PURELY PERIODIC SECOND ORDER LINEAR RECURRENCES
THOMAS MCKENZIE AND SHANNON OVERBAY

ABSTRACT. Second order linear homogeneous recurrence relations with coefficients in a
finite field or in the integers modulo of an ideal have been the subject of much study (see for
example [1, 2, 4, 5, 6, 7, 8, 9]). This paper extends many of these results to finite rings. In
the first part of this paper we develop polynomials which generate purely periodic sequences
over any finite ring, R. We then use these polynomials with coefficients in R to establish
bounds on the period of these sequences.

1. INTRODUCTION

Throughout this paper R is a finite commutative ring with identity. We assume that
a ring and its subrings share the same identity. Let Z denote the integers, N denote the
nonnegative integers, and Z" denote the positive integers.

A sequence s = {sq, s1,...} of elements in R is purely periodic with period n € Z*, if
n is the smallest positive integer with s,.; = s; for all ¢ € N. If s is purely periodic with
period n then s is said to be uniformly distributed if for every r € R, the cardinality of
{i € N|s; =7,0 <i<n—1} equals n divided by the order of R.

For n € Z* we call s an nth order linear homogeneous recurrence relation if there exist
ai,...,a, € R with a, # 0 such that

Sitn = AnSi + Ap—1Si+1 T+ + A1Si4n—1

for all 7 € N.

The aim of this section is to establish a relationship between purely periodic nth order
linear homogeneous recurrence relations and the coefficients of certain polynomials. In the
next theorem we use the division algorithm to create an nth order linear recurrence.

Theorem 1.1. Let f(x) = aya™ + -+ ayx — 1 € R[x] where n € ZT and a,, # 0. Suppose
that there exists h(x) € R[x] with degree at most n — 1 and m € ZT such that m > n and
f(z) divides h(x) - (z™ — 1) in R[x]. Now let Z;:Ol ¢;2? € R[z] such that h(z) - (2™ — 1) =
(Z;";Ol c;x?) - f(z) and define s = {sg, s1,...} as the sequence given by s; = c; where i = j
modulo m. Then s is a purely periodic nth order linear recurrence given by

Sitn = ApSi + Ap—1Sit+1 + *** + A1Siyn—1
for all i € N.
Proof. Let ¢ € N and let g(z) = Z;”:_Ol c;z?. Note that f(z)-g(z) = h(z) - (2™ — 1) and
g(z)z™* = sppx™ + -+ sm(k+1)_1xm(k+1)_1. Use the division algorithm to write i + n as
mq + r where ¢,r € Z and 0 < r < m.
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Now
F(2) - (5gma™ + 5121 4 -+ + 512 + 50)
o) ay(a) a0 me(a) - o)

= 2™ f(a)g(z) + V" f(2)g(x) + - + fl2)g(x)
— SR — 1)+ IR — 1)+ () - 1)
= g Imy(2) — 27 h(2) + 2 h(z) — - - — h(z)

(
= U™ (z) — h(z).

Since 0 <n —1<i+n < (¢+ 1)m, the coefficient of 2" in the expansion above equals
zero. In other words,
(anSi + Qp-1Siv1 + -+ + Q18iyn_1 — Sitn)2 " = 0.
Hence, s;1, = aps; + an_1S;11 + -+ + a18;1n_1 for all ¢ € N. This completes the proof. [J
Example 1.2. Assume for the moment that R = Z/(5Z). Let f(z) = 2*> + 4z — 1 and
h(x) = z. Note that f(z) divides z(x*° — 1) and

hx) - < Z

:0+1x+4m2+2x3+2x4+0x5+2x6+3w7
+ 428 + 42° + 0210 + 42 + 1212 + 3213 + 3™
+ 02 + 32" + 2217 + 1218 + 1217,

If we let sy = 0,51 = 1, and s;49 = 8; + 4s;41, then for all i € N,s; = ¢; where i is
congruent to j modulo 20. Note that this purely periodic sequence is uniformly distributed.

In Theorem 1.1 we took polynomials and produced a purely periodic sequence. In the next
theorem we reverse that process. The reader should note the similarity between this next
theorem and Theorem 6.25 on page 197 of Lidl and Niederreiter [4]. Although this result in
Lidl and Niederreiter is stated for finite fields, the proof actually works over more general
rings.

Theorem 1.3. Suppose s = {sq, s1,...} is a purely periodic nth order recurrence in R with
period m > n. That is, there exist ay,...,a, € R with a, # 0 such that, for all i € N,

Sitn = ApSi + Ap—1Si+1 + *** + A1Siyn—1.

Let
flx)=an2" + - +ax—1
and
n—1
= Z a]so +a; 181+ -+ a28;_2+ a15;-1 — Sj)ﬁj-
Jj=
Then h(z) - (z™ —1) = (Z;n_ol s;xl) - f(x).
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Proof. Clearly the polynomials f(x) -Z;n:_ol s;z? and h(z)-(z™—1) both have degree m+n—1.
It suffices to check that these polynomials are equal term by term. Let ¢ € {0,...,m+n—1}.

Case 1 (i < m): In this case the coefficient of 2 in f(z)- Z;.n:_ol sjz? equals a;so+a; 151+
-++ 4 ag8;_9 + as;_1 — s; which equals the coefficient of z* in —h(z). Since i < n < m, the
coefficient of z* in h(z) - (x™ — 1) is equal to the coefficient of z* in —h(z).

Case 2 (n < i < m — 1): In this case the coefficient of z' in h(x) - (z™ — 1) is equal
to zero, since the degree of h(z) is n — 1. The coefficient of x* in f(z) - Z?;l s;jz? equals
ApSi—1+0p_1S;i—p+1+ap_2S;i_pio+---+a18;_1—s;. Thisis also equal to zero by the recurrence
relation.

Case 3 (m < ¢ < m+mn—1): In this case the coefficient of z* in f(z)- Z;":Bl s;j2’ equals
UnSi—n + On-18i—nt1+ Un_2Si—nt2 + -+ Giemi15m—1 €quals —(@;—mSm + Gi—p—15mi1 + -+ +
a18;—1 — s;) (by the recurrence relation) equals —(a;_,So + @i—m—151+ -+ a1Si—1—m — Si—m)
(since s is periodic) equals the coefficient of z° in ™ - h(x) equals the coefficient of z* in
(™ —1) - h(z) (since n —1 < m <1i). O

2. PURELY PERIODIC SECOND ORDER LINEAR RECURRENCES

Throughout this section let s = {sg, s1,...} be the sequence in R generated by second
order linear recurrence relation s;; 5 = ass; + a18,41 for all i € N where a; € R and as is a
unit in R. The polynomial g(x) = 2* — ayx — ay is the characteristic polynomial associated
to this recurrence.

In this section we establish a formula for s, in terms of the roots of the characteristic
polynomial. We then use this formula to give an upper bound for the period of s.

Theorem 2.1. There exists a ring S which contains R as a subring, an element r; € S,
and an element ro € R[ry| such that

g(x) =2 —a1r —ay = (x —r1)(z — 19).

Proof. Let S = R[x]/(g(x)) and let r; be the element x + (g(z)),€ S. Note that R is a
subring of S and g(r1) = 0. By the division algorithm on page 158 of [3], there exists a
polynomial h(z) with coefficients in R[r;] and element ¢ in R[r;] such that

g(x) = (z —r)h(z)+c

in R[rq][x]. Plugging r; into both sides of this equation and recalling that g(r1) = 0 yields

¢ = 0 and g(z) = (z — r)h(x). Since g(x) is a monic polynomial of degree two and
(x —r1) is a monic polynomial of degree one, it follows that there exists ro € R[r;] such that
h(x) = (x —ry) and g(z) = (x — 1) (x — 72). O

Consider a ring S which contains R as a subring with elements 71,75 € S such that
g(z) = 2% — a1z —ay = (x —ry)(x — ry). Since ri7y = —as, and ay was assumed to be a unit
in R, it follows that r; and r9 are units in S. Now 7r; is integral over R and thus by Theorem
5.3 on page 395 of [3], R[r1] is a finitely generated R module. This, along with the fact that
R is a finite ring, implies that the units of R[r;] form a finite group. We use |r|, |ro| € ZT
to denote the orders of r; and ry in this group. Hence, r‘lﬁ‘ = r|2r2| = 1p.

Recall that g(z) = 2* — a;x — ay is the characteristic polynomial corresponding to the

recurrence S;to = @28; + A1S;4+1.
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Theorem 2.2. Let S be a ring which contains R as a subring and let r1,79 € S such that
g(x) = (x —r1)(x —1r3). Then forn >1,

Jn—j— 1
Sp = Sort + (81— Sor1) rlr
Proof. We proceed by induction on n. If n =1 then
1 j .n—j—1 1 _
sory + (81— sor1) 7“17" = sory + (81 — so71) = S1.

When n = 2 we have

= 807“% + (51— sor1)(r1 +172)

= (r1 +72)s1 4 so(—r1r2)
= a1S1 + asSp

= So.

Now let k be an integer greater than 2 and assume that the equality holds for all integers
n greater than zero and less than k. We show the equality holds for n = k. Note that

Sk = A15k—1 + A2Sk—2

k—1-1
=a <307"'f Lt (81— sor1) Z rlph=9 1)
7=0
21
+—a2<sorf ? 4+ (51— sor1) jg: 7{r§727j71>
7=0
k—1-1
(r1-+-r2)<50r1 + (81 — so71) r{r§717371>
=0
k—2-1
4—(——r1r2)<50r1 + (s1— sor1) r{réfQ*J*l)
=0
k—1-1
__r1<50rf Y4 (s — sor1) j{: 7{r§717]71>
=0
—1-1
+-T2<30r1 + (81 — so71) r{r§_1_3_1>
7=0
k—2-1
4—(——T1T2)<80T1 + (81 — so71) T{T§_2_3_1>
7=0
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k—

= SOT]f + (51 — 807’1) Z

1-1
J=0

k—1—1
k-1 j
+ soryre + (81 — Sor1) riry

k—1 J+1 k—j—2
— Sory re — (81 — SoT1) g iy
Jj=0
k—2
k—1 k—j—1
= sor] + (81 — 307'1)(7”1 + E riry >
j=0
k—1
Jk—j—1
= sor} + (81 — Sor1) Ty
=0

O

We did not use the fact that R is finite or the fact that as is a unit in the proof of the last
theorem. The result even holds when r; — ry is a zero divisor. If we set 1 equal to 75 in the
last theorem we get our next result.

Corollary 2.3. Let S be a ring which contains R as a subring and let r € S such that
g(z) = (x — 1) Then fork > 1,

s = so(1 — k)r® + s k™!
Write ng for the characteristic of the finite ring R.

Theorem 2.4. Let S be a ring which contains R as a subring and let r1,r9 € S such that
g(x) = (x—r1)(x —7rg). Let X be the least common multiple or |r1| and |r3|. Then s is purely
periodic with period dividing A - ng.

Proof. Let m = \-ng and let k € N. Then

m—+k—1
_ m+l<: J m+k —j—1
Sm+k = SoTq (51— s071) E Ty

m—1
j k—j—1
= sor™F 4 (51 — 571 ZT preIT
=0

m+k—1
J,.m+k—j5—1
+ (81 — So71) E riry
j=m
m+k—1
k—j—1 :
(where E riry T = 0if k= 0)
j=m
k—1
_ m, .k m j k—j—1
= sory'ry + (s1 — sor1)r] iy
Jj=0
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m—1
| m—+k—j—1
+ (s1 — so11) g riry
j=0
k—1
Jk—j—1
= sor} + (s1 — Sor1) Ty
j=0

m—1
k—1—
+ (s1— sor1) E i 77 (since 1 = 1)
J=0

N | mk—j—1
= sor¥ 4 (51 — s071) E rlrs ™ 4 (s — sor (g Pyt

22—1
_i_zrl'gwk;l_i_ o Z Tl‘erkjl)
j=A(ngp—1)
:807’lf 81 — SoT1 Z’Fl k=i=1
7=0
A—1
+ (81— sor1) (nR : Zrl'rgwk*j*l) (since 1} =1y = 1)
§=0
k—1
Jk—j—1 _
= sory + (81 — sor1) 7y = Sg.
7=0
O
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