1

1− qst4

(1− pt)(1− rt)

+ b1
qt3

(1− pt)(1− rt)
1

1− qst4

(1− pt)(1− rt)

= a0

∑
k≥0

qkskt4k

(1− pt)k(1− rt)k
+ a1

∑
k≥0

qkskt4k+1

(1− pt)k+1(1− rt)k

+ b0

∑
k≥0

qk+1skt4k+2

(1− pt)k+1(1− rt)k
+ b1

∑
k≥0

qk+1skt4k+3

(1− pt)k+1(1− rt)k+1

= a0

∑
k≥0

qkskt4k
∑
l≥0

(
k + l − 1

l

)
pltl

∑
m≥0

(
k + m− 1

m

)
rmtm

+ a1

∑
k≥0

qkskt4k+1
∑
l≥0

(
k + l

l

)
pltl

∑
m≥0

(
k + m− 1

m

)
rmtm

+ b0

∑
k≥0

qk+1skt4k+2
∑
l≥0

(
k + l

l

)
pltl

∑
m≥0

(
k + m− 1

m

)
rmtm

+ b1

∑
k≥0

qk+1skt4k+3
∑
l≥0

(
k + l

l

)
pltl

∑
m≥0

(
k + m

m

)
rmtm.
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The formula for an follows. The formula for bn can be obtained similarly.

ADDITIONAL REMARKS

In the special case r = p, s = q, simpler formulas can be obtained for an and bn by
following the same method. But in that case also, it is easy to factorise the quartics that occur
in the denominators and obtain formulas for an and bn that make it plain how fast they grow.
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