ADVANCED PROBLEMS AND SOLUTIONS

EDITED BY
FLORIAN LUCA

Please send all communications concerning ADVANCED PROBLEMS AND SOLUTIONS
to FLORIAN LUCA, MATHEMATICAL INSTITUTE, UNAM, CP 04510, MEXICO DF,
MEXICO or by e-mail at fluca@matmor.unam.mz as files of the type tex, dvi, ps, doc, html,
pdf, etc. This department especially welcomes problems believed to be new or extending old
results. Proposers should submit solutions or other information that will assist the editor. To
facilitate their consideration, all solutions sent by reqular mail should be submitted on separate
signed sheets within two months after publication of the problems.

PROBLEMS PROPOSED IN THIS ISSUE

H-743 Proposed by Romeo Mestrovié¢, Kotor, Montenegro.

Let p > 5 be a prime and ¢,(2) = (2°~! — 1)/p be the Fermat quotient of p to base 2. Prove

that
(p— 1)/2 k

(mod p).
k=1

H-744 Proposed by D. M. Batinetu-Giurgiu, Bucharest and Neculai Stanciu,
Buzau, Romania.

Prove that

3

n n
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H-745 Proposed by Kenneth B. Davenport, SCI-Dallas, PA.

Prove that (a? — 1) cos(n + 3)§ — 2\/acosnf = (a — 1) cos(n + 1)0, where a is the real
number satisfying a® = a® + a + 1 and 6 is given by cosf = (1 — a)/a/2.

H-746 Proposed by H. Ohtsuka, Saitama, Japan.

n
Define the generalized Fibonomial coefficient by
Fym

anan— "'an—
<n> = (n=1) (n—k+1) for 0<k<n
k Fm kaFm(k—l)Fm
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with <8> =1 and <Z> = 0 (otherwise). Let g; = (1)1 For positive integers
Fim Fim

)

> )= ()

i+j=2s

n,m and s prove that

SOLUTIONS

Fibonacci Numbers and Derivatives of Polynomials

H-717 Proposed by Samuel G. Moreno, Jaén, Spain,
(Vol. 50, No. 2, May 2012)
Prove that if p is a polynomial such that p(z) > 0 for all x € R, then

deg(p
Z Frp1y p® (z) > 0 for all x,y € R.

Solution by the proposer.

For a fixed y € R, y # 0, we consider the second-order linear differential equation with
constant coefficients

(I —yD —y*D*)q(z) = q(z) — yd' () — v*¢"(x) = p(), (1)
in which I stands for the identity operator, and D = d/dz stands for the derivative. If «
denotes the golden ratio, the two distinct roots of the auxiliary equation of (1) are A\ = —a/y
and A2 = —(1 — a)/y. Moreover, a particular solution of (1) is

qo(z) = (I —yD —y*D?) 'p(x) = ( > Fk+1y’“Dk>p(:c)
k=0
deg(p)

= Z Fr1y"pM ().

Thus, the general solution of ( ) reads q(z) = qo(x) + C1eM® 4+ Cre*2®. Therefore, the unique
polynomial solution of the differential equation considered is gg.

Taking into account that p must be a polynomial of even degree, and also that the asymptotic
behavior of qg is governed by Fyy°p(®)(z) = p(z), we observe that ¢ tends to infinity as |z|
does, so there exists (at least) one absolute minimum mg of gop on R. Using that ¢)(mg) = 0
and ¢ (mg) > 0, and using also (1), we conclude

Qo) > qo(mo) = p(mo) + (yao(mo) + y°qg (mo)) = p(mo) + y>qg (mo) > 0,

for all reals z.

Also solved by Paul S. Bruckman.
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Inequalities with Fibonacci Numbers and Radicals

H-718 Proposed by Hideyuki Ohtsuka, Saitama, Japan.
(Vol. 50, No. 2, May 2012)

Let Ay = Foi, 2 3(F2,,, — Fi_,)). Prove that
2n
(1) H Fp <Ay, forn>m > 1;
k=2m

- + | Fa 1 Fon_1Foy
(2) HF2k<\/An,m forn >m > 2.
Pt Fom—3Fom—2Fon 41

Solution by the proposer.
(1) Let n >m > 1. If n =m, then LHS = RHS = Fy,.

Let n > m. We have

2 —
zizm F _ l_n[ Fk _ n]jn Fn+m—j . Fn+m+j
in:an—l—l k—=2m Fn+m §=0 Fn+m Fn+m
R, — (—1)ntmi 2
- H ntm ;_12 ) 1 (By Catalan’s Identity)
=0 n+m
n—m _1\n+tm—j 2
= H 1— U)Z—FJ )
j=0 Fn+m
If n —m is odd,
- Lip2\  (n=m—1)/2
Jj=0 Fipm r=0 Flim Fyim
(n—m—1)/2 22 ) F22 ) (n—m—1)/2 F24 )
< 1+ r+><_ 7”+>_ <1_ r+>
7];10 < Fr%—i—m Fr%—i—m ;EJ(:) Fé-;-m
4
<1- .
n—+m
If n —m is even,
- 2\ (n-m)/2
nl—i:n 1— (_1)n " ]Fj _ H <1+ F227’—1> <1 _ F227’ >
=0 Fr%—i—m r=0 Fr%—‘,—m Fr%—‘,—m
(n—m)/2 2 2 (n—m)/2 4
F2 F2 F2
< <1+ 2"><1—F2">< 11 (1—F4T>
r=0 n+m n+m r=0 n+m
B,
B F;L1+m
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Therefore, we obtain
F4
H Fk ngm?m-i-l <1 FZ m) = An,m.
k=2m n+m

(2) First, we have Fy oF; 1F;11Fi, o < F{! by the Gelin-Cesare Identity. Therefore, for
t > 3, we have

F,_1F F?
t—1 t+1 < t (1)

F? Fi_oF o
Let n > m > 2. We have
k=m F22k—1 Fom—2 k=m F22k—1 Fom—2 b For—3Fok+1

_ Forp1Fop_1Fo,
Fomn—3Fm—oFoni1
Thus, we have

n

n
Fop1Fon_1F5
H Fo, < \/ N - H Fop—1.
k=m

Fopy3Fop,— 2F2n+1

Multiplying both sides of this inequality by [[,_,, For, we get

n

n
Fop1Fon_1F5
II 5 < \/ =2 ] Poro1 P
k=m =

Fop 3F5, o F:
2m32m22n+1km

Here, we have

n 2n 2n
II B = [ Fo=Fomo [] Fr < Pom1dnm (by (1))
k=m k=2m—1 k=2m

Thus, we have

L. FJ Fop_1Fo,
11 5 < Aum O Y T
2m—31L2m—2L"2n+1

k=m

which leads to the desired inequality.

Note. We obtain the following inequality in the same manner as (2):

F: F
Hng 1< A Fom—1 Fon1 Fon (for n >m > 2).

FopoFon1Fo 12

Also solved by Paul S. Bruckman and Dmitry Fleischman.
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Alternating Sums of High Powers of Fibonacci Numbers

H-719 Proposed by Hideyuki Ohtsuka, Saitama, Japan.
(Vol. 50, No. 2, May 2012)
Let T;(n) = (=1)"U+Y(F,F,;1)7. Given a positive integer m prove that there are rational
numbers Aq, ..., A, such that

n

Z(_l) (m+1) F2m Z)\ T

k=1
Show the identities
(1) ;::1( ) Ey 3 1(n) + 3 h(n);
(2) En:FG = 1Tl(n) — ng(n) + ng(n)'
k=1 2 4 4 7
- 8 4 2 1
ks S 1
(3) ;( DR = =2 Thn) + 52 Ta(n) = =Ta(n) + =T4(n).

Solution by Harris Kwong, SUNY Fredonia, NY.

Lemma. For any integer ¢ > 1, there ewist rational numbers a;, such that

li/2]
Fk_Fk+1+ Fk 1+Zalg kéFZ;_ZZ.

Equivalently, we can write
li/2]
Flg+()'F_ = Z bi (1) F2

for some rational numbers b; .

Proof. Induct on i. The result is obviously true when ¢ = 1, because Fy11 — Fx_1 = F}. For
1> 2,

F}, = (Fep1 — Fr1)' = Fiyy + (1)'Fi_ 1+Z ( >F,§+§F,§_1.

When i is even, Casini’s identity Fj1Fy_1 = F? i (—1) 1mphes that the middle term in the
summation, where r =i/2, is

(172 () FraFrd) = 172 (1, ) 182 4 (<12

= (_1)2'/2( /22> Z ( /2> 13(2/2 £) (— 1)kz
— 22/2: iy~ 1)k =2,
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where Cij2,0 = (-1 )2/2 (7,/2) (2/2)
In general, for 1 < r < [(i: — 1)/2], due to symmetry, we can group the rth term with the
(i — r)th term; and it follows from the induction hypothesis that

. 1 .
(D) mm s+ co () rars

rf? % 1—2r i—2r
= (1 (1) Pl B TR + () ]
r i 7 1—2r i—2r
= 1y (1) + COMIRLT + )R
i r - 2r—s) [(i—2r)/2] '
= (_1)? <r> Z <s> Fk (_1)ks] Z bi—2r,t(_1)ktF]i_2r_2t
s=0 t=0
/2] |
=Y R,
=0

where ¢, p =Y, +t:£(—1)r (;) rsb;_ar¢ is a rational number. The result follows immediately. [

We now prove the original problem. The case of m = 1 is valid:

n
> F =FyFo =Ti(n).
k=1

Since szm = Fj" - F"", the lemma asserts that

n n Lm/2]
S DHmE R = S )M B DT E Y ()RR
k=1 k=1 {=0

:( 1)n(m+1 FmF ™o+ Z améz (m— Z+1 k m—f)

Solving for S°7_, (—=1)¥m+1) F2m vields the desired result from induction.
In practice, it is easier to compute the coefficients \; directly. For example, when m = 2,

Ff = (Foq1 — Frer)® = FRpy + FPy = 2Fea Froy = FR o + Fy — 2F — 2(—=1)F,
This leads to

n n

n n
DCUE =Y (DR (FR L+ Fy) —2) (FD)ERE -2) R
k=1 k=1 k=1 k=1

= (~1)"F2F2,, _22 DAY — 211 (n).

Thus, 3> 7_,(=1)*F# = Ty(n) — 271 (n), which proves (1).
In a similar manner, we find

P =F —F | = 3F 1 Fy1 (B — Fyon) = B2y — B — 3[FF + (—1)" F.
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Hence,

DR =D Fl(Fla - FL)-3) F-3) (-1)'F
k=1 k=1

k=1 k=1
3 3 - 6 1 2
=FF3,, -3 Ff -3 s To(n) = 3 Ti(n) ).
k=1

This yields 4> p_, F9 = T3(n) — Ty(n) + 2T1(n), thereby proving (2).
The case of m = 4 is slightly more complicated. First we obtain
Fii = Filoy + Fioy = 4Fa B (B + Fy) + 6F L FE
= Fyq + Fy_q — 4P Fya[(Figr — Fi1)? 4 2F1 Fia] + 67 F7
= Fop1 + Fuoy — 4Fp 1 Fy 1 F = 2F0 1 F 4
= Fyoy + Fpoy —A[FR + (FD)F]FE = 2 + (1))
= Fp, +Fp o —6F —8(—1)FF? - 2.

Therefore,
SRR =Y ()RR EFL L A FL) - 6> (DR -8) TR —2) (-1)FRL
k=1 k=1 k=1 k=1 k=1
We conclude that
- 1 1 1 1 1 2
SO = 3 |Tiln) = 8 (1 Tal) — 1 Talo) + 573 ) 2 (3 Talo) — 3730 )|
k=1
1 2 4 8
=z Ty(n) + - T3(n) + o1 Ty(n) — o1 Ty (n),

which establishes (3).

Also solved by Paul S. Bruckman, Kenneth B. Davenport, Dmitry Fleischman
and Zbigniew Jakubczyk.

Late Acknowledgements. Kenneth B. Davenport, M. N. Deshpande, Harris Kwong, and
Anastasios Kotronis all solved H-716.
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