SOME IDENTITIES FOR r-FIBONACCI NUMBERS

F. T. HOWARD AND CURTIS COOPER

ABSTRACT. Let r > 1 be an integer. The r-generalized Fibonacci sequence {Gy} is defined
as

0, fo<n<r—1,
Gn=11, ifn=r—1,
Gn-1+Gno+--+Gnp, ifn>r.

We will present several identities and congruences involving r-generalized Fibonacci numbers.

1. INTRODUCTION

Definition 1.1. Let r > 1 be an integer. The r-generalized Fibonacci sequence {G,,} is defined
as
0, fo<n<r—1;
Gn, =11, fn=r—1;
Ghn14+Gpn o+ - +Gn_yp, ifn>r.

This definition is not new. According to Dickson [2, p. 409], M. d’Ocagne, in a series of
papers from 1883 to 1890, considered (with slightly different notation) the sequence {U;} with

U,=ciUp1+cUp 94+ +c Uy

and U, ...,U,_1 arbitrary. He also considered the sequence {u,} satisfying the same recur-
rence, with u; =0 (¢ =0,...,r —2), u,—1 = 1, and he found a relationship between {U,} and
{un}. Evidently r and the ¢;’s are fixed in these definitions. According to Dickson, for each
sequence d’Ocagne “found the sum of any fixed number of consecutive terms and the limit of
that sum”. In one of the papers involving continued fractions each ¢; = 1.

More recently (1960), Miles [6] used Definition 1.1 in a paper involving k X k matrices with
k-generalized Fibonacci numbers for elements. Kessler and Schiff [4] stated that the Miles
article seems to be the oldest well-known paper on the generalized numbers. Since 1960 many
more papers involving the r-generalized Fibonacci numbers have appeared, including several
in The Fibonacci Quarterly. See [3] and [4] for example. Kessler and Schiff [4] gave many
interesting and relevant references, and they noted that an exhaustive bibliography of these
numbers would cover pages.

Though Definition 1.1 is not new, the authors believe that most of the results in this paper
are new, or at least not well-known. All of the proofs are original.

In Section 2 we will prove an identity that enables us to find congruences modulo 2* for the
r-generalized Fibonacci sequence. In Section 3 we prove several identities, including a formula
for the sum of the squares of the G,’s. In Section 4 we find formulas for G, and Ga,41,
and in Section 5 we prove some miscellaneous results. A table for the r-generalized Fibonacci
numbers, for 2 < r < 8 can be found in Section 6. Finally, in Section 7 we present possible
topics for future research.
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2. AN IDENTITY AND CONGRUENCES FOR {G,}
Theorem 2.1. Forn >r+1,
Gn =2Gp-1— Gp_r_1.
Proof.
Gn=Gp-1+Gpo2+-+Gpyp +0
=Gp1+Gp2+--+Gpp
+Gn1—Gpoa— = Gpp —Gpp1
=2Gp-1 — Gp—r_1.

We note that Gabai [3] stated Theorem 2.1 without proof.
Theorem 2.2. Forr <n <2r—1,
G,=2""".
For0<n<r,
Gopin = 2" — (n42)2" 1.
Proof. From Theorem 2.1, we have, for r < n < 2r — 1,
Gy =2Gp_1 =22Gpg=--=2""G, =2""".
We now note that
Gop =2Go 1 — Gr1 =227 H —1=2"-1.

Assume n > 0, and assume the theorem is true for Go,yp,—1. If r > n, then 2r—1 > r4+n—1 > r,
s0 Gyyn_1 = 2" ! by the first part of Theorem 2.2. We have

G2r+n = 2G27’+n—1 - Gr-i—n—l = [2n+r - (n + 1)2n—1] - 2n—1 = 2" — (Tl + 2)2n—1.

In a similar way we can prove the following results.
If0<n<r+1, then

2
G37‘+n — 22r+n _ (7,, L4 2)2T’+n—1 + |:<n;_ > _ 1:| 271—2‘
If0<n<r+2, then
2 2
G4r+n — 23r+n _ (27, 4+ 2)22r+n—1 + [(T + ;L + > _ 1:| 2r+n—2 _ |:<’I’L—3|- > _ ’I’L:| 2n—3‘

The general theorem is

Theorem 2.3. Let m =kr+n, with 0 <n<r+k—2, and k> 2. Then
k—1
Gm = 2m—r + (—1)jam j2m—(j+1)r—j
=1

.

where
Om,j = Qm—1j T Gm—r—1j-1
with a; o =1 for all i, a;1 =0 fori < 2r, and az,1 = 2.
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For example, in the Fibonacci case (r = 2) the recurrence for the coefficients is
(m,j = Qm—1,j T Gm-3,5-1
and we can construct a triangle (like Pascal’s) to quickly get
a100 =1, a1 =38, a2 =14, aip3 =2, so
Fio = Gio = 2% — (8)2° + (14)22 — (2)27! = 55.
Theorem 2.4. Forr > 2 and m > 2r,
|75

B m—rj—r+2\ (m=ri =T\ (1)
Cm = E [( j > < j—2 )P

Before looking at the proof, here are some congruences we get by looking at the last term
in the summation. We assume £ > 1 in the proofs of congruences (2.1)-(2.4), and we can use
Theorem 2.2 to verify the cases k =0 and k = 1.

Case 1: m = (r + 1)k. Then LmJ”"J—1:k—1,andm—(r+1)(LTT+”—l>—rzl.

In the last term (m kﬁq”) — ("Z_Igr) = (k"gz) - (’;) = k2. The exponent of 2 in the next to last
term is r 4+ 2. Thus:
Gk = (-1)F712k%  (mod 2772). (2.1)

Case 2: m = (r+1)k+t,0<t <r+1. Then |55 | -1 =k, and m— (r+1) (LTI” — 1) —

r =t —r. In the last term (m_”z_r”) - (m?_kz_r) =0if 0 <t < r—1. In this case the
exponent of 2 in the next to last term is ¢ + 1. Thus
Ginpre =0 (mod 211, if 0 <t <r—1. (2.2)

Ift =r —1, then (m—rlz—r—i—Q) - (m;ig_r) = (k+1) — (k—1) = 2. Since the exponent of 2 in
the next to last term is r, we have
Gori1)k+(r—1) = (—1)k (mod 2"). (2.3)
If ¢ = r, then (m_”z_r"'z) (m rk= r) = ( ']L' ) ( ) =2k + 1. Thus
Glosiyier = (1HEk+ 1) (mod 2741, (2.4

Proof of Theorem 2.4. We first prove that in Theorem 2.3, the upper limit of the summation,
k — 1, can be replaced by |7 | — 1.
Case 1: m = (r+1)j+¢t, with 1 <t <r. In thiscase m =r(j +1) + (j —r +t), so

+1)j4r+t .
T-:_{J:L(T THIT |=j+1=k.

k=74 1. It is easy to verify that |

Case 2: m = (r + 1) '. In this case, m = rj 4+ j, so k = j. It is easy to verify that
Lm—i—r _ L (r+1) ]+T’J
r+1d r+1 -

Now we will use Theorem 2.3 to prove Theorem 2.4. Recall a,,0 = 1 for all n, and a, ;1 = 0
for n < 2r. We know that Go, =2" —1=2" —ag,1 - 271 s0 azr1 = 2. Using the recurrence

Om,j = Qm—1j T Gm—r—1j-1
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it is easy to see that

m — 2r + 2 m — 2r
1 -1

am,lzm—27‘—|—2:< > (m > 2r).

Note that the second binomial coefficient is 0.
Now we use induction on j. Suppose we know that for h =1,...,5

_(m—rh—1+2 B m—rh—r
fm)h = h h—2 )

Um,j+1 = Qm—1,j+1 + Gm—r—1,5

Then

<m—r(j+1)—r+1> (m—r(j+1)—r—1>

= Um—1,j+1 + ) - )

J J—2
m—r(G+1)—r+1 m—r(G+1)—r—1

= Qm—2,4+1 + j — 2

.\ <m—r(jj+ 1) —7«) - <m—r(jj+_1;—r—2>

m—r(j+1)—r+1 ; i_9
=agerggat ) [(y) B <.7‘ - 2)] '

i=j+1

Since a(j12)r4j—1,j41 = 0, we have

mor()—rl - i—2
Um,j+1 = ; [(]) - (j - 2>}
>0)-00)

i=j
This completes the induction argument. O

<m—r(j+1)—r+2> _(m—r(j—l—l)—r)‘

Jj+1 j—1

Here we have used the identity

Notice that the induction argument works in the case 7 = 1, since in that case we have
m—=3r+1 ,. m—=3r+1 ,.
i i m —3r + 2 m — 3r
we= 3 (1) % ()= (") (")
=2 i=1
We have used the fact that a,, ; = 0 for m < (j + 1)r + (j — 1). For example a,,; = 0 if
m < 2r; amo = 0if m < 3r + 1, etc. This follows from the recurrence for a,, ;. Note that we

have used the convention (Z) =0 if a < b or if either a or b is negative.
When r = 2 in Theorem 2.4, we have the following formula for the Fibonacci numbers.

()
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Corresponding to (2.1), (2.3), (2.4), the congruences for the Fibonacci numbers (for k£ > 0)
are:

Fy, = (=1 12k%  (mod 16), (2.5)
Fypr = (1) (mod 4), (2.6)
Fipo = (=1DF(2k +1)  (mod 8). (2.7)

If we look at the last two terms of the summation in Theorem 2.5, we see that
Fip1 = ()% + (=1)*(10k)(k +1)(2k + 1)  (mod 32).
Thus, if k=0 or 3 (mod 4),
Fi1 = (-1)%  (mod 8).
If k=1or2 (mod 4),
Fp1 = (=15 (mod 8).

The A array in Theorem 2.3 and Theorem 2.4 is interesting. For r = 2, the Fibonacci case,
the A array is

m\jlo0 1 2 3 4 5
1 |10 0 0 0 0
2 |10 0 0 0 0
3 /10 0 0 0 0
4 (12 0 0 0 0
5 |13 0 0 0 0
6 |14 0 0 0 0
7 |15 2 0 0 0
8 |16 5 0 0 0
9 |17 9 0 0 0
10 |18 142 0 0
11 |19 207 0 0
12 |1 10 27 16 0 0O
13 |1 11 35 30 2 0
14 |1 12 44 50 9 0
15 |1 13 54 77 25 0

am,j for r =2 (Fibonacci case).

For r = 3, the Tribonacci case, the Tribonacci A array is similar to the Fibonacci A array;
there are just more 0’s at the top of each column.

Condensing the A array in the Fibonacci case to a B array by defining by, ; = am+3;,; we
have the following B array.
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m\yjilo 1 2 3 4 5

1 |12 2 2 2 2

2 |13 5 7 9 11

3 |14 9 16 25 36

4 (15 14 30 5 91

5 |16 20 50 105 196

6 |17 27 77 182 378

7 |1 8 35 112 204 672

8 |1 9 44 156 450 1122

9 |1 10 54 210 660 1782

10 |1 11 65 275 935 2717
11 |1 12 77 352 1287 4004
12 |1 13 90 442 1729 5733
13 |1 14 104 546 2275 8008
14 |1 15 119 665 2940 10948
15 |1 16 135 800 3740 14688

B array.

The first column of the B array is 1 and after the first entry, the first row is 2. Entries in the
middle of the B array can be determined by adding the elements in the B array immediately
to its left and directly above the entry, i.e.,

b = bmj—1+ bm-1;.
A closed form formula for by, ; is

mm+1)---(m+j—2)(m+2j—1)
5!

Here, we assume the j = 1 column is

m—+ 1
1!

The entries in the j = 2 column of B are A000096 in Sloane’s OEIS [7]. The j = 3 column of
B is A005581 in Sloane’s OEIS [7] and the j = 4 column of B is A005582 in Sloane’s OEIS

[7].

3. THE SUM OF THE SQUARES AND OTHER IDENTITIES

Theorem 3.1. Forn > 2r — 1,

r—1
Gn = 2r_1Gn—r+1 - Z 2k_1Gn—r—k-
k=1
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Proof. We iterate r — 1 times the recurrence in Theorem 2.1:
Gn=2Gp-1—Gpr—1=22Gn—2—Gpn_r—2) — Gp_r_1
=22Gn 9 —2Gy v 92— Gn_r1
=2%(2Gp—3 — Gnor_3) — 2Gp_r—2 — Gn_r_1
=2°Gy_3 — 2°Gyy3 — 2Gp—r—2 — Gny1
r—1

= 2T_1Gn—r+1 - Z Zk_lGn—r—k-
k=1

Theorem 3.2. Forr >2 andn > 2r —1,

r—=1 /r—1
Gn=2"CGnr+> (Z 2"‘1> Gnrk-
k=1 \i=k

For the Fibonacci sequence, this identity is
Fn=2F, o+ F,_3.
Listing this identity for r = 2,3,4,5, and 6 we have the resulting formulas.

r=2: G,=2G,_2+ Gn,_3

r=3: G, =4G,_3+3G,_4 +2G,_5

r=4: G, =8G,_4+7G,_5+6G,_¢+ 4G, _7

r=5: G, =16G,_5 + 156G,,_¢ + 14G,,_7 + 12G,,_s + 8G,_9

r=6: G,=32G,_¢+31G,_7+30G,,_g+ 28G,_g + 24G,,_10 + 16G,,_11.

Proof of Theorem 3.2. From Theorem 3.1, we have
r—1

Gn = 2T_1Gn—r+1 - Z 2k_1Gn—r—k-
k=1

Thus, by Definition 1.1 applied to G,,—,4+1, we have (note that the 1’s cancel in the first
equation):

r—1 r—1
Gn=2""CGnr+> 2 = 1)Gprp— Y (2" = 1)Grri
k=1 k=1
r—1 /r—1 ' r—1 /k—1 .
SEACIEED DI POCe) EIES 31 ) SES)
k=1 \=1 k=1 \i1=1
r—1 /r—1 '
=2 1G, + (Z 2’—1) Grer—k
k=1 \i=k
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Theorem 3.3. Forr >2,n >0,

n r—1n—t
> Gi+ > Y GiGrii = GnGnar.
k=0 =2 k=0

The special case of this identity for the Fibonacci sequence was discovered by Lucas in 1876.
He discovered that for n > 0,

n
> FP=F.Fup.
i=1
Its proof can be found in [5, pp. 77-78].

Proof. For j =n,n—1,...,r — 1, we start with
Gj=Gj1—Gj-1—Gja— = Gj_rp1
and multiply by G; to get
G2 = GGry1 — GpGr1 — - — GnGni — -+ — GpGrry1,
G2_1=Gn1Gp —Gn1Gpog— - —Gp1Gp1-j — = Gpu1Gpy,
Gr_ 1 =Gr1Gy — Gr1Grg — - — GGy — - — Gy_1 G,

When we add, we get > Gi on the left side, and all of the nonzero terms in columns 1 and

2 on the right side cancel except for G,,Gp4+1. The i 4+ 1 column is — ZZ;é GG and since
2<i<r-—1,

n r—1n—t
Y Gi+ DY GiGiii = GG,
k=0 1=2 k=0

We note that Gabai [3] proved a result equivalent to Theorem 3.3.

4. FORMULAS FOR Gay, AND Gopyq

Theorem 4.1. Forr > 2, n >0, m > 0,
r—2
Gn+m = GnGm + GnGm—l + Gn—le + Z Gn—i—iAia
i=1
where
A — Gm—l—r—i—l - Gm+r—i—2 — Gm—l—l (Z <r-— 2);
‘ Gm+1 (Z:T—Z)
Before giving the proof, here are some applications. If we let m = n, we have:
r=2: Fy,=F24+2F, |F,
r=3: Goy=G2+G%, +2G,1G,
r=4: Gop=G2 G2 1 +2Gn-1Gy +2Gn+1Gni2
r=5: Gop =G~ G2 +G2 5+2Gn_1Gy — 2Gn41Gnia + 2Gns1Grss.
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If we let m =n + 1, we have (after a little manipulation)
r=2: Fyy1=F2+F2,
r=3: G2n+1 = G% + G?H—l + 2Gn—1Gn+1 + 2GnGn+1
r=4: Gopp1=Gr+G2 | +G% 5 +2G,_1Gni1 +2GGry1
r=>5: Gonp1=Go+Goiy — Gy +2Gn 1Gnyt +2GnGryt + 2Gn42Gnys.

Proof. We will use Zhou’s “Theory of Constructing Identities” (TCI) [8].
Let F.(z) =2" — 2"~ ! — ... — 2 — 1. Then clearly

m—1
F,(x) Z Griiz™ 17" =0 (mod F,(x)).
=0

That is, modulo F.(z):

0=(@" —a" 1= =2 = D(Gnz™ 4+ Gry12™ 24 - 4+ Gy L+ 4+ Grgpme1)
= G 4 (Grgr — Go)a™ 2 4 (Ggg — Gugn — G)a™ 7o 4
+ (Gpir—2 — Gpireg — -+ — Gp)2™ ™ + (Gppre1 — Grgp—a — -+ — Gp)2™
+0-2™ 40 2™ 24 402" — (Gram1 + Grymo + -
+ Grm—r)2" ' = = Grgm—1.

By TCI, we can replace 2* by G}, and congruence is changed to equality. Thus

GnGm—H’—l + (Gn—i-l - Gn)Gm+r—2 + (Gn+2 - Gn+1 - Gn)Gm—H’—B + - (41)
+ (Gn+7’—2 - Gn+r—3 - Gn)Gm+l + Gn—le - Gn+m =0.

Notice we have used the identities

Gnir—1 — Gpir—2 — - — Gy = Gp_1 (in the 2™ term),

- (Gn—i-m—l + Gn+m—2 +eee Gn—l—m—r) = _Gn+m (ln the xr—l term):
G,_1=1, G;=0 for 1 <r—1.

To simplify further, use
Gm—l—r—l = Gm+r—2 + Gm+r—3 + -+ Gm—l—l + Gm + Gm—l

in the first term of (4.1) and notice that all the other G,, terms are —(Gqr—2 + Grgr—3 +
-+« 4+ Gpp+1)Gp. Thus the G, terms are reduced to

GG + GnGr—1.
Now for ¢ =1,...,r — 3, we get all the G,,; terms together:
(Gm—i-r—i—l - Gm+7’—i+2 - Gm—i—l)Gn—i-i

and we note that the only term with G, ,_9 is Gy+1Gnar—2. This completes the proof. [
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5. MISCELLANEOUS RESULTS

(a) “Lucas numbers”.

Define K, =0for0 <n<r—-3, K,_o =a, K,_1 = b and K, :Z"_l K;if n > r. Let

=n—r
K (z) be the generating function K (z) = > .2 K;z'. It is easy to see that
K(z) = az"2 + (b —a)z" ! '
l—z—a2—- —2a"
Note that if a = 0 and b = 1, then K,, = G,, and we use the notation K(z) = G(x). From
the generating functions, it is easy to see that

K, =aGpi1+ (b—a)G,.

In particular, if a = 2, b =1, we get the “Lucas” sequence {L,, }:

2x7’—2 _ ZET_l x )
L) - LS
i=0

l—z—22—--

which gives
Ln == 2Gn+1 - Gn

Since 52— L(x) = G(z), we have

(b) Relationship between G and GUTY.

For fixed r, write G(z) = G,(z) and G,, = G, likewise L(z) = Ly(x) and L,, = LY. Since
Gr(z) 1 ) zr
—_ :1:7‘ ’

l—z—a%2—---

Grii(z) =
we have
2Gyr(2) = Gria(2) — 2°Gr(2)Grpa (o),

which gives

n—1—1"

n—1
G = 6+ Y GGl
i=0
For example, when r = 2

n—1
3 3
Giri)-l = Fy + Z Finm—)l—i'
i=0
Similarly we have
Lyi1(2) = 2Ly (z) + 22 Lo g1 (2) G ()

SO
n—1
r—+1 r r—+1 r
LY = L+ 3 e
=0
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The case r = 1 gives the well-known formulas

n—1 n—1
Fn+1:1+ZE7 Ln+1:1+ZLi-
i=0 i=0

(c¢) Another example using Zhou’s TCIL.

If we use Zhou’s Theory of Constructing Identities on G,, = 2G,,_1 — Gp—1_, We have
(2" — 22" + 1)(Gra™  + Gpy12™ 2+ 4+ Gr—1) =0 (mod 2" — 22" +1).

Simplifying as we did before, we get

r—1

Gn—l—m = Gn+m—r + GnGm—l—r - Z Gn—l—iGm—l-i,
=0
which could be written

r—1

Gn+m+1 - Gn—l—m = GnGm—l—r - Z Gn—l—iGm—l—ia
=0

or

r—1

G2n — G2n—r + GnGn—l—r - Z Gn—l—iGn—l—i'
1=0

6. TABLE OF r-GENERALIZED FIBONACCI NUMBERS
The first few terms of the r-generalized Fibonacci sequence for 2 < r < 8 are given in the

following table.

r-generalized Fibonacci Sequences

|0 1 23 456 7 8 9 10 11 12 13 14 15 16
2|01 12 3 5 8 13 21 34 5 89 144 233 377 610 987
310 011 2 4 7 13 24 44 81 149 274 504 927 1705 3136
410 0 01 1 2 4 8 15 29 56 108 208 401 773 1490 2872
5/0 0 001 12 4 8 16 31 61 120 236 464 912 1793
6/0 000011 2 4 8 16 32 63 125 248 492 976
770 0 00001 1 2 4 8 16 32 64 127 253 504
810 0 0OOOOCO0O 1T 1 2 4 8 16 32 64 128 255

The r-generalized Fibonacci sequences for r = 2,3,4,5,6,7,8 can be found in Sloane [7] as
sequences A000045, A000073, A000078, A001591, A001592, A122189, and A079262, respec-
tively.
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7. ToricS FOR FUTURE STUDY

Many of the theorems, like Theorem 3.3, can undoubtedly be proved using combinatorial
arguments in the manner of Benjamin and Quinn [1]. In fact, G,4r—1 (for n > 0) counts the
number of tilings of an n-board with tiles of length at most r. It would be interesting to see
different approaches to our theorems.

The r-generalized Lucas sequence could obviously be examined more thoroughly, and more
relationships to the r-generalized Fibonacci numbers can probably be found.

The more general recurrence

Gn = ClGn—l + C2Gn—2 +--- 4+ CT’GH—T7

where the ¢;’s are constants, can certainly be studied in more detail.
We leave all of these topics for future research.
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