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ABSTRACT. Two multiple convolutions on Fibonacci-like sequences are expressed in terms
of Stirling numbers of the first kind and the second kind.

1. INTRODUCTION AND MAIN THEOREMS
Let {L, }n>0 be the classical Lucas numbers, defined by the recurrence relation
Ly=1Ly 1+ Lpo

and the initial values
LQ =2 and L1 = 1.

Denote by N and o(m, ¢), respectively, the set of natural numbers and
o(m,l) = {(nl,ng,--- ,ng) € N ‘ ny+ng 4+ -+ ny :m}.

Recently, Liu [4, Equation 1.4] discovered the following interesting multiple convolution

formula
S L, ” B s(k, 0)
(z:e)l} i :ﬂ;(_l)k Z(2/’<f—m)!(m—/’f)! @

where s(k, £) are the Stirling numbers of the first kind. Different multiple convolutions have
been treated by Chu and Yan [1]. Motivated by the identity just displayed, this short article
will investigate two multiple convolutions on the polynomial sequence {G, },>¢ involving
four parameters {a, b, ¢, d}, which are defined by the recurrence relation

Gn(a,b,c,d) = aG,_1(a,b,c,d) + bGp_o(a,b,c,d) (2)
with the initial values being given by
Go(a,b,c,d) =c¢ and Gi(a,b,c,d) =d. (3)

For the sake of brevity, we shall further fix two symbols

_a+\/a2+4b and 5_a—\/a2+4b
- 2 - 2

Then the first generalized convolution formula reads as the following theorem.

(4)

(0%

Theorem 1. Let {a,b,c,d} be four complex numbers subject to a* + 4b > 0 and ac = 2d.
Then there holds the following convolution formula

2k—m bmfk

¢ Gn,(a,b,c,d) ad+bc ¢ & . a
2 H”—z‘ - {a(a—ﬁ>} 42 (=1 e(%-m)!(m_k)!s(’“’”

o(m,0) =1 k=t

Similarly, we shall establish another generalized multiple convolution theorem.
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Theorem 2. Let {a,b,d} be three complex numbers subject to a* +4b > 0 and d # 0. Then
there holds the following convolution formula

) m — m—
S O 0D gy 0 0 g
(m.0) i=1 :

kl(m — k)!

where S(k, ) are the Stirling numbers of the second kind.

It is obvious that when a = b = d =1 and ¢ = 2, the corresponding G, (1, 1,2,1) become
the Lucas numbers L,. Therefore, Theorem 1 in this case recovers Liu’s identity (1). Instead,
fora = b =d =1, it is trivial to see that the corresponding G,,(1, 1,0, 1) are just the classical
Fibonacci numbers F), (see [3, Section 6.6] for example), defined by the recurrence relation

Fn:Fn—1+Fn—2

with the initial values
F[) =0 and F1 =1.

In view of Theorem 2, we find the following multiple convolution identity.

Corollary 3. (Multiple convolution on Fibonacci numbers: v = %5)

! F,, - )m—k
S 11 o =0) 5> %5(1@,@.

o(m,l) i=1 k=t

2. PROOF OF THEOREM 1

For an indeterminate x, define the ordinary generating function by

g(x) = Z Gn(a,b,c,d)x™.
n=1

According to (2), it is not difficult to check that g(x) satisfies the equation
g(x) = dx + axg(z) + bx*{c + g(z)}.
Resolving this equation gives
(z) dx + bea?
r)=-—"——.
g 1 —ax — bx?

Further, we can compute another generating function

[e.o]

ZGn(a,b,c,d)xn:/m d + bex e
0

n 1—ax—bx?
n=1

Taking into account of a 4+ 4b > 0, it can be shown that
1 —ar—bz® = (1 — ax)(1 — Bx)
where a and [ are defined by (4). Under the condition ac = 2d, there holds the partial
fraction decomposition
d+ bcx d+ bcx da+b0{ Q I6] }

1—ax—bm2:(1—ozx)(1—ﬁx):oz(a—ﬁ) 1—ozx+1—ﬁx
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This leads consequently to

[e.9]

Gn(a,b,c,d) . da+bc [ o) I}
; n v a(a—ﬁ)/o {1—ozx+1—ﬁx}dx
do + be
= ——log(1 — azx — bx?).
a7 —a) 8( )

For an indeterminate y, define the falling factorials by

Wo=1 and (Y =yly—-1)---(y—n+1) for neN
The Stirling numbers of the first kind s(n, k) are defined by (cf. Comtet [2, Section 5.5]

n

(1) =D _ s(n, k)y"

k=0
whose exponential generating function reads as

log'(1+y) y
= ;s(lg,é)H

Following Wilf [5], denote by [x™]f(z) the coefficient of 2™ for the formal power series f(z).
Then the multiple convolution displayed in Theorem 1 can be expressed as the following

coefficient
(& Galasbe,d) " do+be " ., 5
[z ]{;Tx } = o(F—a) [z™] log" (1 — ax — bx*).
The last coefficient can further be written in terms of the Stirling numbers of the first kind

[z™] log"(1 — ax — bz?) = ¢! Z(—l)kS(Z’!E) [z™] (ax + bz?)*

k>t

o - ks(k7€) k 2k—mim—k

= 0> (-1) il O
k=t

which has been justified by the binomial theorem (cf. [3, Equation 5.12]) as follows

m—k

k
[2™] (az + baz?®)* = [2™7F] (a + bx)* = ( >a2kmbmk.
This proves the multiple convolution formula stated in Theorem 1.

3. PROOF OF THEOREM 2

When ¢ = 0 and d # 0, the generating function g(x) displayed in (5) can similarly be
decomposed into partial fractions and then expanded in formal power series

1—am—bm2_a—ﬁ{l—ax_l—ﬁx}_a_ﬁnzzow —3")z".

Extracting the coefficient of 2™ leads to the explicit formula

d n mn
—lan =),
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Then we can compute, in turn, the exponential generating function

—l'n

= Gn(a,b,0,d) d = . @ d e g

In order to evaluate the multiple convolution stated in Theorem 2, recall the Stirling numbers
of the second kind S(n, k), which are defined by (cf. Comtet [2, Section 5.2])

= Z S(”? k) (y)k

with the exponential generating function

ey_l ZSH a3

Then we have the following expression

ZHmabOd _ {iGnabOd n}f

0 i= n=1

_ [xm]{a f ﬁ} P felo=Me _ 1)L,

Expanding the last two functions in terms of formal power series and then equating the
coefficient of ™, we obtain

{a f 5 }e[xm]{e% (elae _ 1}5}

— ﬂ{aiﬁ}[x] X%x E:Skgul__éafl

=0

d ' (= B)F(pom*
- E!{—g}; kl(m — k)] S(k,£)

which is equivalent to the right hand side of the equation in Theorem 2.
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