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PROBLEMS PROPOSED IN THIS ISSUE

H-777 Proposed by Kiyoshi Kawazu, Izumi Kubo and Toshio Nakata, Japan.

For any nonnegative integers n, m, [ prove that

> (1) () (5 e DG

k=0 >0

H-778 Proposed by Hideyuki Ohtsuka, Saitama, Japan.

Prove that
SR
= (—VB)"FFyFy - Fin 2

H-779 Proposed by Hideyuki Ohtsuka, Saitama, Japan.
Let (2‘)  denote the Fibonomial coefficient. For integers n > 1 and r # 0 with n +r # 0,

prove that
n Fr k
Z(_l)k(k+1)/2Fk+r ( > <Z> —0.
F

E—0 Fn+r

H-780 Proposed by Hideyuki Ohtsuka, Saitama, Japan.

Given real numbers r and ¢t > 0 and an integer n > 0 find a closed form expression for the
sum:

1
ka k+t)( k+1+t)'“(L§"+t)’
where fo =t/(t+ 1) and fi = F},,, for k > 1.

H-781 Proposed by Hideyuki Ohtsuka, Saitama, Japan.

Find a closed form expression for the sums:
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HYPERGEOMETRIC TEMPLATE

(1) Y (Lot £ V5)(Lorsr £ V5) -+ (Lan +V/5) for n > 1;
k=1

(ii) Z (Lok & Lom)(Loks1 & Lom) -+ (Lgn & Lom) for n > m > 1.
k=m+1

SOLUTIONS

Sums of Products of Fibonomials, Fibonacci and Lucas Numbers

H-747 Proposed by Hideyuki Ohtsuka, Saitama, Japan.
(Vol. 52, No. 1, February 2014)

Let (Z) » denote the Fibonomial coefficient. For positive integer n, find closed form expres-
sions for the sums:

. — k
(1) PSR EZ (Lyr Lo - L) () i

.. n— 2
(ii) k:é(_l)kF4k+1 (Lky1Lliy2--- Ln)4 (215)1?

Solution by Harris Kwong, SUNY, Fredonia.

Denote the given sums S,, and T,,, respectively. We shall use induction to prove that

D)Ly, Fyyo (2 o 2
Sn _ ( ) 2nd'2n—2 ( n) 7 and T, = (_1)n_1F22n< Tl> )
2 n)p n)p

(i) The definition states that S; = FZ L3 (8)F = 0, and the formula says S; = % By @)F = 0.
This verifies the base case n = 1. Assume the formula holds for some integer n > 1. Then,
because Ly+1Fpir1 = Fonto, and 2F5, — Fb, o = Fb, 1, we obtain

(-1 Fy, By g " on
=2 [ g | (%
F

_ (_1)nL%+1F2n(2F2n — Fy,2) Fr%—i—l <2n + 2)
F

2 " FontoFonii \n+1

. (—1)”F2n+2F2n 2n 4+ 2
B 2 n+1l),

thereby completing the induction.

(ii) The definition states that 73 = Fy L} (8)? = 1, which agrees with the formula T} = F (%)i
Noting that L,11Fn+1 = Fonio and Fypi1 — F22n = F22n 11, we establish the inductive step as
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THE FIBONACCI QUARTERLY

follows:

_ 74
Tn1 = Ly
F

om\ 2
Tn+(—1)"F4n+1< > ]
n
2

_ 74 _1yn—172 _1\n 2n
= L [0 B 0] ()

F2 > /on 42\ 2
= (—V)"L:  (Fyny1 — F2) [ —2tL
om + 2\ 2
_ (_1\n 2
ek T

Also solved by the proposer.

Some Nesbitt Type Inequalities With Fibonacci and Lucas Numbers

H-748 Proposed by D. M. Batinetu-Giurgiu, Bucharest and Neculai Stanciu,
Buzau, Romania.
(Vol. 52, No. 1, February 2014)

Let xp, = Ly, yp = Fi, k=1,...,m, Tymy1 = T1, Ym+1 = y1. Prove that:
2 I “ ﬂfz > Ly L1 .
Fopy = Fopaae + Pk~ Fogo

yl% > FmFm+1
Loyyr + Ling1Yk+1 — Ly

NE

o
—_

for every positive integer n.

Solution by Angel Plaza, Gran Canaria, Spain.

Both inequalities are consequence of the following Nesbitt type more general inequality
where the left-hand side sum is cyclic
m 3 2
Z Tk > 2 k=1 Tk

arg +brrrr —  a+b

k=1
Then the left-hand side of the fist equation, LH.S is
LHS > 24 Dkt
Fn+2 Fn + Fn+1
. 24 LipLppy1 — 2
B Fn+2
_ LmLm+1

)

Fn+2
where we have used that > jr; L2 = Ly Lyt1 — 2.

m

The second inequality is proved in the same way by now using that Z F ,3 = FpFng-
k=1

Also solved by Dmitry Fleischman and the proposers.
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HYPERGEOMETRIC TEMPLATE

Identities With Sums of Ratios of Fibonacci Numbers and Products of Them

H-749 Proposed by Hideyuki Ohtsuka, Saitama, Japan.
(Vol. 52, No. 1, February 2014)

Let a, b, c and d be odd positive integers. If a + b = ¢+ d, prove that

b F a c F
a j : 2 : 2 : d

+ — .

FipFiia Fkaer pt Fka+c — FieFtd

Solution by Angel Plaza, Gran Canaria, Spain.

k=1

We use the following reduction formula [1, Theorem 6]

N la/2]

I e DI )
= FFiya FN+2kFN+2k+1 - FPopFopp Fy’
SR
with Ky = Z R Therefore, the LHS and the RHS of the proposed identity are,
kL k+1
k=1
respectively
la/2] 1
LHS = + K
<Fb+2ka+2k+1 F2kF2k+l

FotorFoyort1 F2kF2k+1

+ Ky

)
. >+Ka
)

x>

I

—
N PN

FatorFatort1 F2kF2k+1

1d/2] ) )
+ Z < ) + Ke.

FeporFerorsr  FopFopia

Since a, b, c and d are odd p051tlve integers with a + b = ¢+ d we may assume that a = 2a+ 1,
c=a+2m,b=28+1and d =b—2m. Then |a/2] = «, |b/2] = B, |¢/2] = o+ m, and
|d/2] = B — m. Previous expressions for LHS and RHS are now

[e 1 1 b 1
LHS = — +
; <Fb+2ka+2k+1 F2kF2k+1> ; FyFriq

+§:< 1 1 >+ 1
FoyorFarortn  ForForyr ) (= FeFi

k=1
a+m b—2m
1 1 1
RHS = < - > +
= \ToomrorFoomyonrr  Fonlor ;::1 FFpa
.\ = < 1 1 > .\ “*im 1
= \FaromrorFotomyoerr  ForFor = FpFpy’
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THE FIBONACCI QUARTERLY

where after cancelling common terms we have to prove that LHS* = RHS*:

b m

1 1
LHS* = LI . S
Z FFq ; FotorFatort1

k=b—2m+1
. m 1 a+2m 1
RHS* =" + Y ,
= FoomronFo2myart1 Pt FrFyiq

which are clearly the same.

REFERENCES

[1] S. Rabinowitz, Algorithmic summation of reciprocals of products of Fibonacci numbers, The Fibonacci
Quarterly, 37.2 (1999), 122-127.

Also solved by the proposer.

Identities With Generalized Tribonacci Recurrences

H-750 Proposed by Hideyuki Ohtsuka, Saitama, Japan.
(Vol. 52, No. 1, February 2014)

Generalized Tribonacci sequences {R,,} and {S,} are defined by
Rn+3 = pRn+2 + an—i—l +rR, (fOI‘ n = O);
Sn+3 = pSn+2 + an—i—l + 7Sy (fOI‘ n = 0)7

with arbitrary p, q,r, Rg, R1, Rs, Sp, S1, S2. For positive integers a, b, ¢, d such that a+b = c+d,
prove that

Ro+3Sh+3+qRat2Sp+2+Pm Rat1Sp+1— 72 RaSh = Ret3Sa+3+qRet2Sar2+pr Res1Sar1—1>ReSa.

Solution by the proposer.
We have
Ry 35p43 — Rat2Sp4+4 + qRav2Sp 12 — qlRat15p43
= Sp+3(Rats — qRav1) — Rat2(Spra — qSp12)

= Sp13(PRav2 +17Ry) — Rayo(pSpi3 + 7 Spy1)
=rSp3Rq — TRa125m41

= r(pSp+2 + qSp1 +1Sp)Ra — 7(pRay1 + qRa + 7 Ra—1)Sp41
=1?RySp — 1*Rq—1Sp+1 — PrRa415p+1 + prRaSpyo.
Thus,
Rat3S+3 + qRat2Sp+2 + prRas155+1 — 12 RaSp
= Ro42Sp+a + qRa+19+3 + PrRaSpia — 7 Ra—1Sp41.

Letting Aqp = Rat3Sp+3+ qRa+25p+1+prSat1Sp41 — 1 RaSy, we have Ay = Aq_141. Using
this identity repeatedly,

o= Agrop2=Aar1p-1 = Aap = Aa1pr1 = Aa2pr2 = .

Thus, we have Ay, = Ag—jp+j. That is, A,y = A q for a +b = ¢ + d. Therefore we obtain
the desired identity.
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HYPERGEOMETRIC TEMPLATE

Also solved by Dmitry Fleischman.

An Inequality With Sums of Binomial Coefficients and Fibonacci Numbers

H-751 Proposed by D. M. Batinetu-Giurgiu, Bucharest and Neculai Stanciu,
Buzau, Romania.
(Vol. 52, No. 2, May 2014)

Prove that
_ +1
(B CEVRE oo O )

Fr,

2n+1 2n+1 _1\ pt1 p+1
(GEDEn Bt 4 Co) B BN 1 (R
Fm+1 —2p FmFm+1

holds for any p > 0 and positive integers m and n, and that the same inequality holds with
all the F’s replaced by L’s.

Solution by Harris Kwong, SUNY, Fredonia.
The left-hand side of the inequality is in the form of y’f“ + ygﬂ, where
Faty + C) Far Fon -+ () B Py

Y1 =

Fm
2n+1 2n+1 —
sy = CDERAFR+ o (R P PR +
Fm+1 .

Notice that
FnFpe1(y1 +y2) = (Fngr + Fm)2n+l = Fr?::él

For any positive numbers x1, za, ..., xg, it is well-known that
1
x4+t \ "

fr)= ( — k)

is an increasing function of r. Hence,

1
1 1\ pt1 n+1
s Sty 1 Folh
2 =7 S\ FnFis )

from which the desired inequality follows immediately, and it is clear that it also holds when
all the F’s are replaced by L’s.

Also solved by Dmitry Fleischman, Kenneth B. Davenport, Zbigniew Jakubczyk,
Angel Plaza, and the proposers.

Errata: In the statement of Advanced Problem H-751, there was an additional term
“+F27” in the numerator of the second fraction is the left-hand side of the inequality to be
proven. The present solution takes this into account.
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