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1. INTRODUCTION

We define the Fibonacci and Lucas numbers as usual by means of

Fn+1 - Fn * Fn—l 0 =1,

LO = 2, Ll =1, Ln+1 = Ln + Ln—l (n

%

1).
We recall that every positive integer N can be written uniquely in the form
(1.1) N =F

FF e tF

where

(1.2) kj-kj+122 G =1,2, -+, n-1) k, = 2.

If A denotes the set of positive integers {N} for which k. =k, itis
clear that the sets

(1.3) {a.} k =234, ")
constitute a partition of the set of positive integers. We may refer to (1.3)
as a Fibonacci partition of the positive integers. It is proved in [2 ] that the

numbers in Ak can be described in terms of the greatest integer function.

More precisely, if

a=§(1+\/3)
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and we put
(1.4) a(n) = [on], b(m) = [¢’n] ,
then we have

1.5) Ay = {abt_la(n) n =1,2,3, -} {t

Il
=
Do
[°Y]

-~

(1.6) A2t+1 = {bta(n) |n =1, 2, 3, } (t

I
Ju
N
W
~

As is customary, powers and juxtaposition of functions should be interpreted
as composition.
Turning next to representations as sums of Lucas numbers, we show

first that every positive integer is uniquely representable either in the form

1.7 N:Lk1+"'+Lkr+Lo ,
where
(1.8) kj=kj+122 G=1,2, -, 1 - 1) krzs

or in the form

(1.9) N = Lk1 + oo 4 Lkr’
where now
(1.10) kj—kj+122 G=1,2,+,r -1) krzl ;

but not in both (1.7) and (1.9).

Let B; denote the set of positive integers representable in the form
(1.7) and let Bk denote the set of positive integers representable in the form
(1.9) with kr = k. Then as above the sets

(1.11) Bk
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constitute a partition of the positive integers which may be called a Lucas

partition. In the next section we shall prove the following.

(1.12) By = {a%(n) +n|n =1,2,3,---},

(1.13) B, = {a’@) +n-1|n=1,2,3, .-},

and

(1.14) B = {ab"ta() +abla) ln=1,2,3 -} (t=1,2,38, -

° 2t+1 . 2 3 3 9 2 9
t-1 t _ _ .

(1.15) B, = {b""a(@ +ba@ |n =1,2,38,---} ¢t=1,2 3,

It is not difficult to show that an integer N is in B, if and only if it is

not representable in the form
(1.16) N =L +.,..+Lkr ,
where

k1>k2>'°'>k 2]..

Let v(n) denote the number of integers =n that are not representable in the

form (1.17). Hoggatt has conjectured that

(1.17) y(L,) 01

I
|

and that, for fixed k,

(1.18) vlkL ) = kF__

if n is sufficiently large. The conjecture (1.17) was proved by Klarner; we

shall prove (1.18) in Section 3 below.
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2. SOME PROPERTIES OF THE LUCAS REPRESENTATION

Let Pn be the set of numbers that can be written in the form (1.7) with
ki = n, and let Qn be those that can be written in the form (1.9) with k; =
n. Then we have

Py ={2,6}
Q3 = {1’ 3) 49 5}
(2.1)
P4 = {2’ 63 9}
Q = {1, 3,4,5,7,8, 10} .

By induction we obtain the following theorem.
Theorem 1. Every positive integer can be uniquely represented in
either the form (1.7) or the form (1.9), but not both. Moreover,

(2.2) P UQ = {1, 2, «--, Lo~ 1}
(2.3) card (Pn) = Fn
(2.4) card (Qn) = Fn+2 - 1.

Proof. We will prove (2.2)—(2.4) and also

(2.5) P NRQ, =9
by induction. Hence let us assume (2.2)—(2.5) up to and including the value

n. Now by definition

Pn+1 = Pn U (Pn-l + Ln+1)

Q =Q U @Q 4 +L . 4) U {Ln+1}

n+1

and these unions are disjoint; if for instance, N & Pn—l + Ln+1’ then N =

Ln+1 and by (2.2) N & Pn, etc. Hence
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card (Pn+1) = card (Pn) + card (Pn_l) = Fn+1

and

card (Q -1+1=TF -1.

) = F -1+Fn+1 043

n+1 n+2

The other properties are easily checked.

The following tree may aid the reader.

nooLy
0 2 2
1 1 0 1 '2
N
2 3 0 3 !l |2
AN | N N
3 4 0 4 3 1 5 2
N | /N /N | /N |
4 7 7 3 10 1 8 5 2 9 6
L ~ ) —
Q4 Py

We turn next to the relations (1.12)—(1.15). We make use of the func-
tion e defined in [1]. The properties we need are the following (see [1] and
[2]):

(i) I

= s oo = > > o .. =
N=F_ +-+F, k 2, k > k ko,
then

e(n) = F + e +Fkr—1

(ii) For every N,
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and
eb®)) = a(N).
Theorem 2. The following relations hold.
(2.6) By = {a?() +n|n =1,2,3, ---}
2.7 B, = {a) +n-1|n =1, 2,3, -}

2.8) By, = b la@ +plam [n=1,2,8 -} =123 )

t-1

2.9) B {ab"tam) + ablam) |n=1,2,8, *} (t=1,2, 8 ---).

2t+1

Proof. Let N be an arbitrary positive integer. By (1.5), we have
a’(N) € A,. Hence

(2.10) al(N) = Fy + €Fy + «+- ,

where €, may assume the values 0 or 1. Applying e twice, we get
(2.11) N = Fy + €Fy + -

Adding (2.10) and (2.11), we get

(2.12) a’(N) + N = 2 + €Lg + --- € By.

On the other hand, suppose

(2.13) M

1l

LO + €3L3 + £4L4 + oo

is in By. Let

w
|

= .Fz +63F4 + €4F5+-»-
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Since K € Ay, by (1.5) K must be of the form a%(M) for some M. Also
M = e?(a®(M)). Hence

aZ(M) = F2 + 63F4 + E4F5 T oo

M = Fy + €3Fy + €Fg+---
and
N = M + a%(M) .

This proves (2.6). Equation (2.7) is clear from the definition. To prove (2.8),
let N be arbitrary. Then

t —
balN) & Ay g o

by (1.6), so

bta(N) = F F

ot+1 T Cat+stotes T

Applying e twice and adding we get

plam) + b = L - €B

ot T €otsalatrn 2t °

Conversely, suppose N &€ th’ so that
N o= Lop * €apralopen © 70

Put

M = Forq * €opafopeg © o0

Then, by (1.6), M = bta(K) for some K. Moreover, since

em = b law)
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we have
N = bta(K) + bt—la(K) .

This proves (2.8), and the proof of (2.9) is similar.

3. PROOF OF HOGGATT'S CONJECTURES

[Jan.

Theorem 3. An integer N is in B if and only if it is not represent-

able in the form

(3.1) N=LJ.1+----J-LJ's ,

where

(3.2) W= 0T e T gg > L.
Proof. If

(3.3) jt_jt+1 = 2 t=1,-:-,8-1),

then Theorem 3 is an immediate consequence of Theorem 1.

least positive integer such that

by =g L
In (3.1), replace
Lju ' I_‘ju+1 by Lju+1
and then repeat the process. Since
Ly + Ly +++- +L_ =L, - 3,

Let u be the

we ultimately reach a representation of the form (3.1) that satisfies (3.3).

This evidently proves the theorem.
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Let v(n) denote the number of positive integers N = n that are not

representable in the form (3.1), so that by the theorem just proved, v(n) is
also the number of integers =n in B,.

Theorem 4. We have

(3.4) v@) = [i’i—z]
a2+ 1

Proof. By Theorem 2,

Il

By = {aak) +k|k =1, 2,3, -}

1]

{bk) +k - 1|k =1,2,3, """ }.
Thus v(n) is the largest integer k such that
bk) +k =n+1.
Since b(k) = [a%k], v{n) is the largest k such that
[@*+ 1k] = n+1,
that is, the largest k such that
@ + 1k < n+2,

Thus (3.4) follows at once.

Theorem 5. We have

(3.5) V(Ln) = Fn-l n = 1)
Proof. Since
L =ozn+ﬁn @ = -1) ,

it follows that
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Ln+2=an+3n+2=an—1_2ﬁ_ﬁn+1
o + 1 o + 1 @-B
) an—l _Bn—l +'ZB +Bn—l _ﬁn+l
a-p a-p
n-1
- F 1+2+B
n- o +1
It is easily verified that
n-1
0 <2*8 "~ <y o = 1)

Theorem 6. Let k be a fixed positive integer. Then

(3.6) viL, ) = kF

for n sufficiently large.

Proof. We have

kLn + 2 _ k@™ +ﬁn) r2 k(ozn_l _ Bn+1) _ o
o + 1 a? + 1 a-B
. an-l _ Bn—l . k(ﬁn_l _ Bn+1) - 28
a-p a-B
For n sufficiently large it is clear that
n-1 n+1
0 < k(B - B ) - ZB < 1

a-B

so that
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kLn + 2
—_— = k]E‘n i
o+ 1 -

This completes the proof of the theorem.

Theorem 7. We have

(3.7) V(5Fn) = Ln_1 n > 1)
and
(3.8) v(5k]?‘n) = kLn—l

for sufficiently large n.

Proof. To prove (3.7), note that

h? _e-pE o2 e-pEe g™ 2
o+ 1 o+ 1 a-§
_opl o gnl _gnly gy az_ﬁﬁ
= Ln—1+‘3n_a%5.3
Since
0<Bn—a%‘85 <1 = 1),

(3.7) follows.
Next to prove (3.8) we take

1

M2 _ke-pe” -+ 2 Ke - pET gt - 28
o + 1 o + 1 a- B
= ke ) L @ gt
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Since

0 =< kp? - 2 <1

for n sufficiently large, Eq. (3.8) follows at once.

The last two theorems were also conjectured by Hoggatt.

4. GENERATING FUNCTIONS

Put

n .
(4.1) U0 = D7 = G =0,1,2 ).
nEBj

In view of Theorem 2, Eq. (4.1) is equivalent to

% +
g3(M)+n

4.2) o) = D x ,
n=1
®© 2
(4.3) Ui = <2 (n)+n-1 ,
n=1
= _abla)sabta)
(4.4) Upe ) = D x70 AR AR t=1,
n=1
© 1 t
4.5) Uy 00 = D x> bl € =1) .
n=1

Clearly



1972] LUCAS REPRESENTATIONS

(4.6) Po(x) = xiy(x) .

Also it is evident that

o0

(4.7) —5 - }:lpj(x) ,
§=0

so that, by (4.6),

(4.8) X

In the next place it follows from the definition of Ar that

L o0
4.9) Ut = x e D0 g

j=r+2

This implies

-L -L

@10 x Ty -x T

I RARC

In particular, by (4.9),

Combining this with (4.8), we get

X

(4.11) e

o0
T = @ 0nE Y ueE .
=2

(r

= (1 +x+xX2)PKE + xPyx) .

1) .

41
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By means of (4.10) and (4.11) we can express all l!lj(x), j>1, in

terms of Y,(x). The first few formulas are

Xy (x) = —1—_% - 1+ x + 22y

APy x) = - T _}_{

= + (1 +x + x*+ x3)ll11(x)

=By ) = 2L f 2 ’;7 s ()
Generally we have
(4.12) me_gwr(x) = <-1>1”§X1Af(j§— B ()Y ()
where
B, = B () +x "B ()

together with the initial conditions

Ayx) = 1, Asx) = 1
Byx) = 1 +x+x% Bglx) =1+x+x%+x
It follows that
L
1-x ¥
(4.14) Br(x) = gz

while
[Continued on page 70. ]



