FIBONACCI EXPRESSIONS ARISING FROM A COIN-TOSSING
SCENARIO INVOLVING PAIRS OF CONSECUTIVE HEADS

MARTIN GRIFFITHS

ABSTRACT. In this article we study a combinatorial scenario which generalizes the well-
known problem of enumerating sequences of coin tosses containing no consecutive heads. It
is shown how to derive formulas enumerating, for a fixed value of k, the sequences of length
n containing exactly k distinct pairs of consecutive heads. We obtain both exact expressions
and asymptotic relations.

1. INTRODUCTION

Suppose that a coin is tossed 12 times and the resulting sequence of heads and tails is
recorded. Two possible outcomes are as follows:

(a) HTTTHTHTTTTH and (b) HTTHHTTHHHHT.

Notice that sequence (a) contains no consecutive heads whereas (b) does. It is in fact well-
known [3, 7] that of the 2" possible outcomes when a coin is tossed n times, the number
containing no consecutive heads is given by F, ;2. Looking at sequence (b) again, we can
actually be a little more specific and say that it contains exactly 4 distinct pairs of consecutive
heads. Counting from left to right, these pairs are positioned at (4,5), (8,9), (9,10) and
(10,11). Thus, on using U(n,k) to denote the number of sequences of length n containing
exactly k HH’s, we see that (a) contributes 1 to U(12,0) while (b) contributes 1 to U(12,4).

Our aim here is to derive formulas that allow us to enumerate, for a fixed value of k, the
sequences of length n containing exactly k distinct pairs of consecutive heads. In an interesting
though rather incomplete initial foray into this problem [2], the following recurrence relation
was obtained for U(n, k):

Un,k)=Un—-1,k)+Un—-1,k—-1)+Un—-2,k)—U(n—2,k—1), (1.1)

where n > 2, kK > 0, U(m,—1) = 0 for all m > 0, and U(0,0) = 1 by definition. In order
to use (1.1) to calculate U(n,k) recursively, we need simply to note that U(1,0) = 2 and
U,m)=U(1,m) =0 for all m > 1.
As is shown in [2], it is reasonably straightforward to derive the relation (1.1) by using the
intermediate results
UT'(n,k)=UT(n—1,k)+UH(n —1,k) (1.2)
and
UH(n,k)=UT(n—1,k)+UH(n— 1,k — 1), (1.3)
where UT'(n, k) and U H (n, k) represent the number of sequences of n tosses containing exactly
k HH’s such that the last toss is a tail and a head, respectively. Result (1.2) is true since any
sequence A of length n — 1 containing exactly & HH’s either ends in a head or a tail, and the
sequence of length n that results when a tail is appended to the end of A still has exactly this
many pairs of HH’s. On the other hand, a sequence of length n with exactly k¥ HH’s such that
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the last toss is a head either has its first n — 1 tosses containing exactly k£ HH’s and ending a
tail or containing exactly £ — 1 HH’s and ending in a head.

In order to obtain explicit formulas for U(n, k) from (1.1), we illustrate a nice application
of exponential generating functions. It is shown that U(n, k) becomes an ever-more complex
expression in n involving the Fibonacci numbers as k increases. A general asymptotic relation
for U(n, k) is also obtained.

2. SOME RESULTS ON EXPONENTIAL (GENERATING FUNCTIONS

The exponential generating function G(z) for the sequence ag,aq,as,... is defined as
_ % m. . %22 933 .
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where the coefficient of 2" /n! in this series is a,, [1, 4]. Since
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an+1 18 the coefficient of z™/n! in G'(z). Also,
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so the coefficient of 2" /n! in *G(z) is nap—1. The above may be generalized to show that the
coefficient of 2" /n! in 2™G(x) isn(n —1)--- (n —m+ 1)ap—m.
In particular, the exponential generating function for the Fibonacci numbers is given by

H(x) = % exp (g) sinh <xT\/5>

(see [5] or sequence A000045 in [6], for example). This function will play a key role in our
quest for formulas enumerating the sequences of length n containing a certain fixed number
of pairs of consecutive heads.

(2.3)

3. INITIAL CALCULATIONS

The exponential generating function of U(n, k) for fixed k is given by

Grlz) = Ulnk) n. (3.1)

|
"0 n:
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On using (1.1) and setting £ = 1 we obtain

e}

2 UMn+21) , ~=Umn+1,1) , U(n—l—lO 0) ,
Z n! v Z n! v Z Z *
n=0 n=0 n=0 = n=0
from which it follows, by way of (2.1), that

Gi(z) — Gi(z) — Gi(z) = Gy(z) — Go(2). (3.2)

However, since U(n,0) = F, 49, it is the case, utilizing (2.1) once more, that Go(z) = H"(z).
Thus (3.2) gives the linear second-order differential equation

GY(x) = Gi(x) = Gi(z) = H" (z) — H'()

= éexp (g) {5 cosh ( \2/7> + v/5sinh ( \2/3> } (3.3)

This has the auxiliary equation A2 — X\ — 1 = 0 with solutions

1 1-—
+2\/5 and Ay = 2\/5.

The complementary function is therefore given by

Aexp <1 +2\/Sx> + Bexp <1 _2\/gw>

= exp (5) {(A + B) cosh (T) + (A — B)sinh (T) } ,
where A, B € R. Then, as

exp (g) cosh (%5> and exp (g) sinh (%5>

are part of the complementary function, we try the particular integral
5 5
Crxexp (E) cosh i + Dz exp (E) sinh i
2 2 2 2
for some C, D € R.

On using the initial conditions G1(0) = G (0) = 0, the solution to (3.3) is found to be

Gi(z) = 1 exp (;) {5:L' cosh <$\2/5> +V/5(52 — 2) sinh <$\2/7> } (3.4)

In order to obtain a formula for U(n, 1) it is now a matter of extracting the coefficient of 2" /n!
from the right-hand side of (3.4). First, from (2.3) we obtain

H'(x) = exp <§> {Cosh (%) + % sinh (acT\/g> } . (3.5)
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Then, on using (3.5) and (2.3) in turn, we have

exp (g) cosh <%\/g> = H'(x) — % exp (%) sinh <x_\2/5>

= H'(x) — ~H(z). (3.6)

Therefore, from (3.4), (3.6), and (2.3), it is the case that

Gio) =2 (1) - 3] + o)

2 1
- gﬂ(g;) — - H(x)+ %H/(a:).
Using this result, along with (2.1), (2.2), and (3.1), we obtain U(n, 1), the coefficient of 2" /n!
in G1(x):

2n 1 n
U(Tl, 1) = ? n—1 — an + an

= & (0 (B + Fat) — B}, (3.7)

which is valid for any n > 0.

4. FURTHER RESULTS
This process may now be continued indefinitely. Next, we have

Gy(x) — Gy(x) — Ga(z) = Gy (x) — Gi()

2 T V5 . x5
= 55 €XP (5) {53: cosh (T) + 3/5sinh <T> } . (4.1)
The solution of (4.1) is

Go(z) = 315 exp (g) {20:E cosh <xT\/3> +V/5(52% — 8) sinh <xT\/3> } . (4.2)

Such differential equations are somewhat tedious to solve by hand, and we performed the
calculations with the assistance of Mathematica [8]. In conjunction with (3.1), (2.1), (2.2),
and the generalization of (2.2), (4.2) gives,

U(n,2) = 5—10 {n(bn —1)F,—2+4(n —2)F,}

for n > 0, where we adopt the convention that F_,, = (—1)™*!F,, for any m > 0.
Similarly we have
Gi(x) — G'3(z) — Gs(x)
= Gi(e) ~ Ca(a)

= % exp (g) {53:(53: —4) cosh (a:T\/g) + V5 (=527 + 40z + 8) sinh <xT\/5> } .
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This has the solution

%OGXP <$> {533( x —I—93:—|—6)cosh< \2/7> —I—\/_( —18:17—12)sinh <xT\/5>}’

from which we obtain
U(n,3) = 150 {n(n—=1)(n —2) (Fh—3 + F—s5) +3n((n — 1)F,—1 +2(n — 2)F,,_3) — 6F, },

and so on.
Each member of the resulting family of linear second-order differential equations has the
form

Gi(z) — Gi(z) — Gi(z) = Gy (7) — Gp—1 (@)

= aexp ( ) {fk( ) cosh (a:T\/g) + gi(2)V/5sinh <x\/_> } , (4.3)

for some a € Q and polynomials fi(x) and gx(x) having integer coefficients and, for k£ > 3,
degree k — 1. The solution to (4.3) is of the form

Gr(z) =bexp <g> {rk(:n) cosh (a;T\/g) + s,(2)V/5sinh (%\/g) } , (4.4)

where b € Q and 7 (z) and si(z) are polynomials having integer coefficients and, for k > 3,
degree k.
From this it is possible to deduce that, for any particular value of k, U(n, k) can be expressed

as
m
5 hz Fr— 2]
=0

for some integer m > 0 and family {hl( ):1=0,1,...,m} of polynomials in n (some of
which could be the zero polynomial). It needs to be born in mind of course that a particular
representation of U(n, k) is certainly not unique; indeed, the Fibonacci recurrence relation
allows us to express these representations in different ways.

5. AsymMPTOTIC RESULTS

First, on using the result
¢n
V5’

which can be found in [4], for example, (3.7) gives

F, ~

U(n,1) = —{n( Fop1+ Foo1) — )

~ E(Fn—l-l +Fn—1)

()
¢n 1

=22+,
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Then similar, if somewhat more involved, calculations yield
n2 ¢n—2 77,3 ¢n—3
e (3 9).
105 150v/5
In general, it is a question of picking out the dominant terms in the expression (4.4) for

Gy(z) (and hence for U(n,k)), which, for k > 3, arise as the coefficients of * in both ry(z)
and si(z). It may be shown from this that

U(n,2) ~ and U(n,3) ~

nk¢n—k nk¢n—k
U(Tl, k) ~ TRl (Fk_l — ¢Fk_2) and U(Tl, k) ~ T hi2 (Lk_l — ¢Lk_2)
k5= k5=
for k even and k odd, respectively, and thus that
nk¢n—k X
Un, k) ~ —z7 (=1)" (Fi—1 — 0Fj—2) .
k5=
Then, since
$255 2+ o)k
we have the result
nk¢n—k+2
U(n,k) (5.1)

EIN5(2 + @)k
for any fixed £ > 0. The asymptotic formula (5.1) does, however, give rather poor approxi-
mations for small values of n. For example, we have to wait until n = 186 before it provides
us with an approximation for U(n,2) having a relative error of less than 1%.
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