A GENERALIZED FILBERT MATRIX

EMRAH KILIC AND HELMUT PRODINGER

ABSTRACT. A generalized Filbert matrix is introduced, sharing properties of the Hilbert
matrix and Fibonacci numbers. Explicit formulae are derived for the LU-decomposition,
their inverses, and the Cholesky factorization. The approach is to use g-analysis and to
leave the justification of the necessary identities to the g-version of Zeilberger’s celebrated
algorithm.

1. INTRODUCTION

The Filbert matrix H, = (hi]‘)zjzl is defined by h;; = Fi+1j—1 as an analogue of the
Hilbert matrix where F;, is the nth Fibonacci number. It has been defined and studied by
Richardson [3].

In this paper we will study the generalized matrix with entries #j_“, where r > —1 is an
integer parameter. The size of the matrix does not really matter, and we can think about
an infinite matrix ¥ and restrict it whenever necessary to the first n rows resp. columns and
write F,,.

Our approach will be as follows. We will use the Binet form

a—pf 1—gq
with ¢ = 3/a = —a™2, so that a = i/\/q. All the identities we are going to derive hold for
general ¢, and results about Fibonacci numbers come out as corollaries for the special choice
of q.
Throughout this paper we will use the following notations: (z;¢), = (1—z)(1—zq)--- (1—
"~1) and the Gaussian g-binomial coefficients

rq

m __ (@9
k] (@ 0r(@ O
Furthermore, we will use Fibonomial coefficients

n . Fnanl R Fn,kJrl
Ll F,---F, ’

The link between the two notations is

{Z} = f(n=F) {Z] with ¢= —a 2

We will obtain the LU-decomposition & = L - U.

Theorem 1.1. For 1 <d <n we have

—1
Ly — 1y [n - 1] [Qd + r] [n +d+ r}

d—1 d d
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and its Fibonacci corollary
n—1)(2d+r) (n+d+r)""
Ly,g= )
’ d—1 d d
Theorem 1.2. For 1 <d <n we have

nmdor=l e dir i, qyngddr | 24 T — 1 n+d+r] 0] 1—¢
2 i (—1)
d—1 d d|1—q"

Ud,n =4q

and its Fibonacci corollary

, 2d+r—1)""(n+d+r] " (n) 1
o= U

We could also determine the inverses of the matrices L and U.

Theorem 1.3. For 1 <d <n we have

(n;d)2in+d<—1)d|:n+rj| [n+d—1+r] [Qn—l%—r}_l

Ll =
nd = 4 d+r d—1 n—1

and its Fibonacci corollary
-1
L= (_1>(n+1)d+n<n2+1>+d<d2+1> n+r)[n+d—1+r][2n—-1+r .
™ d+r d—1 n—1
Theorem 1.4. For 1 <d <n we have

n2 2 T 2 d - 1 - 1 1 - n
Uciai — q2+d2+§1(d+r)nin+d1+r<_1)nd|: n: 7} |:n + d:::: :| |:Z B 1:| - _QQ

and its Fibonacci corollary

n(nt1) | d(d—1) 2n+r n+d+r—1 n—1
U—l —(—1 ———+——5—=—dn—rn+r Fn
an = (=17 ’ n d+r d—1

As a consequence we can compute the determinant of &, since it is simply evaluated as
Ui+ Uy, (we only state the Fibonacci version).

1)y (2d 4+ —1) P (2d+r) ' 1
et =m0 H{ a-1 } { d } Fy

d=1

Theorem 1.5.

Now we determine the inverse of the matrix . This time it depends on the dimension, so
we compute (F,)7t.

Theorem 1.6. For 1 <i,5 <n:

(Fo)i) = g T G ik
n 1,]
L[ nr A n—11[n—1 (1—q")?
n n i— 1] =1 (L =g+ )(1—q)
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and its Fibonacci corollary

(F); )L = (_1)@+—j(’;1) Fnititr)+r

N
" n+r+i) (n+r+j) (n—1)(n—-1] F?
n n 1—1 j—]_ Fr+i+j.

The results about the inverse matrix are not new, compare [1, 4], but have been included
for completeness.
We can also find the Cholesky decomposition F = €-CT with a lower triangular matrix €.

Theorem 1.7. Forn > d:

-1
R V0 —@H)(1—q)[2n+7r][2n+7r—1
1 — g2ntr n—d n—1

Crt = (~1)"" 7

and its Fibonacci corollary

d(d—1)+r(d+1)\/F2d+T 2n—+r 2n+r—1 -1
Cra=(=1)"= Y By \n—d n—1 .

Notice that for odd r, even the Fibonacci version may contain complex numbers.

F2n+r

2. PROOFS

In order to show that indeed & = L - U, we need to show that for any m, n:

l—¢q
_ _ —m—n—r+l1
Z Lm,dUd,n - Em,n = 1 — qm+n+r :
d

In rewritten form the formula to be proved reads

D dr , 2m+r||2n+7r
Z(qd2+( 1)d _qd2+( +1)d)[ ] [ ]

m—d||n—d
d

(1= @) (1 - P {Qm +r— 1] {271 +r— 1] |

B 1 — gmtntr m—1 n—1
Nowadays, such identities are a routine verification using the g-Zeilberger algorithm, as
described in the book [2]. We used Zeilberger’s own version [6], which is a Maple program.
Mathematica users would get the same results using a package called qZeil [5].

For interest, we also state (as a corollary) the corresponding Fibonacci identity:

r(d—1) 2m+r) (2n+r v Fopyr [2m+r—1) [2n+17—1
> () By, e .
p m—d n—d ) ) ——— m—1 n—1

Now we move to the inverse matrices. Since L and L~! are lower triangular matrices, we

only need to look at the entries indexed by (m,n) with m > n:

> LmaLg),

n<d<m
medoia, mlm—11[2d+7] [m+d+r]""
- 1
> e [
n<d<m

(n—d)?

<q ey

n—1

d+rlfn+d—14+7][2d-1++]""
n—+r d—1
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1 — g?mtr m—1
m—d | (n—d)? , 2m+rin+d—-14+r|{d—1
D R eV e | At |
n<d<m

The ¢-Zeilberger algorithm can evaluate the sum, and it is indeed [m = n], as predicted.
The argument for U - U~! is similar:

> UnaUg,

m<d<n
— (_1)m+nim+n —%+m2+rm—§—rn 2m+r—1 - 2n+r—1) 1- q2n+r
N 9 m—1 n—1 1 — gntmtr
d(d+1) n+d+r—1||n+m-+r
% -1 d 5 —dn .
Z (=1)% [ d—m ]{ n—d }

m<d<n

Again, the ¢-Zeilberger algorithm evaluates this to [m = n].
Now we turn to the inverse matrix:

32

((gjn)*lgjn)zk — lz—k(_l)zq ;r’f,(i+r)n+r(1 - qn>2|:

UL Gy An+r+g||n—1 1
X 2 I (=1)/ . —.
e e e

And the ¢-Zeilberger algorithm evaluates this again to [i = k].
The Cholesky verification goes like this:

1—1

|y

min{m,n}

Z em,den,d
d=1

. m+4n—r—1 1 — q
— (_1)m+n+rlm+n+r+1q72

(1 _ q2m+r)(1 _ q2n+r)
-1 -1
% {271 +r— 1} Fm +r— 1] qu(d—1)+rd(1 . q2d+r>|:
d

n—1 m—1

n—d

2m+r| [2n+1r
m—d '

And again the ¢-Zeilberger algorithm evaluates this to be

1- q sm+4n+r—1 7m+n;'r—1
1 _ qm—i-n—i-r q

I

as it should.
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