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Abstract. We generalize a result by Voll for three term recurrence relations to four term
recurrence relations and apply the result to a class of Tribonacci sequences, the four term
Lucas (Trucas) sequence and the Tribonacci polynomials.

1. Introduction

Three term recurrence relations is a well studied mathematical object and as a consequence
of this study several identities related to three term recurrence relations have been established.
Several such identities are given in [2] and a general class of such identities are also proven
in [6]. We will in the following give a class of identities for four term recurrence relations
with constant coefficients by a method similar to the one in [6] and apply our result to the
Tribonacci and related sequences.

2. Framework

Our object of study will in this paper be the four term recurrence relations, defined by

Xn = αXn−1 + βXn−2 + γXn−3 (2.1)

where α, β and γ are (possibly complex) constants. A sequence {Xi}
∞

i=−2 is called a solution
of (2.1) if all its elements satisfies this equality for all n ∈ N. As we know from [3], if {Xn}
is a solution of the recurrence (2.1), then {aXn} for complex a is also a solution of (2.1). In
addition, if {Xn} and {Yn} are solutions then so is also {Xn + Yn}. Furthermore, if {Xi}

∞

i=−2

is a solution of the recurrence, then so is {Xi+l}
∞

i=−2 since α, β and γ are constants.
Let us now assume that {Xn}, {Yn}, and {Zn} are all solutions of the recurrence in (2.1)

and then define ∆
(k)
m to be given by the determinant

∆(k)
m =
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∣

(2.2)

which is valid whenever k ≥ −2 and m ≥ 0. We now observe that

∆(−2)
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and that
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since two rows are equal. We also see that

∆(0)
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= γ∆
(0)
m−1 = γm−l∆

(0)
l

(2.8)

as long as 0 ≤ l ≤ m. Furthermore, we observe that
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= α∆(k−1)
m + β∆(k−2)

m + γ∆(k−3)
m (2.13)

and hence, {∆
(k)
m }∞

i=−2 is also a solution of the recurrence given in (2.1) for each fixed m ≥ 0.
We now calculate

∆(1)
m = α∆(0)

m + β∆(−1)
m + γ∆(−2)

m = α∆(0)
m (2.14)

∆(2)
m = α∆(1)

m + β∆(0)
m + γ∆(−1)

m = (α2 + β)∆(0)
m (2.15)

∆(3)
m =

(

α3 + 2αβ + γ
)

∆(0)
m (2.16)

∆(4)
m =

(

α4 + 3α2β + 2αγ + β2
)

∆(0)
m (2.17)

∆(5)
m =

(

α5 + 4α3β + 3α2γ + 3αβ2 + 2βγ
)

∆(0)
m (2.18)

∆(6)
m =

(

α6 + 5α4β + 4α3γ + 6α2β2 + 6αβγ + β3 + γ2
)

∆(0)
m (2.19)

... (2.20)

∆(k)
m = Pk∆

(0)
m (2.21)
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where Pk is the polynomial defined by

Pk = αPk−1 + βPk−2 + γPk−3 (2.22)

with initial values P−2 = 0, P−1 = 0, and P0 = 1. Collecting all this we obtain the following
theorem.

Theorem 2.1. If {Xn}, {Yn}, and {Zn} are solutions of the recurrence (2.1) and ∆
(k)
m is

defined as in (2.2), then

∆(k)
m = γm−lPk∆

(0)
l

(2.23)

where 0 ≤ l ≤ m.

We also observe that whenever {Xi}
∞

i=0 is given with initial values X0 = 0, X1 = 0, X2 = 1
and Yn = Xn+1 and Zn = Xn+2 we see that Pk = Xk+2 and that

∆(k)
m = γm−2Xk+2
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= γm−2Xk+2
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= γm−2Xk+2 (2.26)

by setting l = 2. In addition, if we return to Theorem 2.1, we see that if {Xi}
∞

i=0 is given
with initial values X0 = 0, X1 = 0, X2 = 1, and {Yi}

∞

i=0 is given with initial values Y0 = z,
Y1 = 0, Y2 = 1 where z is any non-zero complex constant and Zn = Yn+1, we have by a similar
argument that

∆(k)
m = γm−2Xk+2
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= γm−2Xk+2
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(2.28)

= γm−2Xk+2. (2.29)

Hence, we have the following corollary.

Corollary 2.2. Let {Xi}
∞

i=0 be the solution of 2.1 with initial values X0 = 0, X1 = 0, and
X2 = 1. Then
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∣
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∣
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∣
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= γm−2Xk+2. (2.30)

If in addition {Yi}
∞

i=0 is the solution of (2.1) with initial values Y0 = z, Y1 = 0, Y2 = 1 where
z is any non-zero complex constant, then
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= γm−2Xk+2. (2.31)
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3. Applications

We now apply the above results to a few well-known sequences that can be written as
four term recurrence relations. Our first sequence is the Tribonacci sequence, given by the
recurrence in (2.1) with α = 1, β = 1 and γ = 1. In [4] eight different sets of initial values
are given for this sequence although only four of the sequences that arise from these initial
values are essentially different when we account for index shift. The first 11 terms of the four
sequences are

i Fi Gi Hi Ii
0 0 0 1 1
1 0 1 1 1
2 1 0 0 1
3 1 1 2 3
4 2 2 3 5
5 4 3 5 9
6 7 6 10 17
7 13 11 18 31
8 24 20 33 57
9 44 37 61 105
10 81 68 112 193

where the values for i = 0, 1, 2 are the initial values, i.e we have solutions {Fi}
∞

i=0, {Gi}
∞

i=0,
{Hi}

∞

i=0, and {Ii}
∞

i=0 of (2.1). The sequence Fi is the one usually named the Tribonacci
sequence in the literature, as for instance done in [2]. By an application of Corollary 2.2, we
immediately obtain the identity
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∣
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∣

∣

∣

∣

∣
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∣

∣
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∣

∣
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∣

∣

∣

∣

∣

Pk = Fk+2. (3.1)

Similarly by direct application of Theorem 2.1, we obtain the identity
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∣

∣

∣

∣

∣
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∣

∣

∣

∣

∣
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∣

∣
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∣

∣
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Pk = 2Fk+2 (3.2)

and similarly
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∣

∣

∣

∣
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∣

∣

∣

= 7Fk+2 (3.3)
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∣

∣
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∣

∣

= 4Fk+2. (3.4)
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Only imagination limits the number of identities we can establish in this manner, and a few
are given below:
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= −Fk+2. (3.10)

The four term Lucas (Trucas) sequence [5], Ln, is the solution {Li}
∞

i=0 given by the same
recurrence as the Tribonacci sequence but with initial values L0 = 1, L1 = 3, and L2 = 4. We
easily obtain the identities.
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∣
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= 11Fk+2 (3.11)
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∣

∣

∣

∣

∣

∣

Fm+k Lm+k Lm+k+1

Fm−1 Lm−1 Lm

Fm−2 Lm−2 Lm−1

∣
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∣

∣

∣

= 5Fk+2 (3.13)

by application of Theorem 2.1 and Corollary 2.2. The Tribonacci polynomials Tn(x) are defined
the solution {Tn(x)i}

∞

i=0 of the recurrence in (2.1) with coefficients α = x2, β = x, and γ = 1,
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and initial values T0(x) = 0, T1(x) = 0 and T2(x) = 1. The first few polynomials are

T2(x) = 1 (3.14)

T3(x) = x2 (3.15)

T4(x) = x4 + x (3.16)

T5(x) = x6 + 2x3 + 1 (3.17)

T6(x) = x8 + 3x5 + 3x2 (3.18)

T7(x) = x10 + 4x7 + 6x4 + 2x (3.19)

T8(x) = x12 + 5x8 + 10x6 + 7x3 + 1. (3.20)

We observe that Pk = Tk+2(x) and by application of Corollary 2.2, we obtain the identity
∣

∣

∣

∣

∣

∣

Tm+k(x) Tm+k+1(x) Tm+k+2(x)
Tm−1(x) Tm(x) Tm+1(x)
Tm−2(x) Tm−1(x) Tm(x)

∣

∣

∣

∣

∣

∣

= Tk+2(x) (3.21)

which is a generalization of an identity given in [1]. We observe however that our identity has
the opposite sign compared to the one in [1] due to two interchanged columns.

4. Acknowledgement

This paper has had the benefit of comments from the anonymous referee, which resulted in
a less confusing paper.

References

[1] V. E. Hoggatt, Jr. and Marjorie Bicknell, Generalized Fibonacci polynomials, The Fibonacci Quarterly,
11.5 (1973), 457–465.

[2] T. Koshy, Fibonacci and Lucas Numbers With Applications, John Wiley & Sons Inc., New York, 2001.
[3] L. Lorentzen and H. Waadeland, Continued Fractions with Applications, Vol. 3 of Studies in Computational

Mathematics, North Holland, 1992.
[4] OEIS Foundation Inc. (2011), The On-Line Encyclopedia of Integer Sequences, http://oeis.org/A081172.
[5] OEIS Foundation Inc. (2011), The On-Line Encyclopedia of Integer Sequences, http://oeis.org/A007486.
[6] N. G. Voll, The Cassini identity and its relatives, The Fibonacci Quarterly, 48.3 (2010), 197–201.

MSC2010: 11B39, 11B37, 11C20, 65Q30

The institute of transport economics, Gaustadalleen 21, N-0349 Oslo, Norway

E-mail address: ngv@toi.no

AUGUST 2013 273


