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PROBLEMS PROPOSED IN THIS ISSUE

H-873 Proposed by Robert Frontczak, Stuttgart, Germany
Let (T5,)n>0 be the Tribonacci sequence defined by Ty,4+3 = T42 + Tt + 15, for all n > 0
with Ty = 0, T = 15 = 1. Prove the following identities valid for all n > 2:

(i)
T = (-1)"" F, +2(- n1+z DM (2T g + T—o—).
(ii)

1
Z (Fj = Fi)(To—j — Th—i) = n(Tnt2 — Fuia) — §(Fn+2 = ) (Thy1 + Tnq — 1).
1<i<j<n

(ii)
1
Z (Lj=Li)(Th—j—Th—i) = n(2T043—Th1o—2Tn — Lpy2) — §(Ln+2 =3)(Tht1+Th-1-1).

1<i<j<n

H-874 Proposed by Robert Frontczak, Stuttgart, Germany

1 2
Let C,, be the nth Catalan number; i.e., C,, = ) < n>’ and « be the golden section.
n n
Prove that
ad o
o2

=2m, | ——.
“— n(n + 1 Z n(n + 1 25v/5
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H-875 Proposed by D. M. Batinetu-Giurgiu, Bucharest, Romania, and Neculai
Stanciu, Buzau, Romania
Let ABC be a triangle with a, b, ¢ the lengths of the sides, R the length of the circumradius,

r the length of the inradius, and s the semiperimeter. Prove that
<F3a2 + F,%Hb?)? . <ng2 + F,%Hc?)z . <F3c2 + F2, a?
n” ' ndl7 n” ' ntle e

C

2
) > 2Fy (s —r* — 4Rr)
a

holds for all n > 0.

H-876 Proposed by I. V. Fedak, Ivano-Frankivsk, Ukraine
For all positive integers n, prove that

F,F 1 | Ly L 1
Fn+2 2 w_i_n 7L+1/F1F2 ...Fn; Ln+2 2 %4_(714_2) n+3/L1L2“‘Ln.

n+1

H-877 Proposed by Hideyuki Ohtsuka, Saitama, Japan
Given an even integer r and an integer n > 0, prove that

" (on—k n
> < n )LfLr(kH) = Ly
k=0

SOLUTIONS

A series with k-Fibonacci hyperbolic tangent terms

H-839 Proposed by Sergio Falcén and Angel Plaza, Gran Canaria, Spain
(Vol. 57, No. 2, May 2019)

For a positive integer k, the k-Fibonacci hyperbolic sine and cosine functions are defined
respectively by

z - z —z
sEih(r) = 2Tk eR(e) = BTk
o+ 0oy, o + 0oy,
where o, = (k+ Vk? +4)/2. If the k-Fibonacci hyperbolic tangent and cotangent are respec-
Fi.h
tively tFih(x) = SFkiha; and ctFyh(z) = (tF,h(x))~!, find a closed form expression for the
Crpn\xT

following sum
[ee]

r=1

Solution by the proposers
If x = 0, then the sum is 0. If @ # 0, then from the identity tFiyha = 2ctFih(2a) — ctFyha,

we obtain . . .
Hence,
N 1 T N 1 x T
—ch(—) - —(2 ch(—)— ch(—))
; or k or ; or CtlE 27“—1 CtlE or
1 T
= ctFph(z) — 2—thFkh (2—N)
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by telescoping. Now

N N
LctFkh (i) _ cFyh(z/27)  x/2 . cFyh(0) 1 _ 1
2N 2N x sERh(z/2N) x cFh(0)Inoy,  zlnoyg
as N — oo, because
2
sFph(y) = ————5 sinh(y In o) = cFh(0) sinh(y In o)
o+ oy,

(with y = x/2"). Therefore,

Z %tFkh <%> = ctFih(x) — !

lnoy
— x1noy,

Also solved by Brian Bradie, Irina Dobrovolska and Dmitriy Shtefan (jointly),
Dmitry Fleischman, and David Terr.

A multiple of 150

H-840 Proposed by Arkady Alt, San Jose, California
(Vol. 57, No. 2, May 2019)
Prove that (n —1)(n + 1)(2nF,4+1 — (n + 6)F,) is divisible by 150 for all n > 1.

Solution by Hideyuki Ohtsuka, Saitama, Japan

We have
4F, 9o+ 3F, 3=3F, 1+ F, o=F,+2F, 1 =2F,,1 — F, (1)
and
2F, o+ F,_3=F,_ 1+ F,_o=F,. (2)
We have

4n® —12n% —4n 4 12)F,_o + (30> — 6n® — 3n + 6)F,_3
n—1)(n+1)((4F,—2 + 3F,—3)n — 6(2F,_3 + F,,_3))
n—1)(n+1)((2F,+1 — F,)n —6F,) (by 1 and 2)
n—1)(n+1)2nFrt1 — (n+6)F,).

o~~~ o~

By the above identity and the congruence
(4n® —12n* —4n +12)F, 5 + (3n® —6n% —3n +6)F,_3 =0 (mod 150)
(see [1]), we have
(n—1)(n+1)(2nF1 — (n+6)F,) =0 (mod 150).

Editor’s Note: By the Binet formula, the expression (n — 1)(n + 1)(2nF,4+1 — (n + 6)F,)
is of the form P(n)a™ 4+ Q(n)B", where P(x), Q(x) € R[z] are polynomials of degree 3. In
particular, the sequence whose nth term is the above expression is linearly recurrent of order
6 and characteristic polynomial (2 — x — 1)3. Hence, it suffices to check that the desired
divisibility holds for the first six values of n, namely n = 0,1, 2, 3,4, 5 because then it will hold
for all n > 0 by induction.
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REFERENCE

[1] W. Zhang, Some identities involving the Fibonacci numbers, The Fibonacci Quarterly, 35.3 (1997),
225-229.

Also solved by Brian Bradie, Kenneth B. Davenport, Dmitry Fleischman, Raphael
Schumacher, Albert Stadler, and the proposer.

A general inequality with Lucas numbers

H-841 Proposed by Hideyuki Ohtsuka, Saitama, Japan
(Vol. 57, No. 2, May 2019)
For any integer n > 2, prove that

n

Ln+a

L,. n

Z a; < L,—1
Jj=1

for any integer sequence {an, }m>1 with a; > 1 and ap41 > ap, +2m + 1 for all m > 1.

Solution by the proposer

First, we will prove the following lemma.

Lemma. We have

(1) LsLt < Ls+t + Ls—t fOT’ s 2 t;

(2) Lpy1 —1<2(L, —1) forn >2;

(3) 2Lay+n < Lap.y — Laypiy—n—1 for n > 2.

Proof of Lemma. (1) By (17a) in [1], we have
LsLt = Ls+t + (_1)th—t < Ls—i—t + Ls—t-
(2) We have
RHS - LHS =2L, — Lpi1—1=L, o—1>0.

(3)By L, — Lyp—y > Ly — Ly—y for p>q > r >0, we have

Lan+1 - Lan+1—n—1 > Lan+2n+1 - Lan-i-n > Lan+n+3 - Lan-i-n > 2Lan+n+1 > 2Lan+n-

O

The proof of the desired inequality is by mathematical induction on n. For n = 2, the
inequality holds because

2(RHS — LHS) = Lay+2 —2Lg, —2Lgy, = Lgy—1 —2Lg, > Lo, 49 —2L4, = Lgy,—1 > 0.
We assume the inequality holds for n > 2. For n + 1 we have

n+1 n

(Lnt1—1) Z Laj = (Ln+1—1) La iy + ZLaj
j=1 j=1

L
LaypiyLnt1 = La, iy + (Lp1 — 1) x et
L,—-1

Lan+1+n+1 + Lan+1—n—1 - Lan+1 + 2Lan+n (by (1) and (2))
< Layii4nt1 (by (3)).
Thus, the inequality holds for n + 1. Hence, the desired inequality is proved.

IN A
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Example. If a,, = n?, then for n > 2, we have

- L
Z n(n+1)
J=1

REFERENCE
[1] S. Vajda, Fibonacci and Lucas Numbers and the Golden Section, Dover 2000.

Also solved by Dmitry Fleischman.

A closed form expression for a sum of products of Fibonacci numbers

H-842 Proposed by Hideyuki Ohtsuka, Saitama, Japan
(Vol. 57, No. 3, August 2019)
Given an integer n > 0, find a closed for expression for the sum

Z Fa+be+c cta-

a+b+c=n
a,b,c>0

Solution by Brian Bradie, Newport News, VA

First
n n—a
Z Fa+be+ch+a = Z Z Fa—i—bFn—aFn—b'
a+b+c=n a=0 b=0
a,b,c>0
Next,
1
Fa+bFn—b = E(Ln—i-a - (_1)a+bLn—a—2b)a
and
1 _
Foppbn—abnop = E(F% + (_1)n+aF—2a - (_1)a+bF2(n—a—b) - (=" bF2b)
1 _ _
= E(F2n - (_1)n “Fhy — (_1)a+bF2(n—a—b) - (_1)n bF2b)-
Now,
n n—a
n+1)(n+2
Fyy = ( )2( )FZna
a=0 b=0
n n—a n n—b
STy = (1) Y (1) P, and
a=0 b=0 b=0 a=0
n n—a n n
( 1)a+bF2(n—a—b) = Z( 1) (] + 1)F2(n 7) Z( 1)n ](TL —J+ 1)F21
a=0 b=0 7=0 7=0
n n—j n n—a
= (1" (1Y By = (-1)" 3 D> (-1)/ B0
j:O a:o a= Oj 0
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Thus,

1L {(n+1)(n+2) iy
S Ratiscin =} (D n, ar 3 o

a+b+c=n
a,b,c>0

Rearranging the Fibonacci number recurrence relation as
(-1)*Fo = (-1)"Fopsr — (-1)*Foey and  (-1)FFyy = (-1)"Fop, — (-1)" Fop—s,
and then summing from k& = 1 through k& = n yields

(-1 Fy, = —QZ )F P14 (1) Fopgr — 1

and
n n

D (1P =2 (1) Py — (~1)" Fay.
k=1 k=1
It follows that

n

Z(—l)kF% = (D" Fongr +2(-1)"Fon — 1 (=1)"(Fany2 + Fon) — 1

prt ) 5
Finally,
_1\n I _ (_1)n - _1\n—a _
D"Y N (1) Fy = 3 (1" *“(Fon—2a+2 + Fon—2q) — 1)
a=0 b=0 a=0
U
= S () (oo + )~ )
a=0
_1)n
= () B~ (1)
_ B - ED"(n 4 1)
5 )
and
1/(n+1)(n+2 3 n
> Fuafirefina =5 (P - 2 - (104 1).
a+b+c=n
a,b,c>0

Also solved by Jason L. Smith, Raphael Schumacher, and the proposer.

Some divisibilities with Fibonacci numbers

H-843 Proposed by Hideyuki Ohtsuka, Saitama, Japan
(Vol. 57, No. 3, August 2019)
If integers a and b have the same parity with a > b > 0 and ¢ is odd, show that

(Fo — Fy) | (Fae — Fpe) and (Lg — Lp) | (Lge — Lpe)-
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Solution by Raphael Schumacher, ETH Zurich, Switzerland
Because (see Formula (37) in [1] and Formula (7) in [2])
Foea=(-1)"""F,, and L_co = (-1)""Leq,

we only have to consider positive ¢ € 2Ny + 1 to prove it for all ¢ € 2Z + 1.
We have for k € 2Ny + 1 that (see Formula (47) in [1])

k-1

- in Kk (k=) kot ko
Fin =) ()" (" )57 TE
i=0

Because

() () =000 - ()00

which implies that

k

.
< ,Z>€N0 forall §=0,1,2,... ———
) 2

o

.

we deduce with k := ¢, n := a, and n := b that

c—1 c—1
Feo — Fop 1 . P N AW PP b C [C—1\ _e=1_; . o
F,—F, F,—F (;;(1) i\ )P _;(_1) il )P
c—1 c—1
1 - ia € c—1 el i e—2i - ia € c—1 2§ e—2i
- E,-F, (Z(l) c—i( i >52 Fa _Z(_l) c—i\ 1 vk
1=0 =0
1 N c C— 1\ _c-1_ % 9%
— e e ()
0 — Fy 4 c—1i\ 1
=0
c—1
2 e fe—i\ e, FeT2 g
= -1)«@ 52 e b e,
,-:o( ) c—z'< i > F, — F, 0
€Np

1
a—

Therefore, we have that (Fy, — F}) | (Fae — Fje), because a’ _Ign € Ny for all integers a, b, n € Ny.

Similarly, we have that (see Formula (16) in [2])

: 1) Kk (k—i
Lo — _1)iln+1 k=2
Because we have again that
k (k—i k—1
("7 eNy forall i=0,1,2,..., =
k—i\ 1 2
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we deduce with k := ¢, n := a, and n := b as above that

c—1 c—1
L., — Ly 1 2 . c (c—1 iy 2 . c c—1 iy
_ 1 i(a+1) e2 1 i(b+1) Le2
Lo—Ly Lg— 1Ly ;( ) c—i\ i @ ;( ) c—i\ i b

c—1 c—1

1 2 : c [c—1 , 2 ’ c [c—1 ;
— 1)\¢(a+1) c—2i _1Y\i(a+1) c—2i
Lo— L (1) c—z'< i )L“ 2D c—i( i >Lb

=0

1 : i(a C c—1 c—21 c—21
- (e (7 (e - )

Ly, — Ly P c—1 1
c—1
2 ] o Lc—2i _ Lc—2i
_ 1 i(a+1) C .<C . Z) a b € Np.
;( ) c—1 ) L,— L 0

€Np

Editor’s Note: By the Binet formula, for fixed a, b of the same parity, the sequence of nth
term Fion41) — Fpan41) is linearly recurrent of order 4 of roots a?e, g2 o2 520 Hence,
to show the required divisibility it suffices to show that it holds for four consecutive ns. We
choose these ns to be 1, 0, 1, 2. When n = -1, we have F_, — F_; = (-1)*"}(F, — F},). When
n = 0, the divisibility is clear. When n = 1, 2, we do the same calculation as in Schumacher’s
solution but only for these two particular values of n. For example, for n = 1, we need to
expand F3, — F3;, and we use that F3, = 5F243(~1)*F, and that the same holds for a replaced
by b. Similar remarks apply to the problem involving Lucas numbers.

REFERENCES

[1] http://mathworld.wolfram.com/FibonacciNumber.html.
[2] http://mathworld.wolfram.com/LucasNumber.html.

Also solved by the proposer.
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