DOUBLY INTERSPERSED SEQUENCES, DOUBLE INTERSPERSIONS,
AND FRACTAL SEQUENCES
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ABSTRACT. It is proved that distinct positive Fibonacci sequences eventually intersperse
or else doubly intersperse. Necessary and sufficient conditions for the latter are given. A
rectangular array of infinitely many rows is called a double interspersion if every pair of
its row sequences doubly intersperse. The union of the odd-numbered columns of a double
interspersion yield, as an order array, an interspersion, as does the union of even-numbered
columns. A special example of a double interspersion whose rows are Fibonacci sequences is
examined; the columns of the associated pair of interspersions all satisfy a certain 3rd-order
linear recurrence.

1. INTRODUCTION

We begin with four definitions. Sequences s = (s1, $2,...) and x = (x1, 9, ...) eventually
intersperse if there exist ¢ and j such that

0<s; < Tj < Sit+1 < Tjy1 < Sjq2 < Tjpg < - 00 (11)
that is, if s;1, < xj44 for all A > 0. Sequences s and x eventually doubly intersperse if there
exist ¢ and j such that

0<s; < Sit1l < T < Tjp1 < Sj42 < Sj43 < Tjqpo < Tjpz < -0 0 (12)

If ¢ is least possible in (1.2), then x doubly intersperses s from s; and z;, and we write
D(s,x) = (i,7).

A Fibonacci sequence is a sequence s = (s1, Sa, . . .) of positive real numbers (not necessarily

integers) satisfying

Sm = Sm—1 T+ Sm—2 (13)
for m > 3. The classical Fibonacci sequence (F,,) is given by (1.3) using initial terms
FlzslzlandF2282:1.

The main result we shall prove is that each pair of distinct Fibonacci sequences eventually
intersperse or eventually doubly intersperse. We shall also examine arrays consisting of
infinitely many Fibonacci row sequences, every pair of which eventually doubly intersperse.
Double interspersions yield pairs of ordinary interspersions as defined in [1], and we consider
their fractal sequences.

2. SEQUENCES: INTERSPERSED, DOUBLY INTERSPERSED

Lemma 1. Suppose that s and x are Fibonacci sequences satisfying
S < Ty < Si1 < Tjp1 < Sjy2 (21)

for some i and j. Then
Si+h < Tj+h < Sith+1 (22)
for all h > 0 (so that s and = eventually intersperse).
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Proof. For h = 0 and h = 1, the inequalities (2.2) hold by hypothesis. Assume for arbitrary
h > 2 that
Sivh—2 < Tjpn—2 < Sith-1 and  Sipp1 < Tjpn-1 < Sigh-
Then
Sith—2 T Sith—1 < Tith—2 T Tjth—1 < Sit+h—1 + Sit+h,
so that (2.2) holds. O

Lemma 2. Suppose that s and x are Fibonacci sequences satisfying xy = Sg and Tpip = Sgpan
for some k> 1 and h > 1. Then x = s.

Proof. Given that zp = s, if xx1 = spy1, then clearly x = s. On the other hand, if
Tht1 < Sk+1, then

Tht2 = Tk + Thy1 < Sk + Sk+1 = Sk+2,
and inductively, xyy, < sgyp for all A > 1, contrary to the hypothesis. If sg, 1 < 141 then
inductively spij, = xg4p for all A > 1, a contradiction. Therefore, x = s. O

Lemma 3. If s is a Fibonacci sequence, then
Sp = S1F_3+ s9F,_o
for all n > 3, where Fy = 0.
Proof. By induction. 0

Theorem 1. Distinct positive Fibonacci sequences s and x eventually doubly intersperse if
and only if there exist a > 1 and b > 1 such that

Ty — Sa = T(Sar1 — Toi1), (2.3)
where T denotes the golden ratio, (1 + +/5)/2. Otherwise, s and = eventually intersperse.

Proof. Suppose that s and x are distinct positive Fibonacci sequences and ¢ and j satisfy
Sii1 <8 < Z;. (24)

The following cases are exhaustive:

Case 1. S < Ty < Sig1 < Tjy1 < Sjy2;

Case 2. s; < T; < Tjp < Si+15

Case 3. S <Xy < Sip1 < Si2 < Tjy1-

In Case 1, the sequences s and x eventually intersperse by Lemma 1. In Case 3, there are
two subcases:

Tj—1 <5 < Tj < Si+1 < Si42 < Tjt1; (25)
8§ < Tj—1 <Xy < Sjq1 < Sj42 < Tjy1- (26)
However, for (2.5), the inequalities z;_1 < s; and x; < s;41 imply ;41 < s;12, a contra-

diction. For (2.6), clearly s;11 < xj41 < siy3. Now if s;43 < 219, then s and x eventually
intersperse by Lemma 1. On the other hand, if

Sit1 < Tjy1 < Tjpa < Siqs,

then this possibility is covered by Case 1 (with a shift of indices). Therefore all that remains
is Case 2, which breaks into two cases.

Case 2.1. Tjt2 < 8i+2;

Case 2.2. Lj42 Z Si12-
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In Case 2.1, we have s;_; < s; < z; and s; < 241, so that
Sit1 = Si—1 + 5 < Z; + Tj+1 = Tjy2.
Consequently,
8; <Xy < Tjp1 < Siq1 < Tjga < Sita,
which implies
Si+1 < Tjto < Sjy2 < T4z < Siy3,
so that s and x eventually intersperse by Lemma 1.
In Case 2.2, if there exists h > 1 for which
Si+h < Tjth < Sith+1 < Tjth+1 < Sith+2,

then s and = eventually intersperse by Lemma 1. In the remaining case that no such h exists,
we have

Si <@y < Tjp1 < Siv1 < Siv2 S Tjpo < Ty S Sipy < Sipg S (2.7)

Although (2.7) shows x;1), < s;45 for infinitely many h, at most one of these is x5 = s;4s,
by Lemma 2. Likewise, at most one of the inequalities s;1; < ;44 in (2.7) is actually
Si+k = Tj+r Lherefore, in (2.7) we can (and do) assume i large enough that

S < Tj <1 < Sip1 < Sjp2 < Tjgo < Tjps < 843 < Sjpg <700y (28)

which is to say that s and = eventually doubly intersperse. From (2.8) we extract two families
of inequalities:

8 < Xy
Si + Sit1 = Siy2 < Tjp2 = Tj + Tjn

2s; + 3514,1 = Sit4 < Tjyq = 21’]' + 3(Ej+1

Fosi + Fu18ip < Fpwy + Fopwj, forn=1,3,5,---
and
Tj41 < Siy1
Tj+ 27541 = Tjpz < Sipz = S; + 25111

3.CE]' + 5.Tj+1 = Tjt5 < Sjp5 = 3s; + 5Si+1

anj + Fn—&-lmj-‘y-l < Fusi+ Fn+15i+17 for n = 2a 47 67 U

These two families are equivalent to the following pair:

F, Ti— S;
+1 7
< J forn=1,3,5,---;
F, Sit1 — Tj41
F, Ti—S;
+1
- I forn=2,4,6,---.
F, Si+1 — Lj+1

Taking limits as n — oo results in (2.3). To summarize, if s and z eventually doubly
intersperse, then (2.3) holds. The converse follows from the fact that the steps leading to
(2.3) are reversible. O
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According to Theorem 1, any s and x that do not eventually doubly intersperse must
eventually intersperse, and one should surely then ask “where the interspersion commences.”
A practical way to answer this question for given specific sequences is to determine the least
i for which there is a j satisfying (2.1).

To determine a and b as in (2.3), one can list the first few terms of the sequences (z, — s,),
(Tns1 — Sn), (Tpie — Sn), - .., writing all the terms in the form h — k7. Then look for a term
h — kT whose successor is h + k — hr. The reason this works is that if x, — s, = h — k7, then
xp — Sq = (—7)(h + k — h7) so that h 4+ k — h7 is the desired number zy,1 — Sq41.
Example 1. Define sy =1, so =4, xr1 =7+ 1, and x5 = 3, so that

s=1(1,4,5,9,14,23,...),

r=(+1,3,7+4,7+7,2r+11,...),
and x doubly intersperses s from sy = 4 and v3 = 7 + 4. The necessary and sufficient
condition (2.3) holds for a =b=1.

Corollary 1. Suppose that s and x eventually doubly intersperse and that a,b are indices
for which (2.3) holds. Then

Satn — Tpn = (Fuy1 — 7F,)(Sa — )

form=20,1,2,....
Proof. The hypothesis (2.3) is equivalent to

Sa+1 — To1 = (1 = 7)(84 — Tp).
Then

Sa+2 = Toy2 = (Sat1 — Tot1) + (Sa — Tp)
= (F3 — 7F)(sq — ),

and the proof follows by induction. 0J

Corollary 2. Suppose that s and x eventually doubly intersperse and that a,b are indices
for which (2.3) holds. Then

Tppn = (Frs1 — TE) Ty + Fu(Saq1 + (7 — 1)8,) (2.9)
form=0,1,2,....
Proof. By (2.3),
Tor1 = Sat1 — (1/7) (2 — Sa)
=1 —=7)xp+ Sar1+ (7 —1) s,
= (Fy — 7F)xp + Fi(Ser1 + (7 — 1) S4),
and (2.9) follows by induction. O

Example 2. [t is easy to construct sequences which eventually doubly intersperse the
Fibonacci numbers. Here we choose to insert x1 and xo between 5 and 8. Choosing x1 = 6,
we determine the other terms of x by (2.9) using a = b = 2:

s=(5,8,13,21,34,...),
r=(6,9-7,15—-7,24 27,39 -37,... , Fopu+ F, —7F,1,...).
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Having succeeded with x1 = 6, it is easy to check that if x1 = 7, there is no choice of x4 for
which (2.8) holds using i = j = 1. In order to find an upper bound for x; in cases such as
this, we turn to another corollary.

Corollary 3. Suppose that s = (s1,82,...) and x = (x1,22...) are positive Fibonacci se-
quences satisfying

S1 <X < T2 <8 <LS3 <L T3 <Ly <Gy <S5 << (210)

Then
1 < (2—=7)s1 4+ (T — 1)s0.

Proof. Takingn=1,a =1, and b= 11in (2.9) gives
(1=7)z1 + s+ (17— 1)s1 = 9 > a1,

so that

-1
x1<wz(2—7)31+(7—1)32.
T

0

Example 3. Extending Example 2, for s = (5,8,13,...), we can make a sequence x satisfying
(2.10) (so that x doubly intersperses s from ss and x3) by choosing any x1 in the interval
(5,37 + 2) and then applying (2.9). One such sequence is

x= (47,57 — 1,97 — 1,147 — 2,237 — 3, ..., (Fpy3 + Fpya)T — Foy....).

3. DOUBLE INTERSPERSIONS

A Stolarsky interspersion [3] is an array of positive integers, each occurring exactly once,
such that the rows of the array are Fibonacci sequences, each pair of which eventually
intersperse, and such that the first column of the array is increasing. This last condition
ensures that the first row is the sequence (Fy, F3,...) = (1,2,3,5,8,...) of distinct Fibonacci
numbers. Among Stolarsky interspersions are the original Stolarsky array [8], the Wythoff
array [5, 7], the golden array [2], and the Wythoff dual array [2].

An array of real numbers will be called a double interspersion if every pair of its row se-
quences eventually doubly intersperse. We shall present a double interspersion R = {R(n, k)}
in which every row is a positive Fibonacci sequence. By (2.3), R cannot consist solely of
integers; however, we shall construct from R an array which is a double interspersion con-
sisting solely of positive integers, although the rows are not Fibonacci sequences. The array
R, defined by

F; k+1 ifn=1
R(n. k) = { Fojk—1+ Fiego — 7Fpyq ifn > 2, (3.1)
begins thus:
1 2 3 5 8
3—7 5—27r 8—37 13-57 21-87
4—7 6—-27 10—37 16—-57 26— 87
5—17 8—27 13—-37 21 —-57 34—-87
7T—71 11 —-27 18—37 29—57 47 —87
10—7 16 —27 26 —37 42—57 68 —87
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If the numbers in R are jointly ranked in increasing order and then each is replaced by
its rank, the resulting array (A161179 in the Online Encyclopedia of Integer Sequences [6])
begins thus:

4 7 12 17 24 31 40 49

3 8 11 18 23 32 39 50

6 13 16 25 30 41 48 61

10 19 22 33 38 51 58 73

14 15 26 29 42 47 62 69 86

20 21 34 37 52 57 74 81 100

© Ot N =

Denoting this order array by }A%, we find inductively that

(k* +2k—1)/2 if £ is odd and n =1

Rn, k) = (k? +2k)/2 if k is even and n = 1
’ n?+ (2k — )n + k* — 2k — 1]/2 if k is odd and n > 2

[n? + (2k — 3)n + k?* — 2k]/2 if k is even and n > 2.

(3.2)

The arrays R(n, k) and }A%(n,k) are clearly double interspersions which share the same
commencement function D, defined just after (1.2). This function, one can easily show, is
given by

B (2,3) if (n,k) =(1,1)
D(n, k) = { (k—n,1) otherwise.

4. FROM DOUBLE TO TwO SINGLES

An arbitrary double interspersion R necessarily splits into two interspersions El and f{g
in the following way: ﬁl is the order array of the union of the odd-numbered columns of R,
and R, is the order array of the union of the even-numbered columns of R after the first two
rows have been swapped. Taking R to be the array (3.1), or equivalently, taking R to the
array R in (3.2), we find inductively that

N k? ifn=1
Ri(n,k) =< K>+ (n—2)k+ (n>—2n+4)/4 if niseven
K+ (n—2)k+ (n* —2n+1)/4 if nis odd and n > 3;

this array is indexed [6] as A163253. Shown here is a corner of R :

4 9 16 25 36 49 64 81
5 10 17 26 37 50 65 82
7 13 21 31 43 57 73 91
11 18 27 38 51 66 83 102
14 22 32 44 58 74 92 112
12 19 28 39 52 67 84 103 124

O O W N+

The columns of ﬁl, beginning with row 5, satisfy a 3rd-order recurrence:
Ay = Ap_1 + Qp_g — Qp_3 + 1. (4.1)

It is noteworthy that the set of non-squares (A000037 in [6]) can be partitioned into a set

of sequences satisfying (4.1). To do so, merely remove the first row from R;, obtaining
A163254, of which the order array is an interspersion, A163255.
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The array Ez is given by

K+ k-1 ifn=1

Ro(n, k) = k> 4k if n =2

200 E+n—-1k+(n—1)(n-3)/4 ifnisoddand n >3
k*+ (n—1)k+n(n—4)/4 if n is even and n > 4.

Beginning with row 6, the columns of Ry satisfy (4.1). For each n, row n of Ry has exactly
one term that is also in row n of ﬁl.
It is proved elsewhere [4] that every interspersion I(n, k) begets a fractal sequence a by
the rule
a(m) = the number n such that m = I(n, k).

The fractal sequence A163256 of R, is especially simple if broken into segments beginning
with 1:

—

DN DN DN DD
= R W
S O W

5

3 5 7

8 3 579
4 6 8 10 3 5 7 9 11

If n > 1, then row n comes from row n — 1 by inserting 2n just before 3 and 2n + 1 at the
end. The resulting sequence

(1,2,3,1,2,4,3,5,1,2,4,6,3,5,7,...)

is “fractal” in the sense that it contains infinitely many proper subsequences that are identical
to the sequence itself. (For the full definition of fractal sequence, see [4]. The array R, and
its fractal sequence appear in [6] as A163257 and A163258, respectively.)

It is easy to construct other double interspersions and associated interspersions and fractal
sequences. Another particularly simple one, in some sense a dual to R, is given by

B Fiia if n=1;
T(?’L,k')— { T(Fn+k72+1)Fk+2_Fk+l 1fn22,

it begins thus:
1 2 3 5 8
2r—2 3r—3 57—5 & —8 137r—13
3r—1 4r7—-2 7r—3 1lltr—5 187 —8
47 —1 67 —2 10r—3 167 —5 267 —8
6r—1 97—2 167—3 247—-5 397 —8
9r —1 147 -2 237—3 37t—5 607 —8
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