ENUMERATION OF TWO - LINE ARRAYS

L. CARLITZ*
Duke University, Durham, North Carolina

1. We consider the enumeration of two-line arrays of positive integers

4 ag an
(1.1)
by by bn
subject to certain conditions. We assume first that
(1.2) max (ai, bi) = min (ai+1, bi+1) 1 =1i < n)
and
(1.3) max (ai, bi) =i 1 =1i=n.

Let f(n,k) denote the number of arrays (1.1) satisfying (1.2) and (1.3) and in addition

(1.4) a =b =k;

let g(n,k) denote the number of arrays (1.1) satisfying (1.2) and (1.3) and

(1.5) max (an, bn) = k.
Also put
(1.6) f(n) = f(n,n), gn) = g,n).

Next let h(n,k) denote the number of arrays (1.1) that satisfy the conditions

(1.7) 1=hb =a =hy =2 =+ =b =a =k
and
(1.8) a, =i 1 =1i=n.
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Also put

n
(1.9) h) = Z h(n,k) .
k=1

We shall determine the enumerants f, g, h explicitly. In particular, we show that

n

(1.10) o+ 1) =& (r;)(ztnflt) ,
t=1

(1.12) h(n) = %(n sn 1)

Note that f(n + 1) is the total number of arrays satisfying (1.2) and (1.3), while h(n) is the
total number of arrays satisfying (1.8) and

(1-7)' 1=b1=a1—<—b25a25---5b = a

The conditions (1.2), (1.3) are suggested by one formulation of the ballot problem (for
references see [2]). On the other hand, (1.2) has also occurred in a problem in multipartite
partitions [1], [4].

2. To begin with, we consider the functions f(n,k), g(n,k). We state some preliminary

results.
k
(2.1) f@ + 1,k) = Z 2k - 2j + 1)f(@n,j) &k = n),
=1
k
(2.2) fo + 1,k) = ) g,j) k =n+1,
j=1
k
2.3) g + 1,k) = ) (2k - 2j + g, j) k = n) ,
=1
k-1
2.4) g,k = fa,k) + 2D fn,)) k =n+1,

=1
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k
(2.5) gk +1,k) =) gluilgk - j + L k-j+1).
=1
To prove (2.1), consider the array
a4 ag oo a k

by by e+ bk

where

IA
A

max (ai, bi) = min (ali b..,) 41 n) ,

+1° i+l

max (a_, b ) = k,
n n

max(ai,bi)si 1 =i =n).

Let j = min (an, bn). For fixed j =k, we can pick a bn in 2k - 2j +1 ways. This
evidently implies (2.1).
Equation (2.2) is an immediate consequence of the definitions. The proof of (2.3) is

similar to the proof of (2.1). We consider the array

ay @y vt A, A

b1 b2 ee bn bn+1

where now

b ..) = k.

max (an, bn) = j, max (an+1, 1

For fixed j,k, we can pick a1 bn+1 in 2k - 2j +1 ways. This yields (2.3).

Asg for (2.4), it is only necessary to observe that corresponding to the array

ay ay T e a

by by e b

where max (an, bn) = k, we have the set of arrays

aq 2y e 0o a ]

by by e+ b j

where j = min (an, bn).



116 ENUMERATION OF TWO-LINE ARRAYS [Apr.

To prove (2.5), consider

1 s j j . k
(2.6) 1 eee . j
j k-j+1
Since
max (a;, by) = 1, max (ak+1, bk+1) =k,

there is a least j such that

).

max (aj, bj) = max (aj+1, bj+1

Thus a].+1 = bj+1 = j.
(2.6), we get (2.5).
A more general result is

Subtracting j - 1 from each element in the right-hand sub-array of

k
@.7) gln +k,k) = 9 gliglh +k - j, k- +1) @=1.
=1

To prove (2.7), we consider the array

1 j j k
1 i e
j n+k-j
and pick j as in the proof of (2.5).
Next we have
k
(2.8) £ + 1,0 = D gl ik - § + 1,k - §+1)
=1
and
k
(2.9) £ + k) = 3 gl +k - § k- §+ 1) m=1.
=1

The proof of these formulas is similar to the proof of (2.5) and (2.7).
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Put
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f) = f(n,n) = f(n, n - 1),

0 n
Fx,y) = Z Z f(n,k)xn yk s

o n
atsy) = 3. 9 gy,

Fx)

G(x)

We rewrite (2.8) in the form

(3.6)

Then by (3.4),

so that
(3.7)

Next, by (2.7),

(=]

fk + 1) =

©0

n=1 k=1

n=1 k=1

1]

Z f(n) < ,
n=1

0

g(n)

E g(n) P

n=1

k
> el - j+ 1.

i=1

F) = x + 3 fk - 1=t
k=1

el

k

= g,n),

= X + 2 xkﬂzg(j)f(k -3+

k=1

=1

= x + Z g(i)x E £Rx"
j=1 k=1

F (%)

[} ©o

x + FX)GE) .

o]

o0

117

Z g(n +k,k)xn+k = E xn+k2 g, g+k-j,k~j+1) =§_:g(j,j)xj E gn+k - 1,k)xn+k—1 .

k=1

k=1 =1

i=1

k=1
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Hence, if we put

0

(3.8) G0 = g +k - 1,1 T =1,
=1
we have
(3.9) Gy ® = GG &) @ =1.
Since
G = Y gl lx" = cw ,
k=1
it follows that
(3.10) G, = G .

Next consider

Z Z g, k)x" yk

n=1 k=1

1l

G(x,y)

o0

. k-
g6k -1, K
iak=1

i

o

-i+1 . i+~
=3y 86 k- 1, Ryt
j=1 k=1

0
= Z vy &y |

=1
by (3.10). Therefore
(3.11) Ger,y) = —SERL__
1 -y "Gy
On the other hand, by (2.3),
o n+l1
Glx,y) = xy + XEZ: gh + 1, k) xnyk
n=1 k=1

o0

o n k
xy + Z g + 1, n + D&y 4 x E Z Z (2k—2j+1)g_3;(n,,j)xnyk =
n=1 n=1 k::l j=1

1)
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= Glxy) + x Z Z g, jx" yJ Z 2k + 1)y

n=1 j=1
n-1
:G(xy)+xz (n+J—1J)xn+leJZ(2k+1)y
n,j=1 k=0
00 n-1
= Gxy) + XZ y -0+l Z 2k + 1)yng(n +3j -1, J)(xy)n-*-J -1
n=1 k=0 j=1

= Glxy) + XZ y 't Z 2k + 1)y5 . GPGey)

n=1
0

= Gy + x Z 2k + 1)y Py
n,k=0

= Gly) + —20EW Z (2k + 1)G (xy)
1- y G(XY) k=0

Since
E(2k+1)zk = 1+tz
@ - z)?

it follows that
xG(xy) 1 + G(xy)
1 - yleky) (1 - Gky)?

(3.12) Gx,y) = Glxy) +

Comparing (3.12) with (3.11), we get

1 -1+ X 1 + Gxy)

1 - v laky) 1 -y ey (1 - Gkxy)?

For y = 1, this reduces to

1 - 1 + G(x)
1 - GIX) 1 - G(X) (1 X )2
Therefore
(3.13) Gx)(1 - G®)? = x(1 + G&) .

Now consider the equation

(3.14) z(1 - 2)% = x(1 + z),
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where z = 0 when x = 0. By [3, p. 125], the equation

(3.15) w = ;5%) (o0 = 1),

where ¢(z) is analytic in the neighborhood of z = 0, has the solution

0
n n-14n
(3.16) 2=y % [d_-g’lﬁ] :
n=1 dx x=0
Later we shall require the more general result:
o
wt | a*?! n
(3.17) fz) = 10) + Y = | 5 P9 R :
— dx
n=1 x=0
If we take
o) = @+ 00 - 272,
then
] 0
+ -
0" = Z(‘;)XSZ(ZH . 1>xt
s=0 t=0
0 o
m n 2n +t-1
- T () ()
m=0 s+t=m
so that
n-1

1o _ . n 2n +t-1
[dxn'l [0 (x)] = (- 1! Z(t + 1>( ¢ ) .
x=0 t=0

Therefore, by (3.13) and (3.16), we get

Y n-1
X n 2n +t -1
(3.18) G = ) TZ(t : 1)( . ) :
=1 t=0
Thus

n-1
(3.19) g() =rll}:<t‘+‘1)(2“+tt“1> :
£=0

4, In the next place, by (3.7),
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(4.1) F (X) = T——XG—(X) °

Then, making use of (3.17),

n 1 n
F(x (1 + x
(4.2) SRR Z E [ 7 a )2)n+2] '
- X x=0
It is easily verified that
n-1
I = (@ - 1 Z n 2n + t + 1
a1 a - X)2n+2 * t+1 t ?
x=0 t=0

so that (4.2) yields

o0

x 2n +t +1
(4.3) Fx) = x+E <t+1>( ¢ ) .
n=1 t=0

Hence

(4.4) fn + 1) = ‘E<t+1)(zn +tt+1> )

To determine g(n,k) we use (3.10), that is

=]

@5 gl +k - 1, kT

k=1

= Gj (x) .

Taking f(z) = 2} in (3.17), we get

: “ n n-1 : n
Aw =33 5 [__._d PUSINE L ) :
Zunl | 40T 1 - > -

n=j

a1 j-1 (1+x) 2n +t - 1

it follows that

. « n n-j
= du ) DEE(, 1) ()
n=j t=0

Hence, by (4.5),

Since
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b /
(4.7) g, n - j + 1) =%1-Z<jr4l-t)(2n +tt_1>

Next if we put

t=0

0

n+k-1

(4.8) F () = Y fio+k-1,Kx =1,
k=1
it follows from (2.9) that
0
Kk
F L = Z fo + k, k)xF
k=1
% k
- zxn+kzg(j)f(n +k-j, k- j+1)
k=1 =1

so that
(4.9)

Il

0 (<]
Z g(j)x’ Z fo + k - 1, k)xn"k_1 R
=1 k=1

Fn+1(x) = Fn(x)G(x) n=1.

Hence, by (4.9) and (4.1),

(4.10)

We now apply (3.17) with

Since

we get

o0
X Fj+1
n=j
1t follows that

fon+1,n-j+1) =

or if we prefer

_ n _ xGn(x)
Fau® = FRIG® = 7755

j
fx) = lx_ < -
s -1 j
flx) = Jli_ <+ x

1 - x?

n-j

n-j-1
1 xn A n 2n + t n
traw =0 2 ELT( 1)) 2 (108)

t=0 t=0

n-j n-j-1
1). n 2n + t n
HJZ(j+t>< t )+Z<J‘+t+1
t=0

t=0

[Apr.
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k k
(4,11) fn+1,k+1) = 3-_1 (n_k)Z(kIjt)(Znt+t)+Z(kIjt>( 2;1_+1t) )
=0

t=1

Note that, when n = k, (4.11) becomes

Kk
fle +1) = fk + 1,k + 1) = %Z<1§><2:{_+1t> ,
t=1

in agreement with (4.4).

5, The total number of arrays

ay a, so0 an
(5'1) b1 b2 Ry bn
such that
(5.2) max (ai, bi) = min (ai+1, bi+1) 1 =i <n
maX(ai’bi)Si 1 =1i=n,
is equal to
n n-1
N B _1 n on +t+ 1
6.3 D gh) = fo+ 1,0 = fa+ 1) ‘nZ(t+1)( ¢ ) :
=1 £=0
Similarly the total number of arrays (5.1) satisfying (5.2) and a = bn is equal to
n
(5.4) 3 i,k = 3 (gt + f,m)
k=1

The numbers f(n,k), gl,k) can be computed by means of the recurrences (2.1), (2.3).

Checks are furnished by (2.2) and (2.4).

o Elql 2 3 4 5 6 7
1 1

2 1

3 1 4

fo, k) =y 1] 7] 21| =1

5 1] 10 | 47 | 126 | 126

6 1| 13| 82| 324 | 818 | 818

7 1| 16 | 126 | 642 | 2300 | 5594 | 5594
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6. We turn now to h(n,k),

such that
(6.1)

and

(6.2)

It is clear from the scheme

that

k 1 2 3 4 5 6
n
1 1
2 1
3 1 14
gk s T T 9 [ s |
5 1 12 69 242 494
6 1 15 | 110 516 1658 3294
the number of arrays
aq ay ° an
b1 b2 e bn
1=b1=ai—b253.25"'5bn53 = k
a, =i 1 =1i=mn.
ay ay LR an_l k
by b, o bn—l j

k
hn,k) = Z Zh(n -1,s).

This yields the recurrence

(6.3)

When k =n,

(6.4)

k

s=1

h(n,n) = E -s+1Dha-1,s) .

j=1 s=1

h(n,k) = Z k - s + Dh - 1, )

it is understood that (6.3) becomes

n-1

s=1

It is clear from the definition that

(6.5)

n
h() = Eh(n,k)
k=1

[Apr.
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is equal to the total number of arrays that satisfy (6.2) and

(6.6) 1 =D =8 =bhy S ay =+eo S ph =g

The first few values of h{n,k) can be computed by means of (6.2):

k
n 1 2 3 4 5 h{n)
1 1
ha,k) g2 | 112
3 1 4 7 12
4 1 6 18 30 55
5 1 8 33 88 143 273

125

The numbers in the right-hand column are obtained by summing in the rows. Thus the entries

are h(n) as defined by (6.5).
We shall now show that
k
(6.7) ik + 1, K) = ) h(,dhtk - j + 1L, k- j+1).
j=1

Proof. Consider the scheme

Such an integer exists because )
hand sub-array, we get (6.7).
Next we have
k
(6.8) hin + k,k) = D h(,hin + k - j, k - j + 1) o
j=1

To prove (6.8), consider the scheme

= k. Subtracting j -1 from each element inthe right-
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We choose j as above. The rest of the proof is the same.

Now put
(6.9) Hx,y) = Z x" yk ’
) n=1 k=1
(6.10) HE) = 3 hic kxS = Hi&) ,
k=1
(6.11) B G = 3 ha+k - 1, )1 @=1.

=1
Then, by (6.8),

n+l
k=1
©0 k
=> Xn+k2 h(j,)hn + k - j, k - j + 1)
k=1 j=1

o0 el

ZZhUJmJE:h&1+k -1, Rkl

j=1 k=1
so that
(6.12) Hh+lﬁd = H®H (x) =1,
Therefore
(6.13) Hn(x) = H'(x) mn = 1).
In the next place
© n
HEGY) = 3 3 hio,Rx 5
n=1 k=1
<]
= 3 nG k-1, R
i k=1
0 0
= 3y Y b 4k - 1, Wy
j: k=1
00

= 2 y i1 H, (xy) .
=1
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Thus, by (6.13),

(6.14) Hx,y) = -—‘L—-H(X1) i
1 -y Hxy

On the other hand, by (6.3),

® n+l
Hx,y) = xy + x E 2 h(n + 1, k)xn yk
n=1 k=1
® ® n
= Xy + Zh(n + 1, n + 1)(xy)nJr1 + xZ Z h(n + 1, k)xnyk
n=1 n=1 k=1

= H(xy) +XZ z: Xnykz ( - j + 1hn,j)
n=1 k=1
[~} n ) n"J
= Hiy) +x Y 9L h@ iy Yy &+ 1y
p=1 j=1 k=0
n-1
= Hixy) + x 2 h + j - 1, P& lyJE(k+1)y
n,j=1 k=0
= H{xy) +

xz Y—nﬂz k+1)y Zh(n 43 -1, Dyt
n=1

= H(xy) +XZ 'nﬂz k + 1) y* Hy)
k=0

o0

= H(xy) + x Z k + 1)y—n Hn+k+1(xy)
n, k=0

0

xHE&y) 9 ( + DE ) Y v HGey)
k=0 n=0

+

= H(xy)

and therefore

(6.15) Hx,y) = Hxy) + - xH(xy) )
(1 - ¥ H&y) (1 - Hxy)?

We now compare (6.15) with (6.14) and take y = 1. This yields
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1 X
—_— =]
1 - H) (1 - Hw)?

which reduces to

(6.16) HEI(1 - HE)? = x .

Applying (3.16), we get

n n-1
_ X d -
HE) = D 3% [dtn'l -9 ] :
n=1 t=0
Since
-1
at -2n _ 3n - 2
2 o] wm(3ed).
=0
we have
0
< (30 - 2
(6.17) HE = 3, (- 2).
n=1
Applying (3.17), we get
- 1
n [ .n-
Ty = 3 x |d j-1 -2n .
He =) 5 [dtn_l (e -1 )] G=1.
n=j =0
This reduces to
[=e]
. n .
J . X (3n-j-1 .
(6.18) H(X)_JZn(n-j ) G=1) .
n=j
It follows from (6.11), (6.13) and (6.18) that
. if3n - 5 - ]
(6.19) h(n,n—3+1)=hl(nn _]j 1) 1 =j =n).

In particular, for j = 1, we have

(6.20) hn,n) = %(3]: - 12) :

We shall now compute
n n

(6.21) h(n) = 3 hin,k) = ) hn,n -+ 1.
k=1 =1

[Apr.
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By (6.19) and (6.21),

n n-1
N . .
h(n)=ZJﬁ(nn_Jj >=%Z(n_3)(2n+j3 1)
n-1 n-1

N

=]
+
I

(
- (Zn +jj - 1) _ 2?;:1(2;&;_3 - 1)
(

n-2
1 2n + j
20 - 1 )‘ZZ< 2n>
j=0
~f3n-1} (3n-1
2n 2n + 1 °
This reduces to

(6.22) h(n) = %(ngfll) .

7. By (5.9),
n
_ 1 n 2n + ¢
(7.1) f(n+1)“HZ(t)<t-1)
t=1

enumerates the number of arrays that satisfy (5.1) and (5.2).

Consider the quantity

(7.2) Ul,b = %(\‘;)(?_*f) 1=t =n.

Clearly nU(n,t) is an integer Moreover

_1fn -1 2n + ¢t} _ 1 n-1 2n+1\
U(n’t)‘"t(t—1)(t—1)“2.n+1(t—1)< t }

so that (2n +1)U(n,t) is also an integer. Since both nU(n,t) and (2n + 1)U(,t) are inte-
gers, it follows that U(n,t) is itself an integer. The question then arises whether U(n,t)
can be given a simple combinatorial interpretation. In the special case t = n, we have, by
(6.22)

(7.3) Um,n) = h(n) ;

however the general case remains open.

A curious relation between G(x) and H(x) is implied by (3.13) and (6.16):

(7.4) Gx(1 - GX)? = x(1 + G&) ,
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(7.5) H® (1 - H®)? = x.
Since the equation

(7.6) z(1 - z)% = u, z(0) = 0
has the unique solution z = H(u), it follows from (7.4) and (7.5) that
(7.7) H(x(l + G(x))) = G(x) .

By (3.8), (3.10), (6.11) and (6.13), we have

H(x(l + G(X))> > b, K% (1 + GE)S

k=1
o k
_ k k).
= 3 hik,kx Z( j)G x)
k=1 =0
0 k )
= H(x) + E h(k,k)ka(l;)Z gG +s -1, 9 ™71
k=1 =1 s=1

©0

CCEDIE D DI ) NI Ao
n=2  j+k+s-1=n

Thus (7.7) yields

(7.8) gn) = h(a,n) + Z (%)h(k,k)g(n -k,n-j-k+1).
jtk=n
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