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PROBLEMS PROPOSED IN THIS ISSUE

H-747 Proposed by Hideyuki Ohtsuka, Saitama, Japan.

Let
(n
k

)

F
denote the Fibonomial coefficient. For positive integer n, find closed form expres-

sions for the sums:

(i)
∑n−1

k=0(−1)kF 2
2k (Lk+1Lk+2 · · ·Ln)

2 (2k
k

)

F
;

(ii)
∑n−1

k=0(−1)kF4k+1 (Lk+1Lk+2 · · ·Ln)
4 (2k

k

)2

F
.

H-748 Proposed by D. M. Bătineţu-Giurgiu, Bucharest and Neculai Stanciu,
Buzău, Romania.

Let xk = Lk, yk = Fk, k = 1, . . . ,m, xm+1 = x1, ym+1 = y1. Prove that:

2

Fn+2
+

m
∑

k=1

x3k
Fn+1xk + Fnxk+1

≥ LmLm+1

Fn+2
;

m
∑

k=1

y3k
Lmyk + Lm+1yk+1

≥ FmFm+1

Lm+2

for every positive integer n.

H-749 Proposed by Hideyuki Ohtsuka, Saitama, Japan.

Let a, b, c and d be odd positive integers. If a+ b = c+ d, prove that

b
∑

k=1

Fa

FkFk+a
+

a
∑

k=1

Fb

FkFk+b
=

d
∑

k=1

Fc

FkFk+c
+

c
∑

k=1

Fd

FkFk+d
.

H-750 Proposed by Hideyuki Ohtsuka, Saitama, Japan.

Generalized Tribonacci sequences {Rn} and {Sn} are defined by
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Rn+3 = pRn+2 + qRn+1 + rRn (for n ≥ 0);

Sn+3 = pSn+2 + qSn+1 + rSn (for n ≥ 0)

with arbitrary p, q, r,R0, R1, R2, S0, S1, S2. For positive integers a, b, c, d such that a+b = c+d,
prove that

Ra+3Sb+3+qRa+2Sb+2+prRa+1Sb+1−r2RaSb = Rc+3Sd+3+qRc+2Sd+2+prRc+1Sd+1−r2RcSd.

SOLUTIONS

Pell-Mell of Identities From Fibonacci-Lucas Polynomials

H-720 Proposed by N. Gauthier, The Royal Military College of Canada,
Kingston, ON.
(Vol. 50, No. 3, August 2012)

Let b. . .c be the largest integer function and, for a positive integer n, define εn = 1 for n
even and εn = 0 for n odd. Then, with Pn the nth Pell number, prove the following identities:

(a)
∑

k≥0
(n−2k

2k )
25k

= 1
5n/26

[

εn(L2n+2 + 3Ln+1) + (1− εn)
√
5(F2n+2 + 3Fn+1)

]

;

(b)
∑

k≥0
(n−1−2k

2k )
16k

= 1
2n [Pn + n];

(c)
∑b(n−1)/4c

k=0
(n−1−2k

2k )
25k(n−4k)

= 1
5n/2n

[

εn(L2n +Ln − 2(1 + (−1)n/2)) + (1− εn)
√
5(F2n + Fn)

]

;

(d)
∑

k≥1

k(n−1−k
k )

5k
= 1

5n/254

[

εn((45n − 20)F2n − 15nL2n)

+ (1− εn)
√
5((9n − 4)L2n − 15nF2n)

]

.

Solution by Paul Bruckman.

Let

Sn(x) =

bn/4c
∑

k=0

(

n− 2k

2k

)

x2k and G(y, x) =
∞
∑

n=0

Sn(x)y
n.

Then,

G(y, x) =

∞
∑

k=0

∞
∑

n=0

(

n+ 2k

n

)

x2kyn+4k =

∞
∑

k=0

∞
∑

n=0

(−2k − 1

n

)

(−y)n(x2y4)k

=
∞
∑

k=0

(x2y4)k(1− y)−2k−1 = (1− y)−1

(

1− x2y4

(1− y)2

)−1

=
1− y

(1− y)2 − x2y4
=

1

2

(

1

1− y − xy2
+

1

1− y + xy2

)

=

(

1 + u

4u

)(

1− y

(

1 + u

2

))−1

−
(

1− u

4u

)(

1− y

(

1− u

2

))−1

+

(

1 + v

4v

)(

1− y

(

1 + v

2

))−1

−
(

1− v

4v

)(

1− y

(

1− v

2

))−1

,
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where u =
√
1 + 4x, v =

√
1− 4x. Then,

Sn(x) =
(1 + u)n+1

2n+2u
− (1− u)n+1

2n+2u
+

(1 + v)n+1

2n+2v
− (1− v)n+1

2n+2v
. (1)

Part (a). We seek Sn(1/5). Setting x = 1/5 in (1), we obtain

u =
3√
5
, v =

1√
5
, 1 + u =

2α2

√
5
, 1− u =

−2β2

√
5

, 1 + v =
2α√
5
, 1− v =

−2β√
5
.

Then, after simplification,

Sn(1/5) =
α2n+2 + (−1)nβ2n+2

6 · 5n/2 +
αn+1 + (−1)nβn+1

2 · 5n/2 .

If n is even, then Sn(1/5) = (L2n+2 + 3Ln+1)/(6 · 5n/2), while if n is odd, we then have
Sn(1/5) = (F2n+2 + 3Fn+1)/(6 · 5(n−1)/2). We may remove the dichotomy with the following
formula valid for all n:

Sn(1/5) =

(

L2n+2 + 3Ln+1

6 · 5n/2
)

εn +
√
5

(

F2n+2 + 3Fn+1

6 · 5n/2
)

(1− εn).

Part (b). We seek Sn−1(1/4). Setting x = 1/4 in (1) and substituting n − 1 for n, we
obtain

u =
√
2, v = 0, 1 + u = 1 +

√
2, 1− u = 1−

√
2, 1 + v = 1− v = 1.

Note that the terms involving v in (1) for v = 0 reduce to the following:

lim
v→0

(

1

2n+1v

(

1 + nv − 1 + nv + terms involving v2 and higher powers of v
)

)

=
n

2n
.

Then

Sn−1(1/4) =
(1 +

√
2)n − (1−

√
2)n

2n+1
√
2

+
n

2n
=

Pn + n

2n
.

Part (c). Let

Tn(x) =

b(n−1)/4c
∑

k=0

(

n− 1− 2k

2k

)

xn−4k

n− 4k
(n ≥ 1).

Then

T ′
n(x) =

b(n−1)/4c
∑

k=0

(

n− 1− 2k

2k

)

xn−4k−1 = xn−1Sn−1(x
−2).

Using the expression (1), we obtain after simplification:

T ′
n(x) =

(x+
√
x2 + 4)n − (x−

√
x2 + 4)n

2n+1
√
x2 + 4

+
(x+

√
x2 − 4)n − (x−

√
x2 − 4)n

2n+1
√
x2 − 4

.

Note that T (0) = 0. Then we find the following:

Tn(x) =
(x+

√
x2 + 4)n + (x−

√
x2 + 4)n

2n+1n
+

(x+
√
x2 − 4)n + (x−

√
x2 − 4)n

2n+1n
−

2εnεn/2

n
.

(2)
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We seek 5−n/2Tn(5
1/2). Then

5−n/2Tn(5
1/2) =

(3 +
√
5)n + (−1)n(3−

√
5)n + (1 +

√
5)n + (−1)n(1−

√
5)n

n2n+15n/2
−

2εnεn/2

n5n/2

=
α2n + (−1)nβ2n + αn + (−1)nβn

2n5n/2
−

2εnεn/2

n5n/2
.

If n is odd, then 5−n/2Tn(5
1/2) =

√
5(F2n + Fn)/(2n5

n/2), while if n is even, then we have

5−n/2Tn(5
1/2) = (L2n + Ln − 4εn/2)/(2n5

n/2). Therefore,

5−n/2Tn(5
1/2) =

1

2n5n/2

(

εn(L2n + Ln − 4εn/2) + (1− εn)
√
5(F2n + Fn)

)

.

This differs from the answer given in the statement of the problem by a factor of 2 in the
denominator.

Part (d). Let

Un(x) =

b(n−1)/2c
∑

k=1

(

n− 1− k

k

)

kxk.

We seek Un(1/5). We note that

∫ x

0

Un(t)

t
dt =

b(n−1)/2c
∑

k=1

(

n− 1− k

k

)

xk = Φn(x),

where

Φm(x) =
pm − qm

p− q
, p =

1 +
√
1 + 4x

2
, q =

1−
√
1 + 4x

2
.

We then see that
Un(x)

x
= Φ′

n(x) =
nΛn−1(x)− 2Φn(x)

1 + 4x
,

where Λm(x) = pm + qm. In particular,

Un(1/5) =
1

5
× 5

9
(nΛn−1(1/5) − 2Φn(1/5)) .

Note that

p(1/5) =

√
5 + 3

2
√
5

=
α2

√
5

and q(1/5) =

√
5− 3

2
√
5

= − β2

√
5
.

Then

Λm(1/5) =
α2m + (−1)mβ2m

5m/2
and Φm(1/5) =

√
5(α2m − (−1)mβ2m)

3 · 5m/2
.

Then

Un(1/5) =
1

9

(

n

(

α2n−2 − (−1)nβ2n−2

5(n−1)/2

)

− 2
√
5

(

α2n − (−1)nβ2n

3 · 5n/2
))

. (3)

If n is even,

Un(1/5) =
5

27 · 5n/2 (3nF2n−2 − 2F2n).
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Since F2n−2 = (3F2n − L2n)/2, then (if n is even),

Un(1/5) =
5

54 · 5n/2 (3n(3F2n − L2n)− 4F2n) =
5

54 · 5n/2 ((9n − 4)F2n − 3nL2n)

=
1

54 · 5n/2 ((45n − 20)F2n − 15nL2n) .

If n is odd, then from (3),

Un(1/5) =

√
5

27 · 5n/2 (3nL2n−2 − 2L2n) .

Since L2n−2 = (3L2n − 5F2n)/2, then (if n is odd),

Un(1/5) =

√
5

54 · 5n/2 (3n(3L2n − 5F2n)− 4L2n) =

√
5

54 · 5n/2 ((9n − 4)L2n − 15nF2n) .

Therefore, for all n,

Un(1/5) =
1

54 · 5n/2
(

εn(45n − 20)F2n − 15nL2n) + (1− εn)
√
5((9n − 4)L2n − 15nF2n

)

.

Also solved by Kenny B. Davenport and the proposer.

A Problem for Fibonacci and Harmonic Numbers

H-721 Proposed by Khristo N. Boyadzhiev, Ohio Northern University,
Ada, Ohio.
(Vol. 50, No. 3, August 2012)

Let H0 = 0 and Hn = 1 + 1/2 + · · ·+ 1/n for n ≥ 1 be the harmonic numbers. Show that

∞
∑

n=0

FnHnz
n = C(z)

∞
∑

n=0

Fnz
n, where C(z) = 1 +

∞
∑

n=1

(

Fn−1

n
+

Fn+1

n+ 1

)

zn.

Solution by Robinson Higuita, Universidad de Antioquia, Medellin, Colombia.

Note that

Hn+2Fn+2 −Hn+1Fn+1 −HnFn = HnFn+2 +
Fn+2

n+ 1
+

Fn+2

n+ 2
−HnFn+1 −

Fn+1

n+ 1
−HnFn

= (Fn+2 − Fn+1 − Fn)Hn +
Fn+2 − Fn+1

n+ 1
+

Fn+2

n+ 2

=
Fn

n+ 1
+

Fn+2

n+ 2
. (4)
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Let g(z) =

∞
∑

k=0

HkFkz
k be the generating function of the {HnFn} sequence, then

g(z)(1 − z − z2) =
∞
∑

k=0

HkFkz
k −

∞
∑

k=0

HkFkz
k+1 −

∞
∑

k=0

HkFkz
k+2

=
∞
∑

k=3

HkFkz
k −

∞
∑

k=2

HkFkz
k+1 −

∞
∑

k=1

HkFkz
k+2 + z +H2z

2 −H1z
2

=
∞
∑

k=1

Hk+2Fk+2z
k+2 −

∞
∑

k=1

Hk+1Fk+1z
k+2 −

∞
∑

k=1

HkFkz
k+2 + z +

z2

2

=
∞
∑

k=1

(Hk+2Fk+2 −Hk+1Fk+1 −HkFk) z
k+2 + z +

z2

2
.

This and (4) imply that

g(z)(1 − z − z2) =

∞
∑

k=1

(

Fk

k + 1
+

Fk+2

k + 2

)

zk+2 + z +
z2

2

= z

(

1 +
∞
∑

k=1

(

Fk−1

k
+

Fk+1

k + 1

)

zk

)

= zC(z).

As
∞
∑

k=1

Fnz
n =

z

1− z − z2

(see [1], page 220), then

∞
∑

k=0

FkHkz
k = g(z) =

z

1− z − z2
C(z) = C(z)

∞
∑

k=1

Fnz
n.

References

[1] T. Koshy, Fibonacci and Lucas numbers with Applications, John Wiley, New York, 2001.

Also solved by Paul S. Bruckman, Kenneth B. Davenport, Dmitry Fleischman,
Anastasios Kotronis, and the proposer.

A Trigonometric Series

H-722 Proposed by Ovidiu Furdui, Campia Turzii, Romania.
(Vol. 50, No. 3, August 2012)

Let x ∈ (0, 2π), k ≥ 1 be a natural number and

Sk(x) =

∞
∑

n=1

cos(nx)

n(n+ 1)(n + 2) · · · (n+ k)
.
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Prove that Sk(x) equals

(2 sin(x2 ))
k

k!



− cos
(π − x)k

2
· ln(2(1 − cos x))

2
− π − x

2
sin

(π − x)k

2
+

k
∑

j=1

cos (π−x)(j−k)
2

j(2 sin(x/2))j



 .

Solution by Robinson Higuita, Universidad de Antioquia, Medellin, Colombia.

Let z = cos y + i sin y then zn = cosny + i sinny. Note that

Sk(y) = Re

(

∞
∑

n=1

zn

n(n+ 1) . . . (n + k)

)

.

As

1

n(n+ 1) . . . (n+ k)
=

1

k!

Γ(k + 1)Γ(n)

Γ(n+ k + 1)
=

1

k!

∫ 1

0
(1− x)kxn−1dx

(see [1], Page 41), we have that

Sk(y) =
1

k!
Re

(

∞
∑

n=1

z

∫ 1

0
(1− x)k(zx)n−1dx

)

=
1

k!
Re

(

z

∫ 1

0
(1− x)k

∞
∑

n=1

(zx)n−1dx

)

=
1

k!
Re

(∫ 1

0
(1− x)k

z

1− zx
dx

)

=
1

k!
Re

(∫ 1

0

(1− x)kz̄z

z̄ − zz̄x
dx

)

=
1

k!
Re

(
∫ 1

0

(1− x)k

z̄ − x
dx

)

.

Using the following identity

∫ 1

0

(1− x)k+1

z̄ − x
dx =

∫ 1

0
(1− x)k

(

1− z̄

z̄ − x
+ 1

)

dx

and mathematical induction, we can prove that

∫ 1

0

(1− x)k

z̄ − x
dx =

k
∑

j=1

(1− z̄)k−j

j
− (1− z̄)k(ln(z̄ − 1)− ln z̄).

Therefore,

Sk(y) =
1

k!
Re

(
∫ 1

0

(1− x)k

z̄ − x
dx

)

=
1

k!
Re





k
∑

j=1

(1− z̄)k−j

j
− (1− z̄)k(ln(z̄ − 1)− ln z̄)



 . (5)

As y ∈ (0, 2π), then

ln(z̄− 1)− ln z̄ = ln | e−iy − 1 | +iarg(e−iy − 1)− iarg(e−iy) =
ln 2(1− cos y)

2
− (π − y)

2
i. (6)

FEBRUARY 2014 93



THE FIBONACCI QUARTERLY

On the other hand,

Re((1− e−yi)m) =
(1− e−yi)m + (1 − eyi)m

2

=
1

2

(

2e
π
2
ie

−y
2
i e

yi
2 − e

−yi
2

2i

)m

+
1

2

(

2e
−π
2

ie
y
2
i e

yi
2 − e

−yi
2

2i

)m

=

(

2
e

yi
2 − e

−yi
2

2i

)m(

e
π−y
2

mi + e−
π−y
2

mi

2

)

=
(

2 sin
y

2

)m
cos

π − y

2
m (7)

for all m ∈ Z.
Similarly, we can prove that

Re(i(1− e−yi)m) = −
(

2 sin
y

2

)m
sin

(

π − y

2
m

)

for all m ∈ Z. (8)

Replacing (6), (7) and (8) in (5), we have that Sk(y) equals

1

k!





k
∑

j=1

Re((1 − z̄)k−j)

j
− ln 2(1 − cos y)

2
Re((1− z̄)k) +

(π − y)

2
Re(i(1 − z̄)k)





=
1

k!





k
∑

j=1

(

2 sin y
2

)k
cos (π−y)(k−j)

2

j
(

2 sin y
2

)j
−
(

2 sin
y

2

)k
cos

π − y

2
k.
ln 2(1− cos y)

2





− 1

k!

(

(π − y)

2

(

2 sin
y

2

)k
sin

π − y

2
k

)

=
(2 sin y

2 )
k

k!



− cos
(π − y)k

2
.
ln 2(1− cos y)

2
− π − y

2
sin

(π − y)k

2
+

k
∑

j=1

cos (π−y)(j−k)
2

j(2 sin(y/2))j



 .

References

[1] W. J. Kaczor, Problems in Mathematical Analysis III, American Mathematical Society, 2000.

Also solved by Paul S. Bruckman, Kenneth B. Davenport, and the proposer.

The Limit of a Multiple Sum

H-723 Proposed by Ovidiu Furdui, Campia Turzii, Romania.
(Vol. 50, No. 3, August 2012)

Let k ≥ 2 be an integer and let m be a nonnegative integer. Prove that

lim
n→∞

1

nk−1

n
∑

i1=1

· · ·
n
∑

ik=1

1

i1 + i2 + · · ·+ ik +m
=

k

(k − 1)!

k
∑

j=2

(−1)k−jjk−2

(

k − 1

j − 1

)

ln j.

Solution by the proposer.
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We note that the limit equals

∫ 1

0
· · ·
∫ 1

0

dx1dx2 · · · dxk
x1 + x2 + · · ·+ xk

.

Now we calculate the multiple integral. We have, since 1/a =
∫∞
0 e−atdt, that

∫ 1

0
· · ·
∫ 1

0

dx1dx2 · · · dxk
x1 + x2 + · · · + xk

=

∫ 1

0
· · ·
∫ 1

0

(
∫ ∞

0
e−(x1+x2+···+xk)tdt

)

dx1dx2 · · · dxk

=

∫ ∞

0

((∫ 1

0
e−x1tdx1

)(∫ 1

0
e−x2tdx2

)

· · ·
(∫ 1

0
e−xktdxk

))

dt

=

∫ ∞

0

(

1− e−t

t

)k

dt =

∫ ∞

0

(

1− e−x

x

)k

dx.

Now, since 1/xk = 1
(k−1)!

∫∞
0 e−xttk−1dt, we obtain that

∫ ∞

0

(1− e−x)k

xk
dx =

1

(k − 1)!

∫ ∞

0
(1− e−x)k

(
∫ ∞

0
e−xttk−1dt

)

dx

=
1

(k − 1)!

∫ ∞

0
tk−1

(∫ ∞

0
(1− e−x)ke−xtdx

)

dt

=
(−1)k

(k − 1)!

∫ ∞

0
tk−1

(∫ ∞

0
(e−x − 1)ke−xtdx

)

dt

=
(−1)k

(k − 1)!

∫ ∞

0
tk−1





∫ ∞

0

k
∑

j=0

(

k

j

)

e−x(j+t)(−1)k−jdx



 dt.

Since, (−1)k−j = (−1)k+j , we get that

∫ ∞

0

(1− e−x)k

xk
dx =

1

(k − 1)!

∫ ∞

0
tk−1





k
∑

j=0

(−1)j
(

k

j

)

1

t+ j



 dt.

A calculation shows that

1

t(t+ 1) · · · (t+ k)
=

k
∑

j=0

aj
t+ j

, where aj =
(−1)j

(k
j

)

k!
,

and hence,
∫ ∞

0

(1− e−x)k

xk
dx = k

∫ ∞

0

tk−2

(t+ 1)(t+ 2) · · · (t+ k)
dt.

On the other hand,

tk−2

(t+ 1) · · · (t+ k)
=

k
∑

j=1

bj
t+ j

, where bj =
(−1)k−j−1jk−2

(k − 1)!

(

k − 1

j − 1

)

,
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and note that b1 + b2 + · · · + bk = 0. Thus,

∫ ∞

0

tk−2

(t+ 1)(t + 2) · · · (t+ k)
dt =

∫ ∞

0





k
∑

j=1

bj
t+ j



 dt =





k
∑

j=1

bj ln(t+ j)





∣

∣

∣

∣

t=∞

t=0

= −
k
∑

j=1

bj ln j,

since limt→∞
∑k

j=1 bj ln(t + j) = 0. To prove this, we have, since b1 = −b2 − · · · − bk, that

limt→∞
∑k

j=1 bj ln(t+ j) = limt→∞
∑k

j=2 bj ln
t+j
t+1 = 0. It follows that the desired limit equals

k

(k − 1)!





k
∑

j=2

(−1)k−jjk−2

(

k − 1

j − 1

)

ln j



 ,

and the problem is solved.

Also solved by Paul S. Bruckman.

Late acknowledgement. Problem H-719 was also solved by the proposer.

Errata: The constant term in the right–hand side of H-731 should be −1/4π instead of
(3π − 12)/12π.

Withdrawals. The proposer withdrew Problem H-745 in March 2013, which shortly
afterwards appeared as Problem 1278 in the Pi Mu Epsilon Journal. The editor apologizes for
the oversight.
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