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1. We consider the enumeration of two-line a r rays of positive integers 

(1.1) 
a i a2 • - . a n 

bi b 2 • • • b 
1 L n 

subject to certain conditions. We assume first that 

(1.2) max (a., b.) < min (a.+1> b . + 1 ) (1 < i < n) 

and 

(1.3) m a x ( a . , b.) < i (1 < , i < n) . 
i I 

Let f(nsk) denote the number of a r rays (1.1) satisfying (1.2) and (1.3) and in addition 

(1.4) a „ = b n = k ; 

let g(n,k) denote the number of a r rays (1.1) satisfying (1.2) and (1.3) and 

(1.5) max (a , b ) = k . 

Also put 

(1.6) f(n) = f(n,n), g(n) = g(n,n) . 

Next let h(n,k) denote the number of a r rays (1.1) that satisfy the conditions 

(1.7) 1 = ^ = ai < b2 < a2 < ••• < b n < a n = k 

and 

(1.8) a. < i (1 < i < n) . 

* Supported in part by NSF Grant GP-17031. 
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Also put 

n 
(1.9) h(n) = Y, h(n,k) . 

k=l 

We shall determine the enumerants f, g, h explicitly. In particular, we show that 

(1.10) «-»-!s(-)(r,f) 
i(.*0 • (1.11) h(n) 

Note that f(n + 1) is the total number of arrays satisfying (1.2) and (1.3), while h(n) is the 
total number of arrays satisfying (1.8) and 

(1.7)' 1 = bt = ai * b2 =s a2 ^ ••• ^ bn =£ a n . 

The conditions (1.2), (1.3) are suggested by one formulation of the ballot problem (for 
references see [2]). On the other hand, (1.2) has also occurred in a problem in multipartite 
partitions [ l ] , [4]. 

2. To begin with, we consider the functions f(n,k), g(n,k). We state some preliminary 
results. 

k 
(2.1) f(n + l ,k) = 2 (2k - 2j + l)f(n,j) (k < n) , 

j=l 

k 

(2.2) f(n + l,k) = J2 g^'J) (k < n + 1) , 
j=l 

k 

(2.3) g(n + l,k) = J2 <2k " 23 + Dgto.j) (k < n) , 
3=1 

k-1 
(2.4) g(n,k) = f(n,k) + 2 ^ f(n,j) (k < n + 1) , 

j=l 
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(2.5) 
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k 
g(k + 1, k) = ] T g(j,j)g(k - j + 1, k - j + 1) 

j=l 

To prove (2.1), consider the a r ray 
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a l a2 

bt b2 

a k n 
b k n 

where 

max (a., b.) ^ min (a . + 1 , b . + 1 ) 

max (a 9 b ) ^ k , n n 

(1 < i < n) , 

max (a., b.) ^ i (1 < i < n) 

Let j = min (a , b ). For fixed j < k9 we can pick an , b n in 2k - 2j + 1 ways. This 
evidently implies (2.1). 

Equation (2.2) is an immediate consequence of the definitions. The proof of (2.3) is 
s imilar to the proof of (2.1). We consider the a r ray 

ai a2 

bi b2 

an V l 
b b J n n+1 

where now 

max (a , b ) = j , n n J m a x ( a n + r b n + 1 ) = k . 

For fixed j , k , we can pick * , bn+± in 2k - 2j + 1 ways. This yields (2.3). 
As for (2.4), it i s only necessary to observe that corresponding to the a r ray 

a i a2 

where max (a , b ) = k, we have the set of a r r ays 

*i a2 a n - l J 

b n - l J 

where j = min (a , b ). j v n n 



116 ENUMERATION OF TWO-LINE ARRAYS 

To prove (2.5), consider 

[Apr. 

(2.6) 1 i ••• i 
| i ••• 

j ••• k 
j 

k - j + 1 

Since 

max (al9 ht) = 1, max (\+1> \+i^ = k » 

there is a leas t j such that 

max (a , b.) = max (a,+1» bj+1> . 

Thus a. - = b. = j . Subtracting j - 1 from each element in the right-hand sub-array of j+1 j+1 
(2.6), we get (2.5). 

A more general resul t is 

k 
(2.7) g(n + k,k) = £ ] g(j,j)g(n + k - j , k - j + 1) (n ^ 1) . 

3=1 

To prove (2.7), we consider the a r ray 

1 1 ••• j 

1 . . . 

j ••• k 

j 

and pick j as in the proof of (2.5). 
Next we have 

n + k - j 

(2.8) 

and 

(2.9) 

f(k + i ,k) = ]T) g(j,j)f(k - j + 1, k - J + 1) 

3=1 

f(n + k,k) = ] p gOJJfto + k - j , k - j + 1) (n ^ 1) 

3=1 

The proof of these formulas is s imilar to the proof of (2.5) and (2.7). 
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3. Put 
(3.1) f(n) = f(n,n) = f(n, n - 1), g(n) = g(n,n) , 

oo n 
n k (3.2) F(x,y) = 2 S f(n9k)x l ly 

n=l k=l 

(3e3) G^y> = I ] E g(nsk)xnyk
J 

n=l k=l 

(3.4) F(x) = J^ f(n) x11 

n=l 

(3.5) G(x) = ^ g(n) x n . 
n=l 

We rewrite (2.8) in the form 

k 
(3.6) f(k + 1) = J ) g(j)f(k - ] + 1) 

5=1 
Then by (3.4), 

F(x) = x + ^ f(k + 1). k+1 
x 

k = l 

°o k 

= x + ] T x k + 1 ^ g(j)f (k - j + 1) 
k=l j=l 

OO CO 

= x + Sg(j)xj Sf (k)xk' 
5=1 k=i 

so that 
(3.7) F(x) = x + F(x)G(x) . 

Next, by (2.7), 

oo oo co oo co 

2 g(n+k,k)xn+k = 2 ^ ^ E g(J.i)g(n + k - j , k - j + l) = £ g ( j , j ) x j E g<n+k-l>k)xn + k - 1 

k=l k=l j=l j=l k=l 
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Hence, if we put 

(3.8) Gn(x) = J2 g(n + k - l ,k) x n + k X (n ^ 1) , 
k=l 

we have 

(3.9) G n + l ( x ) = G ( x>G
n

( x> (n ^ 1) . 

Since 

Gtto = J2 g(k,k)xk = G(x) , 
k=l 

it follows that 

(3.10) 

Next consider 

G(x,y) = 

Gn(x) = Gn(x) . 

oo co 

= ]C Es( n'k ) x ny 
n=l k=l 

= X) ^ + k-1,k)xj+k_lyk 
j , k = l 

OO CO 

= 2 y " j + 1 S g(J + k - 1. k ) (xy) j + k _ 1 

3=1 k=i 

oo 

= X) y " 3 + l Q 3 ( x y ) • 

by (3.10). Therefore 

(3.11) G(x,y) = ^ & 
1 - Y ^ ( x y ) 

On the other hand, by (2.3), 
co n + i 

G(x,y) = xy + x ] T ] P g(n + 1, k) x n y k 

n=l k=l 

co oo n k 

= xy + £ g(n + 1, n + l ) (xy) n + 1 + x ^ S Z ^ (2k~2J+1te(n» J ^ V " 
n=l n=l k=l j=l 
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00 n n-j 

k 

Since 

= G(Xy) + x J2 J ] s(n» ̂  y3 ^ ( 2 k + x>y 
n=l j=l k=0 

= G(xy) + x X g(n + j - 1, j ) x n + j _ 1 5^ J ] (2k + l )y k 

n , j=l k=0 

00 n _ i 00 

= G(xy) + x 2 y"n+1 X) (2k + ^Sst11 + i - !• AM*41'1 

n=l k=0 j=l 

<*> n - l 
= G(xy) + x S y~n+1 X { 2 k + i)yk • ° n ( x y ) 

n=l k=0 
00 

= G(xy> + x 2 ( 2 k + Uy-11 Gn+k+1(xy) 
n,k=0 

= G(xy) + xG(y) J - (2k + 1 ) Q k ( x y ) _ 
1 - y^Gfey) k = Q 

k 1 + z 

k=0 & " Z>2 

] P <2k + l)zk = 

it follows that 

(3.12) G(x,y) = G(xy) +
 x G ( x y ) - 1 + G ( x y ) 

1 - y""1G(xy) ( l - G(xy))2 

Comparing (3.12) with (3.11) 9 we get 

1 = x + x 1 + G(xy) 
1 - y"XG(xy) 1 - y_1G(xy) ( l - G(xy))2 

For y = 1, this reduces to 

_ 1 1 + x 1 + G(x) 
T^G® - T^m ( 1 _ G(x))2 

Therefore 
(3.13) G(x)( l - G(x))2 = x ( l + G(x)) . 

Now consider the equation 

(3.14) z ( l - z)2 = x( l + z) , 
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where z = 0 when x = 0. By [3, p. 125], the equation 

(3.15) w = W) (0(o) = x) 

where 0(z) is analytic in the neighborhood of z = 0, has the solution 

(3.16) \ ^ w__ d 9 (x) 
Z-rf n! , n -1 
n=l L ^ x=Q 

Later we shall require the more general result: 

(3.17) f (Z> = «°> + E TT 
n=l 

^n-1 

dxJ ̂  f'(x)<r(x) 
x=0 

If we take 
0(x) = (1 + x)(l - x)~2 , 

then 
00 00 

s=o \ / t=o x ' 
00 00 

x E v)( * ) 
m=0 s+t=m \ / \ / so that 

drf n̂ i r w = ^ - ^ i : ( t
n

+ i ) ( 2 n v 
:=0 t=0 ^ / \ 

Therefore, by (3.13) and (3.16), we get 

(3.18) 

Thus 

(3.19) 

G(x) s£i:(,:1)(*,V-1) 
n=l t=(M ; > ' 

g(n) i§(.^)(fcv-1) 
4. In the next place, by (3.7), 



1973] 

(4.1) 

Then, making use of (3.17) 9 
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x F(x) = 

(4.2) 

It is easily verified that 

F(x) = 1 + 2^ n! 
n=l 

1 - G(x) 

d11"1 (1 + x ) n 

, n -1 M .2n+2 
dx (1 - x) J x = 0 
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d11"1 (1 + x ) n 

, n -1 H v2n+2 
dx (1 - x) 

= (n 

so that (4.2) yields 

(4.3) 

Hence 

x=0 

00 ,- n -1 

i , !lG-)C"v+1) 
F(x) = x + 

n=l t=0 \ / \ I 

(4.4) *--*§(-)("+', + I) 
To determine g(n,k) we use (3.10)s that is 

(4.5) ] £ g(j + k - 1, k). 
k=l 

J+k-x = GHX) 

Taking f(z) = z ] in (3.17), we get 

n= ĵ 
i 
dxJ 

^ 1 / X M a + *)n \\ 
n-1 \ /n x2n } 

* V (1 - )̂ / J x = 0 
Since 

dxJ ^ ^ ) . . . * g i : , X f c v - ' ) 
it follows that 

(4.6) G3(x) = J 

Hence, by (4.5), 

oo n—i 

n=j t=QX ' / X / 
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(4.7) g(n, n - j + 

Next if we put 

(4.8) 

»-iz( , : , ) (*v-1) 

Fn(x) = ]T f(n + k - 1, k)x 
k=l 

n+k-1 (n s i) , 

i t follows from (2.9) that 

Fn+l(x) = 2 ] f(n + k ' k)xi n+k 

k=l 

= £ x n + k ^ ) g(j)f(n + k - j , k - j + 1) 
k=l j=l 

OO OO 

n-Hs-1 

so that 
(4.9) 

2 g(j)x3 £ ) f(n + k - 1, k)x] 

5=1 k=l 

Fn + 1(x) = Fn(x)G(x) (n ^ 1) . 

Hence, by (4.9) and (4.1), 

(4.10) 

We now apply (3.17) with 

Since 

we get 
OO 

n 
i F . ^ X ) = f(o) + y — 
x j+lv ' L*t n 

n=j 
It follows that 

Fn+1(x) = FWG^) = ftJgL) 

f(x) = 
1 - X * 

f*(x) = 

1 n-j 
j £ ( j + 

t=0 > 

•*£< 

0(M« 
(1 

' ) 

X3 

- x)2 

n- j -1 

•El 
t=0 

M O ) 

« . • . . . - ) • . > - | J E ( , ; t ) ( 2 n ; , ) + n f 1 ( ] + ; + 1 ) ( 2 ° \ t + 1 

or if we prefer 



1973] 

(4.11) f(n 
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+1'k+1)-l(°-k,S(-')Cv')i(-')(-) 
123 

Note that, when n = k9 (4.11) becomes 

f(k + 1) = f(k + 1, k + 

in agreement with (4.4), 
5* The total number of a r rays 

•)-is(i)(r1
t) 

(5.1) 

such that 

(5.2) 

is equal to 

aA a2 •••• an 

bi b2 ••• b n 

( m a x (a., b.) ^ min (a .+ 1 , b . + 1 ) 
| m a x (ai9 b.) ^ i 

(1 < i < n) 
(1 < i < n) 9 

n - l 
(5.3) 

(5.4) 

2 g(n>j) - f(n + 1, n) = f(n + 1) = i £ (t + l)( ^ V + *) ' 

Similarly the total number of a r rays (5a) satisfying (5.2) and an = b n is equal to 

n 
J^ f(n,k) = | (g(n,n) + f(n,n)) . 
k=l 

The numbers f(n,k), g(n5k) can be computed by means of the recurrences (2.1), (2.3). 

Checks a re furnished by (2.2) and (2.4). 

f(n,k) : 

[\ k 
n \ . 

1 
2 
3 
4 
5 

— 6 

1 7 

1 

1 
1 
1 
1 
1 
1 

1 

2 

1 
4 
7 

10 
13 
16 

3 

4 ; 
21 
47 
82 

126 

4 

21 
126 
324 

642 

5 

126 
818 

2300 

6 

818 
5594 

7 

5594J 
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g(n,k) 

° \ 

1 2™" 
J 3 

1 4 
| 5 
I 6 

1 

1 
1 
1 
1 
1 
1 

2 

3 
6 
9 

12 
15 

3 4 

14 
37 
69 

110 

79 
242 
516 

5 

494 
1658 

6 

3294 J 

6. We turn now to h(n,k), the number of a r r ays 

ai 

bi 
such that 
(6.1) 1 = bt = 84 ^ b2 

and 
(6.2) a. ^ i 

It is c lear from the scheme 

a-i a2 

bi b2 

a2 

b2 

< 

. . . an 

b n 

a2 < • • • < b ^ a = k 
4 n n 

(1 < i < n) . 

"" V i k 

• • ' b n - l j 

that 
k j 

h(n,k) = ^ S h ( n " 1 ' S) 

3=1 s=l 
This yields the recurrence 

(6.3) h(n5k) = ^ ( k " S + 1 ) h ( n " l s 

s=l 
(1 =s k < n) 

When k = n , it is understood that (6.3) becomes 

n -1 
(6.4) h(n,n) = ^ (n - s + l)h(n - 1, s) 

s=l 

It i s c lear from the definition that 

(6.5) h(n) = ]j£hfo,k) 
k=l 
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is equal to the total number of a r rays that satisfy (6.2) and 

125 

(6.6) i = b l = a 1 ^ b 2 ^ a 2 : s - - - ^ b n ^ a n 

The first few values of h(n9k) can be computed by means of (6.2): 

h(nsk) 

\ k 

1 

1 2 
3 

1 4 
1 5 

1 

1 

1 

1 

1 

1 

2 

2 

4 

6 

8 

3 

7 

18 

33 

4 

30 

88 

5 

143 

h(n) 

1 

3 

12 

55 

273 

The numbers in the right-hand column are obtained by summing in the rows. Thus the entries 
are h(n) as defined by (6.5). 

We shall now show that 

k 

(6.7) h(k + 1, k) =J2 Mj,j)h(k - ] + 1, k - ] + 1) . 
3=1 

Proof. Consider the scheme 

k - j + 1 

We choose j as the leas t positive integer such that 

a. ,i = b . , - = a. . 
3+1 3+1 3 

Such an integer exists because a, = k. Subtracting j - 1 from each element in the right-
hand sub-array5 we get (6.7). 

Next we have 
k 

(6.8) h(n + k,k) = 2 n0ij)h(n + k - J, k - j + 1) (D * 1) . 
3=1 

To prove (6.8), consider the scheme 

1 . . . j 
1 

3 ooe k 
3 

n + k - j 
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We choose j as above. The res t of the proof is the same. 
Now put 

OO OO 

n k (6.9) H(x,y) = £ £ x n y k • 
n=l k=l 

OO 

(6.10) H(x) = ^ h ( k , k ) x k = Hx(x) , 
k=l 

OO 

(6.11) Hn(x) = ] T h(n + k - 1, k ) x n + k 4 (n > 1) . 
k=l 

Then, by (6.8), 

Hn+1(x) = ^ h ( n + k, k): 
n+lv 

k=l 

n+k x 

k 
2 X 12 Mj, j)h(n + k - j , k - j + 1) 
k=l j=i 

= ^3 h(J»3)xj JT h(n + k - 1, k)x] 

5=1 k=l 

n+k-1 

so that 

(6.12) H
n + i ( x ) = H ( x ) H

n W <n ~ 1) • 

Therefore 

(6.13) H (x) = Hn(x) (n > 1) . 

In the next place 
n 

n k H(x,y) = 2 X)h ( n'k ) x l l y 

n=l k=l 

2 h(j + k - 1, k j x ^ " 1 yk 

] .k=l 
OO OO 

J2 y~3+1 X) Mj + k - l, Wfey)1"*"1 

j=l k=l 
OO 

2 y"j+1 Hj(xy) . 
J=l 
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Thus, by (6.13), 

(6.14) H(x,y) = H(xy) 
1 - y_1H(xy) 

On the other hand, by (683)s 

00 n+1 

H(x,y) = xy + x ] T ] P h(n + l f k)xn y k 

n=l k=l 

oo °° n 

= x y + 2h(n + * » n + D( x y) n + 1 + xZZh ( n + lj k ) * n y k 

n=l n=l k=l 
00 n k 

= H(xy> + x 2 2 *n yk2(k - J + 1 ) h ( n>3 ) 

n=l k=l j=l 
00 n n-j 

= H(xy) + xJ2 S hk>J>*n y 3 Z^ (k + X) yk 

n=l j=l k=0 
00 n -1 

= H ^ y ) + x H h(n + j - 1, jjx*1*3"1 y3 2 <k + Dy k 

n , j= l k=0 

oo n _ l oo 

= H(xy) + x 2 y - n + 1 X ; (k + 1) y k X ) h(° + J " L j M ^ " 1 

n=l k=0 j= l 

H(xy) + x Y, y " n + 1 S ( k + X) ^ H l l ( x y ) 

°° n -1 

Ey"n + 1E 
n=l k=0 

oo 

-n TTn+k+l, = H < x y ) + x J2 (k + ^y"11 H n + k + 1 (xy) 
n,k=0 

oo oo 

= H(xy) + xHCxy) X ) ( k + Dl^fey) £ ) y" n Hn(xy) 
k=0 n=0 

and therefore 

(6.15) H(x,y) = H(xy) + x H ( x y ) 

( 1 - y _ 1 H(xy) ) ( l - H(xy))2 

We now compare (6.15) with (6.14) and take y = 1. This yields 
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which reduces to 

(6.16) 

Applying (3.16), we get 
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1 . . x 
1 - H(x) 1 + 

( l - H(x))3 

Since 

H(x) 

j H - 1 

H(x)(l - H(x))2 = x 

-fS[^-i fc=0 

d "^ (1 - t ) ~ 2 n I = (n - 1)1 
n-1 

. d t 

we have 

(6,17) H(x) 

Applying (3.17), we get 

1 = < • > - > » ( » : ? ) • 
Jt=o x ' 

n=l % / 

H-j«^E^rsi( t j"i ( i- t r2n) 
I dt 

n=] L 

(j ^ 1) 
t=0 

This reduces to 

(6.18) 
n=j X ' 

It follows from (6.11), (6.13) and (6.18) that 

(6.19) h(n, n - j + 

In part icular , for j = 1, we have 

i) = i ( 3 * - 5 . - 1 ) ( 1 j ^ n) 

(n,n) = - ( i 1 • 
9 n I n - 1 / 

(6.20) h(n 

We shall now compute 
n n 

h(n) = S h(n,k) = J2 h(ri9 n - 3 + D • 
k=l j=l 

(6.21) 

[Apr. 
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By (6.19) and (6.21), 

n-1 
h(i 

129 

*-Si(\-V)-i5>-»(*,7"1) 

" 5 ( * , V " 1 ) - J S J ( * , V " 1 ) 

j=0 X / j=o \ / 

= /3n - l \ / 3 n - l \ 
I 2n I " I 2n + 1 1 9 

This reduces to 

(6.22) h(n) 

7. By (5.3), 

(7.1) f(n + 
u = # ) ( - ) 

enumerates the number of a r rays that satisfy (5.1) and (5.2). 
Consider the quantity 

(7.2) ^ n . t ) ^ ) ^ ) ( l . t . n ) . 

Clearly nU(n,t) is an integer Moreover 

™-^:i)(?-v)-^(":0(*,«1)' 
so that (2n + l)U(n,t) is also an integer. Since both nU(n,t) and (2n + l)U(n,t) a re inte-
ge r s , it follows that U(n5t) is itself an integer. The question then a r i ses whether U(n,t) 
can be given a simple combinatorial interpretation. In the special case t = n, we have* by 
(6.22) 
(7.3) U(n,n) = h(n) ; 

however the general case remains open. 
A curious relation between G(x) and H(x) is implied by (3.13) and (6.16): 

(7.4) G(x)( l - G(x))2 = x ( l + G(x)) , 
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(7.5) H(x)( l - H(x))2 = x . 

Since the equation 

(7.6) z ( l - z)2 = u, z(0) = 0 

has the unique solution z = H(u), it follows from (7.4) and (7.5) that 

(7.7) H ( X ( I + G(x))) = G(x) . 

By (3.8), (3.10), (6.11) and (6.13), we have 

OO 

H ( X ( 1 + G W ) j = J^ h(k,k)xk ( l + G(x))h 

k=l 

k 
^ M k , k ) x k £ ( ^ ( x ) 
k=l j=(A ' 

k=l j=l ^ / s=l 

r»=9 n-l-lr4-a_1 =rt * ' 

3 

k 
H(x) + V h(k,k)x" V I \ ] Y g(J + s - 1 , s)x-j+s -1 

= H(x) + 2Lf x 2LJ \ A I li(k:,k:)g(j + s - 1, 
n=2 j+k+s-l=n 

Thus (7.7) yields 

i+k^n x / 
(7.8) g(n) = h(a,n) + ^ I * i h ( k ' k >g( n - k, n - j - k + 1) . 

j+k^ 
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