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ABSTRACT

For a graph G, Fibonacci Number of G is defined as the number of subsets of V(G) in
which no two vertices are adjacent in G. In this paper, we first investigate the orderings of two
classes of trees by their Fibonacci numbers. Using these orderings, we determine the unique
tree with the second, and respectively the third smallest Fibonacci number among all trees
with n vertices.

1. INTRODUCTION

Let G = (V(G), E(G)) denote a graph with V(G) as the set of vertices and E(G) as
the set of edges. We denote, respectively, by n(G) and ¢(G) the number of vertices and the
number of edges of GG. All graphs considered here are finite and simple. Undefined notations
and terminology will conform to those in [2].

For a graph G and u € V(G), we denote by Ng(u) the set of all neighbors of u in G and
by d,, the degree of the vertex u. Let G and H be two graphs. We denote by GU H the disjoint
union of G and H and by mH the disjoint union of m copies of H. Let C,, and P, denote,
respectively, the cycle and path with n vertices. By S,, we denote the star with n vertices and
by P, the graph obtained from S,,41 and P,, by identifying the center of 5,11 with a vertex
of degree 1 of P,,. By S, ,» we denote the graph obtained from 5,12 and S,,11 by identifying
a vertex of degree 1 of S, ;12 with the center of S,,41.

For a graph G, its Fibonacci Number, simply denoted by f(G), is defined as the number
of subsets of V(G) in which no two vertices are adjacent in G, i.e., in graph-theoretical termi-
nology, the number of independent sets of GG, including the empty set. For example, for the
graph Cy = v1v203y, all this kind of subsets of V(Cy) are as follows: ¢, {v1}, {va}, {vs}, {va},
{v1,v3}, {va,v4}, and so, f(Cy) = 7. The concept of the Fibonacci number for a graph was
introduced in [5], and discussed later in [1]. This number for a molecular graph was extensively
studied in a monograph [4]. There, the chemical use was demonstrated, and the number was
called o-index, or Merrifield and Simmons index. The authors of [3] gave its other properties
and applications. There have been some literature studying the Fibonacci number, or o-index
of a graph, see [4,6] and the references therein for details.

Let F,, and L, denote the n-th Fibonacci number and Lucas Number, respectively. It is
not difficult to see that for n > 1 and m > 3, we have that f(P,) = F, 12 and f(C),) = Ly,. Let
a = (1++/5)/2 and 8 = (1—+/5)/2. Then the Binet form of F,, and L,, are F,, = (a™—")/V/5
and L, = o™ + 8" for all n > 0.
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Let T be a tree, that is, T is a connected graph without any cycles. From [1,3,5], we can
find that

Lemma 1: Let T be a tree. Then Fy, 1o < f(T) < 2" '+ 1 and f(T) = F,,» if and only if
T =P, and f(T)=2""1+1if and only if T = S,,.

Let vivavs---v, be a path, and let P, ,, ¢ and T}, n,n, denote two graphs shown in
Figures 1.

Figure 1. Graphs P, ,, ¢ and T,

1,N2,N3

The authors of [1] investigated the upper and lower bounds for the Fibonacci number of a
maximal outer-planar graph. In this paper, we first investigate the orderings of two classes of
trees P, v,.¢ and Ty, n, n, by their Fibonacci numbers. Using these orderings, we determine
the unique tree with the second, and respectively the third smallest Fibonacci number among
all trees with n vertices. From [3] we know that these results may have potential use in
combinatorial chemistry.

The following lemmas can be found from [3,5].

Lemma 2 ([3,5]): Let G be a graph with k components G, Ga, ---, Gx. Then f(G) =
Hf:l f(Gz)
Lemma 3 ([3,5]): For a graph G with v € V(G), we have

@) = F(G=v) + [(G = [v]),

where [v] = Ng(v) U {v}.

Lemma 4 ([3,5]): Let G; = (V(G1), E(G1)) and G2 = (V(G2), E(G2)) be two graphs. If

V<G1> = V(Gg) and E<G1> C E(Gg), then f(G1) > f(GQ)

2. ORDERINGS OF TWO CLASSES OF TREES BY FIBONACCI NUMBERS
Let H and H’ be two graphs. Then H »= H’ means f(H) > f(H') and H >~ H’ means

fH) > f(H').

Theorem 1: Let n =4m +1, i € {1,2,3,4} and m > 2. Then

Pn,vg,G’ ~ Pn,v4,G Il P’I‘L,Uzm+29,G - Pn,v2m+1,G Il Pn,vg,G ~ Pn,vl,Gy

where p=0ifi=1or2and p=1ifi =3 or 4.
Proof: Suppose that f(G —vi) = A and f(G — [vg]) = B. Then by Lemmas 1, 2 and 3,

f(Pn,vk,G) == AFk—i—an—k—i-Q + BFan—k:-l—l- (1)
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JFrom the Binet form of F,, and L,,, by calculating we have

1
F,F, = = (Layb — (—1)*Lp—y) - (2)
So, by (1) and (2) we get that
f(Pn,vk,G) = ALn+3 + BLn+1 + (_1)kLn72k+1(A - B)' (3)

Note that each independent set of G — [vg] is an independent set of G — vy; however the
other way around is nor true. So, A > B. Since P, ., .¢ = Pnu,_,.1,G, by (3) we have that
k<(n+1)/2 and

Pn7v27G - Pn,th o PN,UzmyG e Pn,vszrl,G o Pn,v37G e Pn,UhG
for € {1,2} and
Pn,vz,G - Pﬂ,w:G e anv2m+2vG - Pn:”2m+17G e Pn,v3,G ~ Pnﬂ)l,G

for i € {3,4}. This completes the proof. O
Let G =2 P, or G = P5. Then from Theorem 1, we have

Than-—s3>=T13n-5 =" >=T14n-6>T12n-24

and
To1m—a>=To3n—6> " >=To4n-7>To2n 5.

Note that 751 p—4 = T12,—4. So, it follows that 111 ,-3 > Ti3n-5 > -+ > Tiapn-c >
Tion-a=T23n-6> " =Toan-7>T22n 5.

For 3 <n; <ng <nz and T}, n, ny, We can obtain the followings:

(i) T5,1,n—5 = T3,a,n—a—4a = T32n—¢ for a > 3,

(11) T4,1,n76 ~ T4,a,nfaf5 -~ T4,2,n77 for a > 3,

(iii) Ty,1,n—b—2 > Th,an—a—b—1 > Th2,n—p—3 for a > 3 and b > 5.

JFrom (i) to (iii), one can see that for (ni,n2) ¢ {(1,1),(1,3),(2,2),(2,4)}.

Tiin-3>T130—5 " Thinoms = T2.4m—7 = T2 n_5.

Furthermore, we have

Theorem 2: Let n; + ny +n3 =n —1 and ny > ny > n3. Then

(i) Tvin-3 > Tign-s > - > Tiom—tin--2m—1 > Liom—2n—2m > -+ > Tian-6 >
Tvon—a>=To3n—6>">Toom-1n-2m-2 > T2 2m—2n—2m—1 > "+ >=To4pn_7 > Ts2n_5 for
n=4m+1,

(i) Tiin—3 > Ti3n->5 > - > Thom-1n-2m-1 = Tiomn—2m—2 > -+ > Tiapn-6 >
Tion—a>=To3n—6> " >=Toom-1n—2m—2 > T2 2m—2n—2m—1 >+ >=To4pn_7 > Ts 25 for
n =4m + 2,

(i) Tham-3 > Tigm-s > - > Tiom-tin—2m-1 = Ti2mn—2m—2 = -+ = Tian_-6 >
Tion—a>=T23n-6 > "> Toom-1n-—2m—2 = T2 2mn—2m-3 = -+ = To 4 p_7 = T2 ,_5 for
n =4m + 3,
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(iv) Tiin-3 > Ti3n-5 = - = Tiomtin—2m—3 = T12mmn—2m—2 = -+ = Tian-6 >
Tion—a>=T23n-6> > Toom-1n—2m—2 > Toommn—2m—3 > -+ >=To4pn_7 > Too,_5 for
n =4m + 4,

(V) Tl,l,nf?) ~ T1,3,n75 ~ TTL1,’I’L2,TL3 ~ T2,4,n77 ~ T2,2,n75 fOI’ (n17n2) ¢ {(]—71)7 (173)7
(2,2),(2,4)}. O

3. SMALLER FIBONACCI NUMBERS OF TREES

Suppose that @, ¢ is the graph shown in Figure 2.

Figure 2. Graph Q, ¢

Lemma 5: Let r > 1 and G be a tree with m vertices. For graph @), ¢, we have

QT,G’ t Pr,m

and the equality holds if and only if Q, ¢ = Py .

Proof: We prove the lemma by induction on r. Clearly, the lemma is true if r = 1.
Suppose that the lemma holds for r = k — 1 > 1. When r = k, by Lemmas 2 and 3 we
have
F(Qrc) = f(Qr-1,¢) + 21 (G —v) (4)
and
F(Pem) = f(Peo1,m) + 257 f(Pea). (5)

By the induction hypothesis, f(Qx—1.¢) > f(Pr—1,m) and the equality holds if and only
if Qr—1,¢ = Pr—1,m- On the other hand, we may assume that G — v = Ui H; such that each
H; is a tree and 2221 n(H;) =n(G —v)=m—1. By Lemmas 1,2 and 4, f(G—v) >
Hizl fn(r,) = f(Ppn-1) and the equality holds if and only if G —v = P,,,_;. So, from (4) and
(5), the lemma is true. O

Let T be a tree with n vertices. Then, T'= S,, if n = 1,2, 3. By calculating, we have

(i) for n =4, S5 > Ps,

(ii) for n =5, Sy =Ty 12 > Ps,

(111) for n =6, Sg - 53’1 - 5272 - T1’173 - T172’27 - Pg,

(IV) forn=7and T ¢ {P7, T1,273, T272,2}, T ~ T172,3 - T2,272.

(V) for n = 8,9, 10 and T g {Pn,T2’27H_5,T274’n_7}, T - T274’n_7 ~ T272’n_5 and the
equality holds if and only if n = 9.
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Theorem 3: Let T be a tree with n vertices.
(i) If T2 P, and n > 7, then

f(T) 2 4Fn71 + Fn737

the equality holds if and only if "= T5 5 ,,_5.
(ii) £ T € {Py,T2,2.n—5} and n > 10, then

f(T) Z 2Fn+8Fn—57

the equality holds if and only if T"= T5 4 ,, 7.

Proof: By induction on n. By the above argument, it is easy to check that (i) and (ii) of
the theorem hold for trees T with n(T") = 10.

Suppose that n(7") > 11 and (i) and (ii) of the theorem are true for all 77 with n(7") < n.
For a tree T with n(7T) = n, we distinguish the following cases:

Case 1: There exist an 7 > 2 and a tree G such that "= Q). ¢. By Lemma 5, Q, ¢ = P .

By Lemmas 1, 2 and 3,
f(PT,n—r) == 2TFn—7”+1 + Fn—r-

So, one can see that P,.,,—, > P._1 y,_r+1 for r > 2. Thus we have Q,.¢ = Prpn—r = T1 1,n—3.
By (ii) of Theorem 2, we know that (i) and (ii) of the theorem are true.

Case 2: For each path uvw in T with d,, = 1, we have that d, = 2 and d,, > 2. If T has only
one vertex of degree 3, by Theorem 2 we have that (i) and (ii) of the theorem hold; otherwise,

T contains at least one vertex of degree larger than 3 or two vertices of degree 3. From Lemma
3,

fT) =T —u)+ f(T—u—v), (6)
f(T22,n—5) = f(T22n—6) + [(T2,2,n—7) (7)

and
J(Toan—7) = f(T24n-8) + f(T2,4n—9) (8)

It is not difficult to see that T' — u is a tree with n — 1 vertices and it contains at least
one vertex of degree larger than 3 or two vertices of degree 3; whereas T'— u — v is a tree of
n — 2 vertices and T' — v — v 2% P, _». By the induction hypothesis, 7' — u > T2 ,_¢ and
T—u—v>=Ts9p,_7 So,from (6) and (7) (i) of the theorem follows.

On the other hand, if d,, = 2, then T'— u — v contains at least one vertex of degree larger
than 3 or two vertices of degree 3. By the induction hypothesis as well as (6) and (8), (ii) of
the theorem also holds. If d,, > 3 and T' — u — v 2 T 2 5,7, by the induction hypothesis we
have T'—u > Ty 4 p—s and T'— u — v > T5 4 5,_9. Thus, from (6) and (8), (ii) of the theorem
holds. If dy > 3and T'—u — v = T3 5,7, by n > 11 we know that T is one of the graphs
Ty and T shown in Figure 3 (Otherwise there exists a path uvw in T such that d, = 1 and
dy, = dy = 2).
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Figure 3. Graphs T} and T,

JFrom Lemmas 1, 2 and 3, we have
f(Tl) =2F, 1 +9F, 4 +9F, 7

and
f(Ty) =2F,_ 1+ 2F,_3+ 10F,_5 + 9F,, _s.

By F,, = F,_1 + F,,_o, it is not hard to obtain that
f(1) = f(Tz) =4F 9 + Frn1

and
[(T2) = f(To,an—7) = 3F—8 + 2F,_10.

Thus (ii) of the theorem holds. This completes the proof. O
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