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PROBLEMS PROPOSED IN THIS ISSUE

H-916 Proposed by Hideyuki Ohtsuka, Saitama, Japan
Let r and s be positive odd integers. Prove that

oo

H F2n71 + Fr _ 7T2ZS2
F2n71+Fs .

n=1

H-917 Proposed by Benjamin Lee Warren, New York, NY
Let O, = #n(2n*>+1) denote the nth Octahedral number and 7,, = ¢n(n+1)(n+2) denote
the nth Tetrahedral number. Prove the identity

Oan + TFanl_l = TF2n+1—1'

H-918 Proposed by Andrés Ventas, Santiago de Compostela, Spain
Prove that

o0

1 1 1 1
+
;‘; ((Lﬁn/Q) Lent2  Lent2 Lents + (Len/2)
L1 1 L1 1 ) - 1
Lenta Lent3 + (Len/2)  Len+a (Len+6/2) V5

H-919 Proposed by D. M. Batinetu-Giurgiu, Bucharest, Romania, and Neculai
Stanciu, Buzau, Romania
(a) If a > 0, compute lim,, oo ¥/ (2n — HIF,(/a — 1);
(b) If a > 0 and (by,)n>1 is a positive real sequence with lim,, o0 byy1/(nby) = b > 0,
compute limy, o0 V/bp Fp({/a — 1);
(c) Compute lim, ;oo n% /n!E, sin(1/n3);
(d) Compute lim,, oo 7 %/(2n — 1)!'F, sin(1/n?).
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H-920 Proposed by the editor
For m > 0, prove that

o0
Fpn Lpy2 7w Vhr o T
4k) — 1) F. = — —L tan — — ——1L A——F B
;(C( ) = 1) Fakim 2+ 5 +4\/5 m1tan — W m+1 g fmt1
and
[o@)
L, NG NG NG
> (C(4k) = 1) Lagym = -+ Pz + —Fmﬂ tan == — < L1 B = TFmHA
k=1
where

A = coth(mar) + coth(m/a) and B = coth(ma) — coth(nm/a),
= (1++5)/2, and ((s) = Y oo, 1/k*, R(s) > 1 is the Riemann zeta function.

SOLUTIONS

H-883 Proposed by Kenneth B. Davenport, Dallas, PA
(Vol. 59, No. 4, November 2021)
Prove that for all n > 1:

n n
) 3ZF21€+4ZF231§:F2371+1 -1

k: 1 k= 1
5ZF2k+15ZF2k+1le2k_F2n+1

k: 1 k: 1 k 1
7ZFQk+35ZF2k+56ZF2k+292F2k_F2n+1
k=1 k=1 k=1 k=1

Solution by Hideyuki Ohtsuka, Saitama, Japan

Let a = Forq and b = Fyi_1. Then, we have a — b = Fy, and by Cassini’s identity,
ab = F22k + 1.

(a) Because a® — b® = (a — b)? + 3ab(a — b), we have
Fe1 — Fojoy = gy + 3(Fy, + 1) Foy, = 4F5;, + 3Fy,.

Therefore, we have

n n

Z (4F5), + 3Fay,) Z (Fpi1 — Fop1) = Fopyq — 1.
k=1 k=1

(b) Because a® — b° = (a — b)® + 5ab(a — b)3 + 5a%b*(a — b), we have
Fopoy = Fop_q = Foy + 5(Fj, + 1) Fyy + 5(Fay, + 1)2Fog = 11Fy, + 15Fy; + 5Fy.

Therefore, we have

n n

> (1LF5, + 15F5, + 5F%) =Y (Fopur — Fopy) = F,pq — 1.
k=1 k=1
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(c) Because a” —b" = (a — b)" + Tab(a — b)® + 14a?b*(a — b)? + Ta®b?(a — b), we have
Fipq — Faj_y = 29F3; + 56F%), + 35Fy; + TFy.

Therefore, we have

n n

> (29F5, + 56 Fyy, + 35F5, + TFy) = > (Fyyy — Fipy) = Fopyy — 1.
k=1 k=1

Also solved by Michel Bataille, Brian Bradie, Charles K. Cook, Dmitry Fleischman,
Won Kyun Jeong, Wei-Kai Lai, Angel Plaza, Raphael Schumacher, Albert Stadler,
David Terr, Andrés Ventas, Ryan Zielinski, and the proposer.

H-884 Proposed by Robert Frontczak, Stuttgart, Germany
(Vol. 59, No. 4, November 2021)
Prove that
oo

1 1
—1 n —n\ __ 72n _ 3
) g coth™ (" —a™) = 5111((04 +1)(a+2)) E coth™? ) = 5 In(a?),

- 1 2
and Z coth ! (a?"t — o727 1) = 3 —In <a i >
a

(ii) Deduce from (a) the following series evaluations:

Lun 1 2 > Ly, — 1
Zcoth ( dnt2 — ):]n<a+ >, ZCOth_l( 4 >:311’10£,
« 2\/5F2n

2Lon11 =

and E:coth_1 (B"—p") = %ln((a +1)(a+2)) —3na.

Solution by Michel Bataille, Rouen, France
We have coth™(z) = $1In <$+1> for |z| > 1 and for n € N,

a"—a "+l a®4a"—1 (a4 1) (" —1) Uy
ar—a -1 a2 —ar"—1 (a1 —1)(a"t14+1) U,pr’

where U, = gZﬂ Also, note that a™ — a~™ > 1 for all integers n > 2 (because " — a™" =

V5F, or L, according as n is even or odd).
(i) Let N be an integer with N > 2. Then, we have

N N N

_ _ 1 a"—a"+1 1 U,—1 1 U, U,
E th™(a™ — n:7§:1 - = o) =21 || = In(—2=_).
nZQCO (o ™) 2n22 n(an_an_1> 2 n<n:2 Unt1 2 n(UNUN+1>

Because A}im Uy =1and a? =a+1 (so that (a« — 1)(a? —1) = L - a = 1), we obtain
—00

o0
1 a+1l o?+1 1
—1 — o o
E coth™ (" — « ")—21n<a_1-a2_1>—2ln((a+1)(a+2)).

Similarly,

N
ZCOth_l(OéQn _a—Qn _ <H U2n 1) _ 111( Ul ) :
n=1

Uant1
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from which we deduce that

oo

1 1 1
Z coth™(a® — a™2") = 5 In <Z i_ 1) =3 In(a?)
n=1

(because (o — 1) = a?(a? — a) = a? = a + 1). In the same way,

1 1 a?+1 1 a—+2
1/, 2n+1 2n—1
nglcoth (a -« )—21n(1J2)—21n< 3 1>—2ln< )

(ii) Tt is easily checked that if |z| > 1, then coth™! (”ﬁz—;ﬁl) = 2coth™(z). Because

L4n+2 -1 _ (QQnJrl _ a72n71)2 +1
2L2n+1 - 2(a2n+1 _ a72n71) ’

it follows that

L4TL+2 2 41 _9 1 o+ 2
th™ 2 " ne In .
g co < ) g -« ) = -

2Lop41

Similarly, from
Lip—1 (o —a™2")%+1

20oFy, 20 —a )

we deduce that

o~ 1 Lan — _ :
coth™ - =2 coth™! ") = In(a®) = 31n(a).

2 (2 N ) Z ) =In(a”) = 3In(a)
Lastly, from coth™(-z) = - coth™*(z) and " — 72" = —(a®" — a~2), gt — g=2n-1 =
a?tl — q=2n=1 (because B = —a‘l) we obtain

1 o+ 2
th 2n _ p—2ny _ th 2n+1 —2n—1y _ 21 )
§jco (8% — g7 §jco (7t — g = Sin (2=

Thus,

In (oz—i-Q)—fln( )—gln(a)

> coth (5" - ") =
n=2

n((a+1)(a+2)) - %ln(oz +1) = 2In(a)

[l [\D\»—l

— an((a +1)(a+2)) —3na.

Also solved by Brian Bradie, Dmitry Fleischman, Won Kyun Jeong, Albert Stadler,
Séan M. Stewart, David Terr, Andrés Ventas, and the proposer.
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H-885 Proposed by Robert Frontczak, Stuttgart, Germany
(Vol. 59, No. 4, November 2021)

Show that
- 2 1  [(fa+d-—r 2 a+3—r 9 _
iz; HQi—T@ = (10 E — f In (Oé) hold for r = 0, ].,

where H{? = S _,1/m?. Deduce from these two identities the known (but nontrivial) result

Solution by Albert Stadler, Herrliberg, Switzerland

Clearly,
1 1
— = —/ 2™ nzde.
m 0
Hence,
2i—r 1 2i—r
@) 1 _ 1—=x
HQi—T_ZW__/O ﬁlnxdx
m=1
and

1 1 1 ="
S Hy .——/ - Inz dz.
pt 2T 20 0 l—z\a?2—-1 a?—2a? near

For r = 0, we have

1 1 1 T
Z %2 o 1—xz\a2—-1 a2—22 nzde

i=1

1 1

o 1 o 1

= Inxd Inxd
2(04—1)/0 z—a " x+2(a+1)/0 zta 00D

because, by partial fraction decomposition,

1 1 z? o «
1-= <a2—1 _az—m2> - 2(a—1)(m—a)+2(a+1)($—|—a)'

For r =1, we have
oo 1
@ 1 1 1 x
;H%la% - _/0 1—1:(042—1_042—302 Inz dz
1=

! /1 ! Inzd ! /1 Inzd
= n — n
20a—-1) Jg z—« v 20a+1) Jp 2+« oo

because, by partial fraction decomposition,

1 1 x 1 1
1-z (az—l_a2—x2> :2(04—1)(:10—04)_2(044—1)(;10—1—@)'

The integrals above may be expressed in terms of the dilogarithm. If |a| > 1, then

1 1 00 1 00
Inx 1 Inx 1 1 1 1

de = -~ de =-=) — Fnazde =Y —— =Liy (= ).
fsam = [ e | et Y - )
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It is well-known that

1 2
Lio () T —In®?a and Lis
«

/\
\_/
Il
|
i
+
N =
E
N

Q

10
So,
ot _ o (N, o (1
ZH a 2(04—1)LZ2(04>+2(04+1)LZ2( a)
_ (efP W—Q— ot In? o
10 6 4
and
- 1 1 1 1 1
Su = (D) ()
P a?t 2(a—1) o 2(a+1) a
a+4\ 72 oa+2 5
= —— In® o
10 6 4
Finally,

o0 o0

1 2
Zzam: Z a21_4Z(H(2 Hézg)1>a2z %—lna

=1 =1

Also solved by Brian Bradie, Dmitry Fleischman, Lucia L. Pacios and Andrés
Ventas (jointly), Séan M. Stewart, and the proposer.

H-886 Proposed by D. M. Batinetu-Giurgiu, Bucharest, Romania, and Neculai
Stanciu, Buzau, Romania
(Vol. 59, No. 4, November 2021)

If a,b,c € (0,7/2) and n > 1, prove that

Q) tana . tanb n tanc - 3
i .
F,sin2b+ Fy,11sin2¢c  F,sin2c+ Fpi1sin2a  F,sin2a+ F,y18in2b = 2F,.o’
tana tanb tanc 3

ii > .
(i) F2sin2b+ F2,, sin2c * F2sin2c+ F2, sin2a * F2sin2a+ F2,  sin2b = 2F5, 1
Solution by Angel Plaza, Gran Canaria, Spain

Because F,, + F,+1 = F,42 and Fg + F 1 = Fopy1, both inequalities follow from the
following more general inequality

tana tanb tanc 3

> .
2 sin 2b + y sin 2¢ + xsin2c + ysin 2a + xsin2a + ysin2b — 2(x + y)
Note that, for a € (0,7/2), tan > « and sin 2 < 2. Thus, it is enough to prove that
a b c 3
+ + > ;
xb+yc xct+ya zxa+yb " x+y

and
a’ n b? n c? S 3
a(zb+yc)  blzc+ya) clra+yb) " x+y
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By Bergstrom’s inequality,

(Zaae)’
CL2 cycl a
Z w & (x + y) chcl ab

cyel
Dy @ 22 g ab
(@ +y) D ey ab
32 cyaab 3
(z+y) Ypuab  z+y

Also solved by Michel Bataille, Dmitry Fleischman, Wei-Kai Lai, Albert Stadler,
and the proposers.

H-887 Proposed by D. M. Batinetu-Giurgiu, Bucharest, Romania, and Neculai
Stanciu, Buzau, Romania
(Vol. 59, No. 4, November 2021)

If m > 1 is an integer, compute lim n¢” Fm (( (£ DN Fe ({Y/pl)sn F’”).

n—o0

Solution by Andrés Ventas, Santiago de Compostela, Spain
The solution to this problem is known. The problem appeared in a generalized form in the
paper [1]. If L denotes the limit, then
sin® F,

6sin2 Fy -

REFERENCE

[1] D. M. B&tinetu-Giurgiu and N. Stanicu, New methods for calculations of some limits, The Teaching of
Mathematics, XVI.2 (2013), 82-88.

Also solved by Michel Bataille, Brian Bradie, Dmitry Fleischman, Angel Plaza,
Albert Stadler, and the proposers.

H-888 Proposed by José Luis Diaz-Barrero, Barcelona, Spain
(Vol. 59, No. 4, November 2021)
For any integer n > 1, prove that

VOFY 4308 + \/5F3 + ALL + \/TFA + 204 > F2,,.

First Solution by Andrés Ventas, Santiago de Compostela, Spain
The equality holds for n = 1. Let n > 2. We have

V6EL 4+ 3L4 4+ \/5FY + ALA +\/TF4 + 214 > \/3L4 +\/ALL + /204 > L2+ 212 + L2 = 412
and 4LTQL > Fg+3 because, for all n > 2,
2L, =2F, +2Fn+1 > Fy o+ Fyh +2Fn+1 :Fn+3 > 1.
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Second Solution by Brian Bradie, Newport News, VA
By Jensen’s inequality,

V6FL+ 3L 2F2 + L2,
5 4
V/BEA + 412 SE24+ L2, and

Y

Y

3 n 3 no
7 2
VTF:+2LE > gF,f + gLﬁ,

where equality holds in each case if and only if F,, = L,, that is, if and only if n = 1.
Combining the above inequalities

VOFY 4304 + \/5FY +ALL + \/TFY + 214 > 6F2 + 3L2,

so it suffices to show that

6F2 +3L%2 > F2,,.
Now,
6F2 +3L2 — F2 3 =8(Fny2 — 2F,11)% > 0.
Equality holds here if and only if F,, o = 2F,,;1, that is, if and only if n = 1.

Also solved by Michel Bataille, Dmitry Fleischman, Wei-Kai Lai, Angel Plaza,
Albert Stadler, and the proposer.
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