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Abstract. A set A of positive integers is relatively prime if gcd(A) = 1. A partition of
n is relatively prime if its parts form a relatively prime set. The number of partitions of n
into exactly k parts is denoted by p(n, k) and the number of relatively prime partitions into
exactly k parts is denoted by pΨ(n, k). In this note we give explicit formulas for pΨ(n, 2)
and pΨ(n, 3) in terms of the prime divisors of n.

1. Introduction

In 1964, Gould [5] investigated compositions of positive integers whose parts are relatively
prime. In 1990, Schmutz [7] considered the number an of partitions of a positive integer
whose parts are pairwise relatively prime and found asymptotic estimates for log an. In
2000, Nathanson [6] studied partitions with parts belonging to a nonempty finite set whose
elements are relatively prime. Recently, Andrews [2] considered k-compositions with up to
k copies of each part and the parts form a relatively prime set. Our main purpose in this
work is to count the number of partitions of a positive integer into exactly three relatively
prime parts.

Throughout, k and n will denote positive integers such that k ≤ n and p will range over
prime numbers. We will use bxc to denote the floor of x and 〈x〉 to denote the integer
closest to x. A set A of positive integers is relatively prime if gcd(A) = 1, and accordingly
a partition of n is relatively prime if its parts form a relatively prime set. The number of
partitions of n into exactly k parts is denoted by p(n, k) and the number of relatively prime
partitions into exactly k parts is denoted by pΨ(n, k). Formulas for p(n, k) for some small
value of k can be found in [3]. It is immediately seen that p(q, 3) = pΨ(q, 3) whenever q is a
prime number. The following result is quite clear.

Theorem 1.1. If n > 2, then

pΨ(n, 2) =
1

2
φ(n),

where φ is the Euler totient function,

φ(n) = n
∏

p|n

(
1− 1

p

)
.

Proof. The following identities are straightforward:

pΨ(n, 2) = #{(a, b) : a < b, gcd(a, b) = 1, and a + b = n}
= #{a : a < n− a and gcd(a, n) = 1}
=

1

2
#{a : a < n and gcd(a, n) = 1}

=
1

2
φ(n).
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This completes the proof. ¤
Corollary 1.2. If n and m are relatively prime positive integers such that nm > 2, then

pΨ(nm, 2) = 2pΨ(n, 2)pΨ(m, 2).

However, formulas for pΨ(n, k) for larger values of k are far from straightforward. In this
paper we derive an identity for pΨ(n, 3) in terms of the prime factors of n. It is clear that

p(n, k) =
∑

d|n
pΨ

(n

d
, k

)
,

which by Möbius inversion is equivalent to

pΨ(n, k) =
∑

d|n
µ(d)p

(n

d
, k

)
, (1.1)

where µ(d) is the Euler µ function. Furthermore, it is well-known that the generating function
for p(n, k) is

∑

n≥k

p(n, k)qn =
qk

(1− q)(1− q2) . . . (1− qk)
, (1.2)

see for instance [1]. We shall combine (1.1) and (1.2) to get the formula for pΨ(n, 3). We
note that a combination of (1.1) and (1.2) can also be used to give an alternate proof for
Theorem 1.1 on pΨ(n, 2). This approach does not easily extend to pΨ(n, k) for higher k since
the formulas for p(n, k) obtained from the generating function (1.2) are not so neatly seen as
functions of n, see [3]. We recall the following formula on so-called Jordan totient function
of order 2 which can be found for instance in [4],

J2(n) :=
∑

d|n
µ(d)

n2

d2
= n2

∏

p|n

(
1− 1

p2

)
. (1.3)

2. Main Result

For k = 3, the generating function (1.2) yields,

p(n, 3) =
n2

12
− 7

72
− 1

8
(−1)n +

2

9
cos

2nπ

3
=

〈
n2

12

〉
. (2.1)

Further it is easy to check that,

〈
n2

12

〉
=





n2

12
if n ≡ 0 mod 6,

n2−1
12

if n ≡ 1 or n ≡ 5 mod 6,
n2−4

12
if n ≡ 2 or n ≡ 4 mod 6,

n2+3
12

if n ≡ 3 mod 6.

(2.2)

Throughout, we will be using (2.2) and the basic facts that the function µ is multiplicative,
that µ(n) = 0 whenever n has a nontrivial square factor, and that

∑
d|n µ(d) = 0 whenever

n > 1. We need the following lemma.

Lemma 2.1. If n ≥ 4, then
∑

d|n
µ(d)

〈
n2

12d2

〉
=

1

12

∑

d|n
µ(d)

(n

d

)2

.
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Proof. We proceed by induction on n. For n = 4 the statement is trivial. Suppose now that
the identity holds for all 4 ≤ k < n. We only show the result for the cases n ≡ 1 mod 6, n ≡
5 mod 6, and n ≡ 3 mod 6 and note that the remaining cases follow by similar arguments.

Case 1. Assume that n ≡ 1 mod 6 or n ≡ 5 mod 6. Then n
d
≡ 1 mod 6 or n

d
≡ 5 mod 6

for all d|n, and so by identity (2.2),

∑

d|n
µ(d)

〈
n2

12d2

〉
=

∑

d|n
µ(d)

n2

d2 − 1

12

=
1

12

∑

d|n
µ(d)

(
n2

d2

)
− 1

12

∑

d|n
µ(d)

=
1

12

∑

d|n
µ(d)

(
n2

d2

)
.

Case 2. Suppose that n ≡ 3 mod 6, say n = 3lm with 2 - m, 3 - m, and l ≥ 1. If l > 1,

then as 3l−1m
d

≡ 3lm
d
≡ 3 mod 6 for all d|m, we have by (2.2),

〈
(3l−1m)2

12d2

〉
=

(3l−1m)2

d2 + 3

12
and

〈
(3lm)2

12d2

〉
=

(3lm)2

d2 + 3

12
.

Then

∑

d|3lm

µ(d)

〈
(3lm)2

12d2

〉
=

∑

d|m
µ(3d)

〈
(3lm)2

12(3d)2

〉
+

∑

d|m
µ(d)

〈
(3lm)2

12d2

〉

= −
∑

d|m
µ(d)

〈
(3l−1m)2

12d2

〉
+

∑

d|m
µ(d)

〈
(3lm)2

12d2

〉

= −
∑

d|m
µ(d)

(3l−1m)2

d2 + 3

12
+

∑

d|m
µ(d)

(3lm)2

d2 + 3

12

= − 1

12


∑

d|m
µ(d)

(3l−1m)2

d2
+

∑

d|m
µ(d)

(3lm)2

d2




=
1

12


∑

d|m
µ(3d)

(3lm)2

(3d)2
+

∑

d|m
µ(d)

(3lm)2

d2




=
1

12

∑

d|3lm

µ(d)
(3lm)2

d2
.

If l = 1, then since 3m
d
≡ 3 mod 6 for all d|m, we find by (2.2),

〈
(3m)2

12d2

〉
=

(3m)2

d2 + 3

12
.
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Note that in this case m > 1 and so
∑

d|m µ(d) = 0. Moreover, the induction hypothesis
yields

∑

d|m
µ(d)

〈
m2

12d2

〉
=

1

12

∑

d|m
µ(d)

m2

d2
.

Then

∑

d|3m

µ(d)

〈
(3m)2

12d2

〉
=

∑

d|m
µ(3d)

〈
(3m)2

12(3d)2

〉
+

∑

d|m
µ(d)

〈
(3m)2

12d2

〉

= −
∑

d|m
µ(d)

〈
m2

12d2

〉
+

∑

d|m
µ(d)

〈
(3m)2

12d2

〉

= − 1

12

∑

d|m
µ(d)

m2

d2
+

∑

d|m
µ(d)

(3m)2

d2 + 3

12

=
1

12

∑

d|m
µ(3d)

(3m)2

(3d)2
+

1

12

∑

d|m
µ(d)

(3m)2

d2

=
1

12

∑

d|3m

µ(d)
(3m)2

d2
.

¤

Theorem 2.2. If n ≥ 4, then

pΨ(n, 3) =
n2

12

∏

p|n

(
1− 1

p2

)
.

Proof. By identities (1.1), (2.1), Lemma 2.1, and identity (1.3) we obtain

pΨ(n, 3) =
∑

d|n
µ(d)p

(n

d
, 3

)

=
∑

d|n
µ(d)

〈
n2

12d2

〉

=
1

12

∑

d|n
µ(d)

(n

d

)2

=
n2

12

∏

p|n

(
1− 1

p2

)
.

This proves the theorem. ¤

Corollary 2.3. If n > 4, then pΨ(n, 3) is even.

Corollary 2.4. If n and m are relatively prime positive integers such that nm ≥ 4, then

pΨ(nm, 3) = 12pΨ(n, 3)pΨ(m, 3).
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Corollary 2.5. If n ≥ 4, then

pΨ(n, 3)

pΨ(n, 2)
=

n

6

∏

p|n

(
1 +

1

p

)
.
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