PERFECT N-SEQUENCES FOR N, N+ 1, AND N+2

GERALD EDGAR
Boulder, Colerade

Frank S. Gillespie and W. R. Utz [1] define a (generalized) perfect n-sequence for m
(where n = 2, m = 2) to be a sequence of length mn in which each of the integers 1, 2,
3, ***, m occurs exactly n times and between any two occurrences of the integer x there
are x entries. Examples of perfect 2-sequences are numerous: 312 13 2 for m=3
and 41312432 for m = 4 are the simplest. However, the author knows of no perfect
n-sequence if n > 2.

No perfect n-sequence for m exists if m =n [1]. (This is a direct corollary of
Lemma 1, below.) It will be proved here that no perfect n-sequence for m exists if m = n,
m=n+1, or m = n+ 2 (except for the perfect 2-sequences for 3 and 4), extending the
result slightly.

In a perfect n-sequence for m, if x is an integer and 1 =x =m, then there are n
x's in the sequence. The positions in the sequence will be numbered, in order, starting at
the left, 1, 2, 3, *++, mn. Let "p(x,i)'" mean '"the position of the J'Lth occurrence of the
integer x''. The first occurrence of an integer will have special significance; let PX =
p,1).

Example. In the sequence 17126425374635, p(6,1) = Py =5, p@4,2) =11,
Py, = 4, etc.

Note that p(x,i) is meaningful if 1 =x =m and 1 =i =n, and PX is meaningful
if 1 =x =m.

In a perfect n-sequence for m
(1) px,i) =PX+(x+1)(i-1) Il =x=m; 1=i=n)

which follows from the recursive formula (for i =2)

2) px,i) = plx, i - 1) + x +1).

Theorem 1. There is no perfect n-sequence for n.

Proof. Assume such a sequence exists. Then it has n? entries. Also

pl,n) = P+ @+ D@-1) =P +n’ -1

so that Pn must be 1.

It is impossible that 1 = Pn =n; otherwise p({ -1, Pn—l) and p(n, Pn—l) are

-1
meaningful and
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)y =P + nP

p - 1, Py n-1 n-1

-n =ph, P )

1
using (1) and Pn = 1. But this is impossible since an n and an n -1 cannot occupy the
same position.

It is impossible that n+1 = Pn—l; otherwise p(n - 1,n) = n?+1, but the largest
position is n2 l

Now 1=n-1=n (since n = 2) so that P, _; is a positive integer, and we have a

contradiction. !
Theorem 2. There is no perfect n-sequence for n +1, except the perfect 2-sequence
for 3.
Proof. Assume such a sequence exists. Then there are n(n +1) = n? +n entries.
Also,

+n?+n - 2

pln +1, n) = L

so that either P ., =1 or P =2 U P .,

position, but since a perfect sequence taken in reverse order is still a perfect sequence, this

=2, then p +1, n) = n®+n, the last

case is symmetrical fo the case P41 = 1. Hence only the case P,;; = 1 need be

1 1

considered.
It is impossible that 1 = Pn = n; otherwise p(n, Pn) =pn +1, Pn). It is impossible
that n+2 SPn; otherwise p(n, n) = n?+n+ 1. Therefore the only possibility is Pn =

n+ 1. Now we have P =1 and Pn=n+1.

n+l
It is impossible that 1 = Pn—l =n -1; otherwise p(m -1, Pn-l +1) = pln, Pn—l)'
It is impossible that n +1 = Pn_1 = 2n; otherwise pf -1, Pn—l -n) = p, Pn—l -n). It

is impossible that 2n +1 = Pn—'L; otherwise p -1, n) = n? +n+1. Therefore the only
possibility is Pn_1
It is impossible that 1 = P

= n.

=n - 1; otherwise

n-2
pln - 2, Pn._2 +1) = pl -1, Pn—Z)'
It is impossible that n = Pn_2 =2n - 1; otherwise
p(n—Z,Pn_z— n + 1 = p - 1, Pn_2 - n + 1).
It is impossible that 2n SPn_z = 3n - 2; otherwise
pln - 2, Pn_.z -2n +1) = pln - 1, Pn—Z - 2n + 2).

It is impossible that Pn_ = 3n - 1; otherwise p{h - 2,n) = p(n,n)., It is impossible that

3n = Pn-2;
is a positive integer, a contradiction. The only possibility is therefore n = 2.

2

otherwise pn-2,n)2n®+n+1., If n#2, then 1=n-2=<n and P s
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From these two theorems some patterns can be seen. They are formulated in the fol-
lowing lemmas.

Lemma 1. In a perfect n-sequence for m, if 1 =n-r =m, then

P . =mn-n+nr-r+1.
In particular, in a perfect n-sequence for n +1i, Pn—r =nr+in-r+1,
Proof. If Pn—r > mn-n?+nr-r+1, then pl -r,n) > mn, which is impossible
since the largest position is mn.
Lemma 2. In a perfect n-sequence for m, if PX and Px 41 are meaningful, then it
is impossible that

(3) PX+1+(i—1)x+(2i-2) SPXSPX+1+(1-1)X+(i—2)+n

for any integer i = 1, or that

4) P1+(i—1)x+(i—1)5P =P + @@ -1x+(@2i -3 +n

X+ X x+1

for any integer i = 1.
Proof. Assuming (3) to hold (with i = 1), we have

(5) Px+1 + @G -1x +@2i -2) = PX

(6) PXSPX+1+(1—-1)X+(1-2)+n.

It follows from (5) and (6), respectively, that

(7 P+1+(i-1)x+(i—1)SP

X X
(8) PX = Px+1 + (1 - 1)x + (2i - 3) + n.
From (5) and (8) follows
9) 1SPX—PX+1—ix+x—2i+3Sn,

and from (7) and (6) follows

(10) 1=P -P

IA
=

-ix+x-1i+2

Finally, we have

(11) pix,P_-P

X x+1 -ix +x -1+ 2),

—ix+x-21+3)=p(x+1,PX-Px+1
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which is meaningful by (9) and (10). But (11) is obviously false, hence (3) cannot hold if i =
1. The proof of the second half is identical.

Corollary to Lemma 2. If PX and PX 41 are meaningful, then either

Pyt -Ux+G-2+n=<=P <P ., +ix+2
for some i = 1, or
PX+1+(1—1)x+(21—3)+n <-PX<PX+1+ix+j

for some i = 0.

Theorem 3. There is no perfect n-sequence for n + 2, except the perfect 2-sequence
for 4.

Proof. This sequence has n? + 2n entries. By Lemma 1, the only possibilities for
o = L (case II) Pg=2 and (case IIT) Py =3
Casel. P ., =1. By Lemma 1 and the Corollary to Lemma 2, the only possibilities

Pn+2 are (case I) P

for Pn+1 are (case IA) Pn+1

Case IA. Pn+1 =n+1., By the lemmas, the only possibilities for Pn are 1, n-1,

=n+1 and (case IB) Pn+1 =n+2.

n, n+1, and 2n+1, But Pn =1 is impossible; otherwise p(n,1) = p + 2,1); Pn =
n+1 is impossible; otherwise p(n,1) = p(n +1,1). Therefore there are three possibilities:
(case IA1) Pn =n-1, {(caseIA2) Pn =n, and (case IA3) Pn = 2n - 1.

Case IA1, Pn = n - 1. The possibilities for Pn- are n-2, 2n-1, 3n-1, and

1

3n. But n even is impossible; otherwise p(,n/2) = p(n +2, n/2); so n is odd; Pn—l =

n - 2 is impossible; otherwise pm -1, (o +1)/2) = p+1, (0 -1)/2); Pn-l =3n-1is

impossible; otherwise p(n - 1,n) = p(n + 1,n); Pn_1 = 3n is impossible; otherwise
pn - I, (n-1)/2) = pln+1, (n+1)/2);

Therefore Pn—l = 2n - 1. The possibilities for P _g are n -1, 4n -2, and 4n - 1, But

Pn—Z =n -1 is impossible; otherwise p( - 2,1) = p(n,1); Pn_2 = 4n - 2 is impossible;
otherwise (noting that 1 =< (n+ 38)/2 = n since n = 2 and n is odd)

1l

pa - 2, @ - 1)/2) = pl, @ + 3)/2);

P o= 4n - 1 is impossible; otherwise p - 2,1) = pn-1,3). But 1 =n -2 = n (since

n= 2 and n odd) so that Pn_
case IA1l is impossible.

9 is a positive integer, which is a contradiction. Therefore
This first case indicates the methods used. The others are treated similarly. The
other cases are:

[Continued on page 392. ]



