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PROBLEMS PROPOSED IN THIS ISSUE

H-693 Proposed by Hideyuki Ohtsuka, Saitama, Japan
Given a positive integer m prove that the following sequence converges

POV SN e
k=1 i=1 n>1

H-694 Proposed by Hideyuki Ohtsuka, Saitama, Japan
Prove that the inequality

Foy,— 1F2n+1 (ﬁ Fyy, ) F2n—lF2n+2

Fop_q 3
holds for all n > 1.

H-695 Proposed by Emeric Deutsch, Polytechnic Institute of NYU,
Brooklyn, NY
An ordered tree is a rooted tree in which the children of each node form a sequence rather
than a tree. The height of an ordered tree is the number of edges on a path of maximum length
starting at the root. An ordered tree is said to be symmetric if it coincides with its reflection
in a vertical line passing through the root. Find the number of symmetric ordered trees with
n edges and having height at most 3.

H-696 Proposed by Sergio Falcén and Angel Plaza, Gran Canaria, Spain
For any positive integer k, the k-Fibonacci sequence, say {Fyn}, -, is defined recurrently
by Fj i1 = kFy p + Fi -1 for n > 1, with initial conditions Fj g = 0; Fy1=1. Forn >0,
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j—1
and ¢ > j define S; ; = Z kFy, i—Fy, j—r. Prove by combinatorial arguments that
r=0
S . — FreiF j+1 if 5 is odd,
W FriFrje1 — Fri—y  if j is even.

SOLUTIONS

A Trigonometric Sum

H-677 Proposed by N. Gauthier, Kingston, ON
(Vol. 46, No. 4, November 2008)
Let N > 3 be an integer and define Q = |(N —1)/2]. Find a closed form expression for the
following sum

ksin((2k + 1)w/N)
sin?(km/N)sin?((k + 1)7/N)’

HMQ

Solution by the proposer

For positive integers k and ¢ with 1 < k < ¢ and for 0 < (¢4 1)8 < 7, with € a real variable,
consider the following two identities:

sin 6
VTR cot kO — cot(k + 1)6, (1)
sm@k+1)0 e cot(k +1)0. )

sin kO sin(k + 1)0
To prove these identities, we use the trigonometric identity for the sines of a sum of two angles
and transform the right hand sides as follows. For identity (1):

sin(k 4 1)0 cos kf — cos(k + 1)0sinkf sin ¢
sin kO sin(k + 1)0  sinkfsin(k +1)0°

cot kf — cot(k +1)0 =

For identity (2):

sin(k 4 1)0 cos kf 4 cos(k 4 1)0sinkf  sin(2k + 1)0

. = .
cot ko + cot(k +1)0 = sin k@ sin(k + 1)6 sin k@ sin(k + 1)6

To achieve our goal, we first form the products of the identities (1) and (2), divide the resulting
equation by sin# and then sum over k, with 1 < k < ¢, to get the following collapsing series:

So(0;q) = i sin(k+1)6 cscd i(cot2 kO — cot?(k +1)6)
DT ks (k 1)g

= csch(cot? § — cot?(qg+ 1)8). (3)

Next consider a general sequence of numbers {wy},>1, and for a nonnegative integer m let
sm(q) = >_f_q k™wy. We wish to determine s,,(¢) in terms of the previous sum spy—1(q),
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which is assumed known. To do so, form the set of ¢ equations:

wy 42" g + 3" g+ ¢y, = sme1(q),
2"y + 3™ g+ 4+ ¢y, = spe1(q) = Sme1(1),
3" twg 4+ -+ ¢y = sme1(q) — sme1(2),
qulwq = Sm—l(q) - Sm—l(q - 1)

Now sum the terms in the left-hand sides above, on the one hand, and those in the right-hand
sides above, on the other, to get, upon equating the results:

smlg) = wi+22" ws + 33" ws -+ ala" g

1

= qu—l(Q) - Sm—l(k)

k=1
= (Q+13m 1 Zsm 1

We thus have the following summation formula:

MQ

Sm(Q) (q+ 1 Sm— 1 Sm— l

k=1
Since we know Sy(6; ¢) from (3), we apply this formula to the case m = 1 and

sin(2k +1)0

= w(h) = k>1.
Wi = il sin? k@ sin?(k + 1)0’ -
We then get that
a a
sin(2k + 1)0
S1(0; = k =(q+1)S0(0;q) — So(6; k
1(659) z; o k052l £ 1)9 (q+1)So(0; q) ; 0(6; k)

= cscb

MQ

q+1)(cot? 8 — cot® (g +1)8) — > (cot? — cot?(k + 1)9))

—_

= csch

(= 7

cot> 0 — (g + 1) cot?(q + 1) +

(o0
(

q q
Z cot?(k +1)8 = cot?(q + 1) — cot® 6 + Z cot? k.
k=1 k=1

cot?(k + 1)9) .

i

1
Now note that

As a consequence, we have that

q
S1(6;q) = csc (—q cot?(q +1)0 + Z cot? k&) .
k=1

Let N > 3 be an arbitrary integer, then set § := n/N and prescribe g := ¢(N) so as to
maintain the convergence of cot? ((¢q(N)+ 1)7/N). Namely, we put q := Q, where Q was
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defined in the problem statement
Q- (N—-1)/2 if N=1 (mod 2),
(N—-2)/2 if N=0 (mod 2).

We then have that 0 < (Q + 1)7/N = (N + 1)7/(2N) < 7 for odd N, and 0 < (Q + 1)7/N =
N7m/(2N) < 7 for even N. The above sum then becomes

Nr & km
S1(N) = Si(m/N; Q)—csc<N>< Q ot2 —;7) +;C0t2N>'

The remaining task consists in finding the sum Zgzl cot? kmr /N, which is a known result that
is given in equation (30) of [1]:

< o km

> cot ~ = C2(N) = Co(N).

k=1

Here, by equations (2), (24) and (25) of the same reference [1], and with a;; = 1/6 as given
by the first entry in the “Table of a,,, Coefficients” on page 271, we have that

2lmr N2—-1 if N=1 (mod 2),
g csc = 2 .
N*—4 if N=0 (mod 2),

and Cp(N) = 222:1 1 = @. The desired sum is, consequently:
(i) For N odd, we have by replacing N with 2N + 1 and @ by N the formula

S1(2N +1) = csc <2N7r+ 1) <—N cot? <(]2VNT)17T> + N(ng — 1)) .

(ii) For N even, we have by replacing N by 2N and with @ = N — 1 the formula

S1(2N) = csc (%) <(N — 1) cot? (gj;) + QJBVQ N+ :1,)) - écsc (%) (N-1)(2N—1).

This completes the solution to this problem.

[1] P. S. Bruckman and N. Gauthier, Sums of the even integral powers of the cosecant and
secant, The Fibonacci Quarterly, 44.3 (2006), 264-273.

Also solved by Paul S. Bruckman.

Counting Sums of Nonnegative Integers

H-678 Proposed by Mohammad K. Azarian, Evansville, IN
(Vol. 46, No. 4, November 2008)

(a) Show that there is a unique Fibonacci number F' such that the inequalities
1+ x4 a0 < F and Nty +-tys < F

have the same number of positive integer solutions.
(b) Show that it is impossible to find three consecutive Fibonacci numbers Fy, Fiy1, Fiio
such that the inequalities

1+ 22+ -+ xR, < Fiio and yit+y2+- o+ yr,, < Freo

have the same number of positive integer solutions.
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Solution by the proposer

(a) Let r be a positive integer. It is well-known that the number of non-negative integer
solutions of the inequality
i+t a, <7 (4)

r—1
the number of nonnegative integer solutions of the inequality

n+r—1
is ( + > Therefore, the number of positive solutions of inequality (4) is the same as

T1+ 22+t <17 —n,
r—1
which is < . Thus, the number of positive integer solutions of inequalities from (a)
r—n—

F-1 F-1
are ( ) and ( ), respectively. Hence, for these two equations to have the same

F-T1 F—19
(J_g—_;l) - (15—_119) (5)

number of solutions we must have
Next, from the fact that the binomial coefficients ( > are increasing for m < |n/2] and then
m

decreasing, and (n> = < " ), we have that equation (5) holds only when (F —71)+ (F —
m n—m
19) = F — 1, whose solution is F' = 89, which is a Fibonacci number.

(b) For the inequalities from (b) to have the same number of positive integer solutions the
condition is, by the preceding argument,

( Fri2—1 >:< Fiqa—1 )
Fryo— Fp1—1 Fiyo — F—1

Since Fiy9 — Fy41 = Fi, Fyro — Fy = Fi41, we get the equation

Fipa =1\ _ (Frpo — 1
Fp—1 Fopr—1)

Since (Fyy1 — 1) + F, = Fi42 — 1, it follows that the right hand side above is the same as

(Fk+2 -1
Fy,
() ()
Fr,—1 . )
Since Fj, —1 and Fj, are consecutive, the above equation is a particular instance of the equation

( “ > = (Z) in positive integers b < a, which is possible only when a = 1, or 2b — 1 = a.

). Hence, we get

b—1
The first condition gives Fy41o—1 =1, or Fiyo = 2, so k = 1, while the second condition gives
2Fy — 1= Fygyo—1, 0r Fyio = 2Fy, or Fiq+ Fy, = 2F};, or F41 = F}, which is again possible
only for k£ = 1. This proves (b) for any k& > 1.

Also solved by Paul S Bruckman.
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Upper Bounds For Nested Radical Sums

H-679 Proposed by N. Gauthier, Kingston, ON
(Vol. 46, No. 4, November 2008)
For integers a > 1 and n > 0 consider the generalized Fibonacci sequence {f,}, given by

fo=0, fi=1land frio=afpy1+ fnforn>0.Let A=+va*+4and a=(a+A)/2, B=
(a — A)/2 be the roots of the characteristic equation of the recurrence. Consider the sequence
{Sn}n>4 of nested radical sums

Anz\/f4+\/f5+---+\/ﬁ-

oftrn)

Al+a(n)’

where p(n) and ¢(n) are to be determined, and find an upper bound for the limit S =
limy, o0 Sp.

Prove that

S, <

Solution by the proposer

We give five simple lemmas to facilitate presenting the solution.

Lemma 1. For positive real numbers {2 < a1 < ag < -++ < ap} with n > 2, we have that
Qn=araz--an— (a1 +--++ay,) >0.

Proof. We first prove the lemma for two elements and then for n > 3 elements. For two
elements a; and ag, consider Q2/(ajaz2) and immediately get that

@ i (Lil),

a1a2 ai a2

because 1/a; < 1/2 and 1/ay < 1/2, so that 1/a; + 1/as < 1. Hence, Q2 > 0 and the lemma
holds for two elements. Now for n > 3, consider @, /(a1 - - - a,), which gives

Qn 1 1 1
—r =1 - to ok ——— ) >0,
aiaz - - an aga3--- Gy G103 Ay aiag - - an_1
since
1 1 1 n
- +o <<l
asas - Gp  Q1G3-- - Ap aiag - - Gp_1 n
Then ajas - --a, — (a1 + -+ -+ ay) > 0 for all n > 2, which proves the lemma. O

Lemma 2. Forn >1, f, < aa™/A+1/2.
Proof. We use the Binet formula with a8 = —1, A > 2, @ > 1 and write that

ac” " =f" aa” (1-—a)a” (=D" 1
=" = A AT A TTAa T

since (1 —a) <0 and Aa™ > 2. O

Lemma 3. For n > 2, we have f, < a"t1/A.
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Proof. For n > 2, observe that a"*! = aa™ 4+ "~ !, which follows from the characteristic
equation for the root a, namely o? = aa+ 1. Now divide the above relation by A to get, with
a2 > 1 and with Lemma 2, that

antl aoz"+(oz) S aoz”+ + - >aa +1>f
= — —_— (8% = — _
A A A A 2A A 2 "
Lemma 3 is therefore proved for all n > 2. O
Lemma 4. Forn > 4, we have
1931 1
PP A T
k=0
Proof. This follows from the formula for the geometric series in x:
— _1-an -3
for all 1. 7
Z . orall x# (7)

o

Evaluating the result at x = 1/2 and dividing through by 2 then gives

Ie— 1 1/1—@1/2)" 3\ 1
QkZ_:k_ () =1

O
Lemma 5. Forn > 4, we have
n+1
1 n+3
4
2 Z 27 6 on—3
k=5
Proof. This follows by differentiation from the formula
ntl N2
Z x for all x # 1. (8)
. d .
Applying T to equation (8), we get
x
Til Lk d /25— g2 525 — (n + 2)2"+3 . 26 _ gnt3
rr=r—|— = .
dx 1—x (1—=x) (1—x)?
k=5
Evaluating this last formula at 2 = 1/2 and multiplying through by 2* gives
n+1
5 n+2 1 1 n+3
4 4 2 _
2 sz‘ =2 ( (25_ 2n+2> +2 (26 2n+3>) =6- on—3 "
O

Now we turn to the problem at hand. Consider the nested radical sum given in the problem
statement. For n > 5, we have that v/f, > V5> 2, fn—1 > 2 and so by Lemma 1 we have that
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fn—1++Vfn < fno1vV fn. Hence, by repeating this process we replace all the nested radical
sums by nested radical products, thus:

Sn= f4+\/f5+\/f6+ VitV < f4\/f5 fo\/ fr-+ -/ fa-

Furthermore, by invoking Lemma 3, we have that

ant+1 O{b(n)

a5 lab a7 [a8
Sn < f4\/f5 fo\/ fro N fn < ANANAVA "V a = adn

where by Lemmas 4 and 5,

n+1 n
k 4 k n+3
b(”)ZE W:2 E 27:6_W’
k=5 k=5
and A
n— n
1 1 1 1
M= s =50 5 =1 g
k=0 k=0

Accordingly, p(n) = —(n+3)/2" 73, q¢(n) = —1/2"73, and S = lim S,, < a%/A, which completes
the solution to this problem.

Also solved by Paul S. Bruckman.
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