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H-215 Proposed by Ralph Fecke, North Texas State University, Denton, Texas 

a. Prove 
n+2 
J ^ 2*P. s 0 (mod 5) 

for all positive integers, n; P. is the i te rm of the Pell sequence, Pj = 1, P2 = 2, 

b. Prove 
Lucas sequence. 

b. Prove 2nL = 2 (mod 10) for all positive integers n; L n is the n term of the 

H-216 Proposed by Guy A. R. Gui/lotte, 229 St. Joseph Blvd., Cowansville, Quebec, Canada. 

Let G be a set of rational integers and m & 

n=l 

G 
log 

^ ^ O ^ ! < F 2 n + l > m 

7T 

4 

Find a formula for G m 

H-217 Proposed by S. Krishna, Orissa, India. 

A. Show that 

24n-4x-4 /2x + 2 \ A n - 2x - 2 \ , , , , lX 
(x + l j 5 ( 2 n - x - l ) (mod 4n + 1) 

184 
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where n is a positive integer and - l < x < 2 n - l and x is an integer, also. 
B. Show that 

^4n-4x-6 i ( 2x + 4 1 , A n - 2x - 2 \ A . , . , , ox x + 2 j + \ 2 n - x - 1 J = ° (mod 4n + 3> 

where n is a positive integer and -2 < x < 2n - 1 and x is an integer, also. 

H-218 Proposed by V. £ Hoggatt, Jr., San Jose State University, San Jose, California. 

Let 
1 0 0 
0 1 0 
0 1 1 0 

• • • 2 1 , „ 
' nXn 

represent the matr ix which corresponds to the staggered Pascal Triangle and 

1 1 1 1 
B = 1 1 2 3 4 

1 3 6 10 # v/ 
, / n X n 

represent the matr ix which corresponds to the Pascal Binomial Array. Finally, let 

/ l 1 1 1 
C = I 1 2 3 4 

* 2 5 9 14 , N/ 
/ nXn 

represent the matr ix corresponding to the Fibonacci Convolution Array. Prove AB = C. 

H-219 Proposed by Paul Bruckman, University of Illinois, Urbana, Illinois. 

Prove the ident i ty 

•-""(^E^y^f^T=£(•)• 
i=0 ^ ' i=0 

where 
(x - i + 1) / x \ x(x - l)(x - 2) -

(x not necessar i ly an integer). 

H-220 Proposed by L Car/itz, Duke University, Durham, North Carolina. 

Show that 
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E k k r r* 2r a z _ y v a q z 

where 
(z)n = (1 - z)(l - qz) ••• (1 - q ^ z ) , (z)0 = 1 . 

SOLUTIONS 
ANOTHER PIECE 

H-125 Proposed by Stanley Rabinowitz, Far Rockaway, New York. 

Define a sequence of positive integers to be left-normal if given any string of digits, there 
exists a member of the given sequence beginning with this string of digits, and define the s e -
quence to be right-normal if there exists a member of the sequence ending with the string of 
digits. 

Show that the sequence whose n te rms are given by the following are left-normal but 
not r ight-normal. 

a. P(n), where P(x) i s a polynomial function with integral coefficients. 

b. P , where P is the n pr ime. 

c. n! 

d. F , where F is the n Fibonacci number. 

Partial solution by R. Whitney, Lock Haven State College, Lock Haven, Pennsylvania. 

Using a theorem of R. S. Bird*, one may show that each of the above is left-normal. 
If 

lim Jgl = 0 , 
n —• 00 S n 

where 6 = 1 or 6 is not a rational power of 10 or if 

,. n+1 , ,. n n+2 . 
l im —=— = °° and l im = 1 , 

n - • 00 $ n _ > 00 2 
n Sn+1 

then { s } is left-normal (extendable in base 10). n n=l 

,. P(n + 1) 
n —• °o P(n) 

hence ( P ( n ) j i s left normal. 

*R. S. Bird, "Integers with Given Initial Digi ts ," Amer. Math. Monthly, Apr. 1972, pp. 
367-370. 
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U m o o <5_+l>i = „ ^ h m n!(n + 2); = 
n _ * n ! n "* °° <(n + 1)0* 

thus l n ' ) n = 1 is left-normal. 

^ ,. Fn+1 1 + ^5" 

thus { F J J is left-normal, also. The only question which remains is the demonstration 
that the sequences are not r ight-normal. 

(c) is easy, since n! is divisible by 4 for n > 4. Clearly no factorial, then, ends 
in 21, in part icular. The final problem which remains is the question of right-normality for 
(a) and (d). 

COMMENT ON H-174 

H-174 Proposed by Daniel W. Burns, Chicago, Illinois. 

S n ) = 1 be the sequence defined by S = nk. 
Define the Burns Function,, B(k), as follows: B(k) is the minimal value of n for which 

each of the ten digits, 0, 1, • • • , 9 have occurred in at least one S where 1 < m < n. 
For example, B(l) = 10, B(2) = 45. Does B(k) exist for all k? If so, find an effective 
formula or algorithm for calculating it. 

Comment by R, E. Whitney, Lock Haven State College, Lock Haven, Pennsylvania. 

Using the theorem by Bird, referred to in the above H-125, we have 

l i m i S _ ± l ) k = 1 ^ ( ^ ^ 
n —»°° nk L Jn=l 

is left-normal, or extendable in base 10. Thus, in part icular , the sequence 123 • • • 90 oc -
curs at {nk} . The existence of B(k) now follows by well ordering. One can show that 
B(2k) > B(k) and other assorted inequalities. 

ANOTHER REMARK 

H-182 Proposed by S. Krishna, Orissa, India. 

Prove or disprove: 

m 

(i) S ~ " ° (mod 2m + ^ ' 
k=l k 2 

and 

(ii) Y] 1 = 0 (mod 2m + 1) 
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when 2m + 1 is prime and la rger than 3. 

Comment by R. £ Whitney, Lock Haven State College, Lock Haven, Pennsylvania. 

It is well known* that 
2m 

(iii) Y] ~ = 0 (mod 2m + 1) , 
k=l k 

when 2m + 1 is prime and la rger than 3. 
Set 

m m 
a i = yi — and g 2 = T 2 •—-— 

Using (iii), we have 
1 /4a i + a 2 = 0 (mod 2m + 1) 

or 
0"! + 4o"2 = 0 (mod 2m + 1) . 

From the above, it follows that (i) and (ii) a re equivalent. 

NOT THIS TIME 

H-193 Proposed by Edgar Karst, University of Arizona, Tucson, Arizona. 

Prove or disprove: If x + y + z = 2 - 1 and x3 + y3 + z
3 = 2 - 1, then 6n + 1 

, 06n+l . and 2 - 1 are pr imes . 

Solution by Paul Bruckman, University of Illinois, Urbana, Illinois. 

The following part icular solution is sufficient to prove that the conjecture is false. If 
(x,y,z) = (1, 2 n - 2 n - 1, 2 n + 2 n - 1), it is easily verified that this solution satisfies the 
requirements (a) x + y + z = 2 - 1, and (b) x3 + y3 + z3 = 2 - 1. Moreover, this 
is true for all non-negative integers n, in part icular when n = 4, i. e. , 6n + 1 = 25, which 
is not pr ime. It might be of interest to determine if any other solutions, not necessar i lyDio-
phantine, exist, although this was not attempted here . 

Also solved by T. Carro/i D. Finkel, and D. Zeit/in. 

The editor would like to acknowledge solutions to the following Problems: 
H-173, H-176 Clyde Bridger; H-187 K. Wayland and D. Pr ies t , E. Just , G. Wulczyn, 

and J. I re ; H-190 L. Frohman, R. Fecke, L. Carl i tz , P. Smith; H-191 L. Carlitz; H-192 
L. Carl i tz , D. Zeitlin, and P. Bruckman. 

* Hardy and Wright, The Theory of Numbers, Oxford University P r e s s , London, 1962, p. 90. 


