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PROBLEMS PROPOSED IN THIS ISSUE

H-751 Proposed by D. M. Batinetu-Giurgiu, Bucharest and Neculai Stanciu,
Buzau, Romania.

Prove that
p+1
F2 on + (2n+1)Fr%:-L|-11F 4 (2n+1)Fn+1Fn
Fy,
+1 +1
+ (2:I11)Fn+1Fn T (275:1)Fm+1F31n_1 ! > i F%Tél !
Fm+1 -2 FmFm+1

holds for any p > 0 and positive integers m and n, and that the same inequality holds with
all the F’s replaced by L’s.

H-752 Proposed by D. M. Batinetu-Giurgiu, Bucharest and Neculai Stanciu,
Buzau, Romania.

Prove that
2n+1 om + p 2m+1 2 p
(1) 5™ L2m+lz< >Z<>Fk—5 Lont1 Y < ) >Z<>Fk7
p=0 k=0

k=0 p=0
p

(2) 5" Fomit 2"z+:1 <2n; 1> Z <k:> Ly = 5" Fop11 2§1 < » ) Zp: ( )

p=0 k=0 p=0 k=0

H-753 Proposed by H. Ohtsuka, Saitama, Japan.
For integers n > 1, m > 1, a # 0 and b, prove that

Z Z 4m ( )(a"+b+1)TFaan(an+a+2b)r+ 4dm L
aktb = ~\2m —r 25m . 2m ) 25m°
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H-754 Proposed by H. Ohtsuka, Saitama, Japan.
Let a, b and n be integers. The two sequences {7}, } and {S,} satisfy

This =Thio+ Thy1 + 1, with arbitrary Ty, Th, 1o,
Sn+s = Spy2+ Sp+1 +Sn, with Sg =3, Sy =1, So =3
for all integers n. Let R, = 5,, + 1. For n > 1, prove that

(R2—-R2,)> Th.,= A, — Ay,
k=1
where

An = 2Tan+b(RaTan+a+b + R—aTan—a—i-b) - (Tan-‘ra-l—b - Tan—a+b)2 - (R—aTan+b)2'

SOLUTIONS

Infinite Sums With Reciprocals of Squares of Fibonacci and Lucas Numbers

H-724 Proposed by H. Ohtsuka, Saitama, Japan.
(Vol. 50, No. 3, August 2012)
Determine

Solution by the proposer.
The following identity is easily verified.
5F2 = L2 —4(—1)".
If n # 0, dividing both sides of the identity by F2,,
5 1  4(-1)"
Ly Fy  F
Using the above identity, we have
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Thus, we have

Therefore,
o) [ee] o) [ee] -1
1 1 1 1 1
( F_ZE+ZF> (ZF—;> T 5
' k=1

Also solved by Paul S. Bruckman and Dmitry Fleishman.

Sums With Powers of —3, 4 and Binomial Coefficients

H-725 Proposed by Paul S. Bruckman, Nanaimo, BC.
(Vol. 50, No. 4, November 2012)

Prove the following identities valid for n =0,1,2,...
[n/4] .
n — 3k 3k yn—4k 1 n nqn,/2 511 ((TL — 1)9)
—g)3kygn—tk _ — (-1
@ (") sy - (e @10
where sinf = /2/3;

— \ 3k N _1_8< n+ 7+ cos(np) + sin(np ’

where sin p = /2/27;
L =2k (e — )\ e+ 9)" — (glg — p)™H!
© kZ:O ( 2k > ( (p* +¢%)? > T 207+ 29— )P+ )"
(plp — )" ' — (q(qg + p))"*!
2(p% - 2pq — ) (P* + )"

+

, where p > ¢ > 0 are integers.

Solution by G. C. Greubel.

(a) The process for the three series will be to consider the generating function of the given
relations and compare the final results. For the first series in question consider

[n/4] n— 3k
St — Z( B >(_3)3k4n—4k'

k=0

From this, we have

o = [(ntk . = Z(k+Dn, 0
Ssir= Y ( ' >(_3)3k4 gtk _ Z(_3)3kt4k'z( - ) (4t)
n=0 n,k=0 k=0 n=0 ’
o0 00 k
S () an - L (22
=3 ((=3)%")" (1 - 4) _1_4tz<(1_4t)
k=0 k=0
1
1 — At 427t e

MAY 2014 187



THE FIBONACCI QUARTERLY

Alternatively, let ¢. be given by

sin 6

ot = (G5 - oyl

for which

S~ 1 1| 5—6t 2. (—V/3t)"sin(n — 1)0
gz:oqb"t _6[(1—3@2_;::0 sin ]

The summation on the right-hand side can be evaluated as follows.

i(—\/gt)" sin(n — 1) = %i <ei(n—1)9 _ p—iln-1) ) (— \/_t)

:i< o0 - o0 ):(—1)sin9< 1+ 24/3 cos Ot >

20 \ 1+ /3¢t 1+ +/3e"i0¢ 1+ 2v/3 cos Ot + 3t2

From this, we have

iqﬁlt”—} 5 — 6t . 1+ 2v/3 cos Ot
n (1-3t)% 14 2v3cosbt+ 3t2

In order to reduce this expression use sinf = 1/2/3 or cosf = y/1/3 to obtain

5— 6t 1+2t 1
lin
t" = = : 2
Z¢ [1—6t+9t2+1+2t+3t2} 1 — 4t + 27t2 @

By comparing equations (1) and (2), we are led to the desired result

me (n - 3k> (-3 = 2 <(3n +5)3" = (= VWM) |

k sin 6
k=0

where sinf = /2/3.

(b) Let S2 be the series to be summed. As before, consider the generating function for this
series.

[n/ 4]

> . /n+3k
2n_ 3k n— 4kn_ 3k qnyn+3k
N ( ) oy Z( o) et
n=0 n= Ok 0 k=0
k
= S 3kt4k i 3k+1 i —2o7t4
1—4t (1 —4¢)3
k:O = k=0
(1 — 4t)?

(3)

T (LAt 2mt
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Now that we have the desired generating function to compare to, let ¢2 be the right-hand side
of the desired result and proceed to find its generating function.

0 1 & 33n/2
PA = — (7 +9n + (11v/2 cos(np) + Sin(np))> t"
2" =352 7
1 7T+ 2t 1 1
- = <7(1 i t)2> * 33 <11T1 + ﬁh) : (4)

where Y1 o are the series

T = Z cos(np)(332t)", and T, = Zsin(np)(33/2t)".
n=0 n=0

Evaluating T yields

1 1 1 1332 t
T =< — — | = P : (5)
1 —33/2eirt 1 — 33/2¢e~irt 1—2-3%2cosp-t+27t2
The result for Y5 is similar and is given by
33/ 2sinp -t
T, = ol . (6)
1—-2-3%2cosp-t+ 27t
By combining (4), (5) and (6), the resulting series takes the form
1 7+2t 11v/2 — 3%/2(11v/2 cos p — sin p)t
Z ot = 3 ) * 3/2 2) (7)
— 1) \/5(1 — 233/2 cos pt + 27t2)

Now using the provided value sinp = 1/2/27, which also provides cos p = /25/27, leads to
the reduction

Z(Mn_i T2 o 11-54t )1 18 — 144t + 268>
" 18 [(1—1)2  1—10t+27t3| 18 |1 — 12t + 48t2 — 64¢3 + 274

(1 — 4t)?

= . 8
(1 —4t)3 4 27¢4 ®

Since (3) and (8) have the same generating function, then we conclude that
/Al gy ik _ . 33n/2 " . .
> (") 5 (T ons T aeos() i) ). @

where sin p = /2/27.
(c) Let
_ pap* -~ ¢%) (10)
(P> +¢)?
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and let S2 be the series in question, then

i [/ n + 2%k
n=0 n=0 k=0 n,k=0
00 (e} k
(2k + 1) ik 1 2
- @) = >
o n! 1—1¢ — (1—1)
1—t
T A —6)2 — a2t an

Alternatively, let ¢> be the right-hand side of the third series in question and seek the
generating function.

> 1 1
3 = Ty + Yy, 12
nz::o(b 20 + 20— %) ° 200 —2pq— %) " 12)
where
— (p(p+ )" — (q(q — p)" ™ — (p(p — )" — (qlp+ )",
Ty = t", and T4= t".
’ nzz:(] (P* +a2)" ! ;::0 P2+ )"

Consider the evaluation of Y3. This is done in the following way.

T, — i (P +a)" " —(ala—p)"™" . _ po+a@*+d*)  ala—p)@*+ )
= (p* + %) PP+¢—pp+at p*+¢*—qlg—p)t
P’ +2pg - P> +4°)? PP +2pg— ¢

_ _ 13
P*+¢*)*(1—1) —pg(p* —¢*)t*  1—t—at®’ (12)

where x is given by (10). The same process may be applied to evaluating Y, and we are led
to the result

P’ —2pq — ¢°
1—t+at?
From these expressions equation (12) is reduced to

1 1 1t
3n_ — _
Zq“ (1—t—xt2+1—t+xt2>_(1—t)2—:c2t4'

This is the same generatmg function as that of equation (11). Thus leading to the statement

/4 - 2k\ [ pe(p® — ¢?) o el + )" = (g(g —p)" !
> < 2k > < (p? + ¢2)? ) 200? +2pg — )PP + )"
(plp — @)™ = (alg +p))"*!

n , 15
2(p? — 2pq — ¢®)(P? + )" (15)

Ty = (14)

k=0

where p > ¢ > 0 are integers.

Also solved by Paul S. Bruckman and Kenneth B. Davenport.
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Sums of Sums of Reciprocals of Fibonacci Numbers

H-726 Proposed by Hideyuki Ohtsuka, Saitama, Japan.
(Vol. 50, No. 4, November 2012)

Prove that
o o
1 1 1 1 1 1
E _ o + ... :E I
pt <F2k Fa,  Fsi  Fiek Fong, > — Fop—1Fo

Solution by the proposer.
First, we will prove the following lemma.

Lemma 1.
1 1 1
1 =
(1) F.Fh aF, +
1
(2)

RS S G
By,  a'F, a?'Fy,’
Proof of Lemma.
(1) We have

VB(aFni1 + F) = a(@™ — g7 4 (" — ")
=a"? 4 a" =a"(a? +1) = V5a"

Thus,

"t =aF,  +F,.
Dividing both sides of this identity by a"™'F, F,, .1, we get identity (1).

(2) We have
"L, = a"(a" + ") = a®" + (—-1)™.

Thus,

o® =a"L, — (—1)".
Dividing both sides of this identity by a?" Fy,, we get identity (2). O

Using Lemma 1 (1), we have

S =3 (et ) = )
Fop 1 Fo a?IFy g ok Py ) = akRy
k=1 k=1 k=1
Using Lemma 1 (2), we have
o o o o
1 1 1 1
= - 2
; Fyy, ; a?k Fyy, kz_l otk Fyy z:l ot 2 Fyp o @
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Using Lemma 1 (2), we have

n=3
= ] . ;
N <a4kF4k a2NkF2Nk> oy (3)
We have
00 o o
1 1 (_1)k
o - by Lemma 1 (2
Y B AN @)
o0 00 0o
1 1 1
B N by (1
; Fop—1E, kzzl atk Fyy, kZ_l a2 F,, (by (1))
- o + = - by (2) and (3
Thus, we obtain,
- — 4 B
]; F2k kzzl F4k kZ:ang F: nk ]; F2k—1F2k:

Also solved by Paul S. Bruckman.
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