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In a previous article [1], the writer has presented properties of certain numbers An
defined by the generating function

@) f) = (- i+ Wt = > A u
. =0

In addition, Professor H. W. Gould of West Virginia University, in a recently pub-
lished paper [2], has indicated several additional identities for the A~ coefficients.

We now introduce the generalized numbers An(x) defined by the generating function
0
(2) gu,x) = @ -wla+w =) A @",
n=0

which is valid for all real or complex x; from this, the following relations are evident:
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The purpose of this paper is to present some properties of the coefficients An(x).
Gould [2] has demonstrated that most of the identities shown in [1] are old results, citing
numerous references to substantiate this claim. Likewise, in private communications with
the writer, Gould has indicated that the coefficients An(x) have been studied extensively by
previous mathematicians. However, Gould [2] indicated that one identity proven in [1] ap-

peared to be new in the literature, and restated it in the following form:

n N2 i\ D 1
_ A Y R "3 Yon + 1
(8) Afl_ E(k) _(n)2<n—k)2k+1

k=0 k=0

Gould, who as well as being a mathematician of the highest order, is an expert in the field of
information retrieval, was impressed by the apparent novelty of the relation in (8), and his
closing remarks in [2] stimulated a search for a suitable generalization of (8). This search
was initiated by the writer in an effort to find a single-sum expression for the coefficient
Afl(x). In this respect, he has failed. However, the writer did discover an unexpected gen-

eralization of (8) by empirical methods, and this is expressed in the following elegant form:

n % - l n x - 1
3 3
A (x - —;)An(—x -1 = E ( K ) . E ( K )
k=0

k=0
9

1t is easily seen that when x = 0, Eq. (9) reduces to (8). Relation (9) would appear
to be a new combinatorial identity.

Before we furnish a proof of (9), we will present a list of various identities involving
the An(x) coefficients, each identity accompanied with a brief indication of the method used
in its derivation. The purpose is to familiarize the reader with some of the known results.

The An(x)'s satisfy the following second-order recursion:

(10) (n + 1)An+1(X) - x + 1)An(x) + (x - n)An_l(x) =0.
Recursion (10) is easily verified from the definition of An(x) in (56). For x = —-%, it be-
comes recursion (7) in [1].
[n/2]
_ n kfx\f-=x-1 .
(11) A = (D" Y D (k>(n ) 2k) ;
k=0

derived by expressing g(u,x) in the form (1 - u)—l"x(l -u®)*, and obtaining the convolute.
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For x =4, (11) becomes formula (11) in [2].
n
(12) A = (D ( i) Y 2F ( ﬁ) ol
k=0

derived by expressing g(u,x) in the form

X
a- w*?t (1 +ﬂ.) ,

l1-u

and obtaining the convolute. For x = -1, this becomes formula (12) in [2], which was pre-
viously stated in variant form as formula (22) in [1]. NOTE: Identity (12) has been sub-

mitted to Advanced Problems Editor as a proposed problem.

n (E)
(13) A (®) = (’é)Z \ /kx-n

< x -k
k=0 (k)

derived by obtaining the convolute of the function g(u,x) expressed in the form

-1
x-1 Zu\
(1 + u) 1'1+u/ .

For x = --% , this becomes formula (13) in [2].

©o
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(14)

oo

2

n=0 (2n - 2x) (i)n!

(using (12) above). For x = --;, this becomes formula (11) in [1], restated by Gould as
formula (14) in [2].

. _% )nAn(X)uZn-Zx

k
n X - n
2" = E Ak(X)

< X - k
ez (k

n
(16) 2" = (’;)Z (S (i> A x) Z=F

ko ( k)
Relations (15) and (16) are obtained from (12) and (13) by inversion. For X = - -% , (15) and
(16) become (15) and (16), respectively, in [2], which Gould obtained by the same method.

(15)

/21 (5

n-11 nfx\*t _[n](Zk A X -n
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k=0 (;k)
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2] (0
n-1 n{x -1 zk +1 -n
(18) 2 1 - (-1) <n) = E

X
- Agenn® x93
(2k + 1)
Relations (17) and (18) are obtained by respectively adding and subtracting (15) and (16).
When x = ——é , (17 is equivalent to (17) in [2].

k=0

ey n 2n—2x
w) XL [l X (1)
0'/ Z (2n - 2x)
(19) .
Z( ll+1A ( ) u2n-2x
- (nj -
-2x~-1 n 2n—2x n+1A (x) 2n-2x
t (-1) u
(20) '——T .
of”tz Z en - 2 I{‘; (X-n)<n> @ + )"
1
(21) A = (2 - 2% (ﬁ) f 2% Lo _ 1)Pgt

A proof of (19) is indicated below. Let the left-hand side of (19) = y, i.e.,

0 ©0

k 2k-2x
y:Z(—x—1>(1)n znz(k)(;i{ilzx ZGUZn-Zx,
n=0 k=0
Or 0 0
k 2k-2x .
_ (-1)"u -x -1 n-k 2n-2k
= 2 (%) e z(n-k)w L
k=0 =k

-X -1

e
n_

]

We will return to the above expression, but first we will direct our efforts toward finding an
expression for Gn, ag defined above. If we differentiate the integral expression for y and
its series form:

0
HeLyElg L ey s gu + D@ - w) Ty = D) @n - 296 o

n=0

y' o= (1 - u?)
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1-uw)y = w2l 2u(x + 1)y ;
converting this differential equation into series form by means of the foregoing relations, we

obtain a recursion: (n + 1 - x)@m_1 = (n+ 1)6n(n =0,1,2,--); 1=-2x0; (x # 0). By an
easy induction on this last recursion, we obtain the expression

_ n+l [
6, = (-1 /z(x - n)(;i);

this proves the first identity of (19). We may convert such form as follows, by use of (16):

) n n
_ ()" 2n-2x g~ 20-2X <x k\k) A%
y = = (X - n) ('1) —
) k ©
) Z (-1) Ak(;i) Z -Z—H—l(ﬁ> o 2n-2x
k=0 & - k)i k) n=k
) k ®©
B (-1) Ak(X) -n-k-1/n + k\ 2n+2k-2x
= Z ( ) X Z—Z k 4
k=0 ¥~ k | n=0
k+1 -k-1
(-1)" A x)2
Kk u2k-2x g _%uz)-k-l ,

vy =, =
k=0 (X'k)<k)

which reduces to (19). If we return to the double summation expressionfor y which we first

obtained, we arrive at the interesting identity:

(22) L =‘Z(§)(_§:;)

X X -k
(X_n)(n) k=0

Relation (20) is similarly obtained from (15) being substituted in the first identity of (20), which
is readily obtained from the integral expression by direct integration of a geometric series.
Relation (21) is derived from (12), and may be verified by expansion of the integrand in

(21), term-by-term integration and comparison with (12).

0

A () J () u®

2n _
23) z & - 1) Exj atnt (qu™ = Z x - oo’
n=0 nj n=0
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Relation (23) is obtained by employing the definition of Jn(u), the ordinary Bessel
function of nth order, and relation (12).

u

2n-2x
(24) f 2=l y¥gp = E (-1) ( ) e

0 n=0

Relation (24) is obtained by expansion of the integrand and term-by-term integration of
the result.

By the substitution of x = __; in (19)-(21), (23) and (24), we obtain Gould's identities
(18), (19), (21) (in variant form), (28) and (35) in [2]. _

By the substitutions u = iv, t = is in (19), (20) and (24) (and reconvertingback to the
dummy variables u and t), we derive the following:

u ]
2n-2x
(25) @ + u2)*-1 f 2l s )%ar = Y -
0 n=0 (@n - 2x) n)
) E An(x) 2n-2x
X 9 \h+1
- x)(n) @ + u?)
by ° A ( 2n-2
26) 1:—:?.x—l i Z 2n—2x _ Z 0 X) y2h-2x
1 - t2 2n - ZX (Il _ X) X (2 _ uZ )n+1
0 n=0 n
u 0
2n-2x
-2x-1 2\ X _ X\ u
@) ft (1+t)dt—z<n>——-—2n_2X
0 n=
If, in (19), we make the substitutions
u’ = v, £ - s?
2 - ul 2 -t

(and then reconvert to the dummy variables u and t), we obtain:

* A_(0u"2%
(28) Q- w)*1 f ~2x-1 @ - )% .

D™
1+t E (2n_2x)z;i$

The ""conjugate' of (28) is the following:
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0 2n-2x
2 A x)u
(29) (1+u)x1ft—2x—l(1+t) dt:z n
1 -t = @n - 2x)

Another genus of relations is obtained by considering variations in form of the basic definition

of g(u,x) in (2), or related functions. For example, since

xX+r 1 -xX+8 r+s

1+uw + w = (1 +wu )

we arrive at

IO NS

This is simply a special case of the Vandermonde convolution theorem; its chief point
of interest here is the invariance of (30) with respect to x. Setting r = 0 and s = -1, as

a special case of (30), we have:
- \
3 Z(’é‘)(;"_‘é) - (‘nl/ - "
/

k=0

By considering the convolution of the expression

@+ e+ a0t - ar0a-w?t,
we obtain the following identity:
n
X+ r _
(32) > (n i K)Ak(—r +5) = A(r+s)

k=0

Again, the interesting point in (32) is the invariance with respect to x of the right member.
When r = 0, s = X, we obtain the expression in (5) for An(x). By setting x = 0 and s =

x in (32), we obtain the recursion:

n
(33) An(x + 1) = Z (E)An__k(x)

k=0

Another interesting identity displaying invariance on x is obtained by considering the con-

xX+r a- u)'l S+ )-x+s( 1 )r+s a- u)—Z.

volution of (1 + u) -w) " = (1+u



232 SOME GENERALIZATIONS SUGGESTED BY GOULD'S SYSTEMATIC [Oct.

n
(39 Y AK+DA (x+8 = @m+DAC+e) - (+A (r+s -1
k=0
As special cases of (34), for r = 0, s = 0, we obtain:
n
(35) DA M®A (X =n+1.

k=0

For r = 0, s = -1, (34) yields:
n

(36) DSOAMA (x-1 =1+ [{n]
k=0

By considering the sum

r-1 <k
(1 + u) =(1+u)x_(1+u)]f-1
1-u 1-u u

k=0

we obtain the following recursion:

r-1 n
(37) ZAn(x+k) =Z(H_E+1>Ak(x)
k=0 k=0

For r = 2, we obtain as a special case of (37):

(38) An(x +1) = An(x) + An— X) .

X
We may also derive (38) by letting r = 1 in (33). As should otherwise be evident, this is
the same recursion satisfied by the binomial coefficients, i.e., if (i) is substituted for
An(x).

The list of identities in (10)-(38) is by no means exhaustive, and indeed it should have
by now become evident to the reader that the variety of derivable identities stemming from
the basic definition in (2) is virtually unlimited. As previously intimated, Gould [2] has ob-
served that far more general results are available in the existing literature, and it is pri-
marily for this reason that (10)-(38) have been offered with a minimum of explanation. The

real purpose of this paper istogive aproof of (9), and the other identities have been presented
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solely for the sake of exposition. The proof of (9), which follows, depends on differential
equations and the method of equating coefficients. The writer was unable to obtain a more
direct proof, and this is left as a project for the interested reader.

We begin by adopting the following definitions, in the interest of simplicity of expression:

(39) C,=Ak-3; T =A(x-4)
(40) Q, = cnﬁn
(1) R = Q- Qg

X - 4 -x - 4
42) Jn=(n2); 3n=( n2>
(43) K = Jnin
(44) q =K =} -x

Some useful relations are indicated below, which are evident from the definitions given
in (39)-(44):

(45) Cn = Cn-l + Jn; Cn = Cn—l + Jn
X + %_ -n _ -X + ;— -n\ _
(46) Jn - n Jn—l; Jn = n Jn-l
(3 -n? -
— q + n(n - 1)
@7 Ky = 2 K1 5 Kpo1 -
n n

Our aim is to first obtain a recursion for the coefficients Qn, then to show that the
same recursion, with the same initial conditions, is satisfied by the expression in the right
member of (9). The following development makes free use of the relations and definitions in
(39)-(47):

R =CC -c_ .C =cn?3’n_(cn-Jn)(6n-3n),
or

(48) R =JC +3C_ -K

If we increase the subscript in (48) by unity, multiply by (n + 1), and apply (45)-(47),
we obtain:

(n + 1)Rn+1 = (n + 1)JI1+1

(C,+3 ) +@+1J € +J )-@0+IK

n+l n+1°’

or
= R (o} x - L - n7T
(49) (n + l)Rn+1 (x > n)JnCn + (-x 5 n) Jncn + (n + l)Kn+1 .

If we decrease the subscript in (48) by unity, and again use relations (45)-(47), we
obtain:
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=3 = el T —-.-.n_
Rn-l = Ch19p1 Cn—lJn—l - Ko (Cn - Jn)(x L1 n)Jn
2

2
n = n
+(Cn_Jn)( 1 )Jn_(q+nin—1; X,
-X + F - n
Multiplying the above throughout by

(x+%—-n)(—x+l-n)

5 _g+nn-1 (g+nn-1) - 1 T
n - n ’ n Rn-l =(x+g- n)(€n - Jn)Jn
. -
or + (X + 5 n)(Cn - Jn)Jn - nKns
9 _ = (- L. c L )T -
(50) (n e 1) Bp_1 (x +3 n)Jncn Tty n)Jncn + DKD

If we now multiply (48) throughout by 2n and add this result to the sum of (49) and (50),

we obtain the following recursion:
q -
(51) n + 1)Rn+1 + Zan + (I-f +n - 1>Rn—1 = (n + 1)(Kn+1 - Kn)

If, in (51), we substitute for Rn the expression Qn -Q from (41), and similarly

n-1
for the other subscripts, we obtain a third-order recursion involving the Qn's:

m +DQ,; + 0 - 1Q, +(% -n- 1)Qn-l - (% - 1)Qn—2

(52) =
= (n + 1)(Kn+1 - Kn)
This, then, is the recursion which we now seek to demonstrate is also satisfied by the
expression in the right member of (9).
We begin by introducing some additional definitions, again for the sake of brevity:

n x—%-n n x+%+n
(53) P =3 )7  ——— P =733
n n n-k L _k n n n-k Ly +k
k=0 X-5- k=0 Y
—X——l u t‘x-é —
(54) h = w(u,x) = -1 +n) 2 f =T dt ; h = w, -x)
0

The statement of identity (9) may then be condensed to the simple form:
(55) Q =@ +P).

Since
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and
4 t—x—-% * u—X+1f+n
- ) T s X ——
0 n=0 * 77 - "
0 n 0 n -
—x+-1f+n -X - _:21 1 —x+1i+n Jn_k
LD PR 3 N T DL Ve
n=0 k=0 S n=0 k=0X 7 3
Comparing the latter expression with the first definition in (53), we have:
1 1
0 Pn u—X+-z.+n _ 0 :_ﬁn u+x+_2_+n
(56) h = Z—————; similarly, h = Z

1 1 T
=0 x - ;- n)Jn (-x - 5 - n)Jn

n=0

By differentiating h, we obtain the expressions:

0 -x+1+4n © -x+1+4n
-P u 1 -n + 1)P u 2
(57) ho= Y ——ni}-—-—-— = P4 Y n+l
1
=_1 n+l n=0 (X -3 - n)Jn
o -x+d4n
n+2)P  u %
_ 1 —X—3/2 n+2
b= G+ 5) Pou > Tn+1

n=-1

(58) 1
-X+=+n
n+ 1)n + 2)Pn+2u 2

0
% _x 1
(x+-%)P0uXS/2+P1uX7+Z

1
n=0 x -3 -0J,

2

On the other hand, if we differentiate h, as defined in (54), we obtain:

1
1 1 _ %o u _X_'Z
b= -+ Wi - w7 x4 P +uw x-3/2 of t1 e
1 1 -
= —@ I - T - e DA+ 0T e,
or:
_x+1 _x_.%
(59) (1 -vud)h' + (x+§Q-wh+@+uw)" 2Zu =0.
By a second differentiation, % + % X - _; rd ot
(1 - ud)h" - 2uh' + (x + 4)@ - wWh' - (x + $)h ={T+1+u @ +w™ 2u™2
A JELE | PR 1
— _ 1 -
= At {@ - v+ x+ )@ wh}

or after simplification:

60) (u+ u? - u - ub)h" + {(x +4) + (Bx + %)u - (x + 5/2)u® - (3x + 5/2)u3}h'

+{(x + P+ (x + P - 3/2u - 2(x + _;)Zuz}h =0 .
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By means of the geriés form for h in (56), for h' in (57), and the identity:

x+} -x-% - 'X+§1 x4+ X-4 - (-x + § x+i+n
(1+u E n 7 u + E =T Jpu ? ,

n=0

we may convert (59) entirely into series form, with certain manipulations based on proper-
ties of the binomial coefficients, designed to maintain the exponent of u in the various ex-

pressions the same (-x + 1 +n, in our development), and to contain the factor Jn in the

2
denominator of each expression, which may subsequently be cancelled. If we do so, we ob-

tain the following:

0 -x+ +n © —x+ -+n
Z.-(n + l)Pn-H +Z (x +-L . n)P 1Y t
n0 X - F-ndy n=
...x+.i.+n ] _x+1 =)
P («x + 1) 1
+(x+.1)2 ._(x+1)§:_5‘_.___+§:_n_:_1i'j'nu‘x"'i+n
(x - T - n)J n=1 n=0

If we now equate the coefficients of similar powers of u in the above expression and
simplify by multiplying throughout by (x - %— - n) Jn, we obtain:

K
Py =q+28; -0+ PP - (x-F - n)P +(x+-21-)Pn=(x—«fr)(X—%--n)n—£-}-l,
or
- - 4 - = 9 -4 =
61) @+1H® . -P )-&+HPE@ -P ) {n o S Z}Kn (=1,2,-+")

P():l, P1=q+2x .

By a similar, though more complicated manipulation of the series in (56)-(58), we may ex-
press (60) in geries form, yielding another recursion for the Pn's. The development is
omitted here, since it is somewhat lengthy. The interested reader may, with a little elbow

grease, verify that the following form of the recursion is first obtained:

2 4 4 -q-n?-
"(n+1)2P . x(p + 2) +q +n +EnP+xn q-n znP
n+1 n n-1

D -L- n
X=-3z-n x-%1-n

-'—'—“-"*—'—"‘q h n2 =1 = = see
‘ + T Pn_z =0 H (n - 2, 33 4:, ) ’

with , \

Py = q + 2%, P, =1, Py, = (.2q - 1) + xq .
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By multiplying the latter expression throughout by n(x - ;- - n), simplifying the result, and
shifting the terms around, as the reader may verify, the following form of the recursion is
obtained:

-nm + DAP L - P g) +tolg oo + NP - P o)

*(4q -n + D)@, -P ) +{nw+D@ -P ) -@+n0-D)P, ; -P o )}x
=0

(for n =2, 3, --+); with Py =1, P; = q+2x, Py (-'ZLq - 1?4+ xq.
We may further simplify (61) and (62), if we introduce another symbol:

(63) V =P -P )
which also yields:

By substituting the appropriate expressions in (61) and (62), we obtain:

(64) (0 + DV, - K ) = - -0V, +K)

(making use of the relation

q -
=3 +TKn = (n + 1)Kn+1 - nKn s
a variant of (47)), and

. -n@ o+ DAV + V) +nlg +n@ o+ )V L+ V) + (Ja -0l + IV

+n(n+2)an— (g + nn - 1))an_1 = 9,

Rearranging the terms in (64), we obtain an expression for an :

= 1 -
(66) xV = xK + 0+ DOV +K)+@+ DV, -K,)

If we substitute the expression in (66) and the corresponding expression with the subscript
reduced by unity in (65), again use (47) in variant form, and simplify, (65) is transformed to

the following form:

q = -
(67) (n + 1)Vn+1 + ZnVn +(H+n - 1)Vn_1 (n + 1)(Kn+1 Kn) +2XKI‘1 .

The reader may verify the simplification to the above form, using the indicated proce-
dure. If we now replace the Vn's in (67) by the corresponding Pn's, in accordance with

(63), we readily obtain the following recursion involving the Pn's:

q a
(n + 1)Pn+1+ n - 1)Pn + (H -1n - l)Pn__1 - <n +n - 1) Pn_2

(68) =@+ DK, - K)+2xK .
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If we replace x by -x in (68), observing that q and the K 's are even functions of x, we
obtain the ""conjugate' of (68):

— P 5 -q-.- _ —_— _ g' _ —
n + l)Pn+1 + (n - 1)Pn + (n n l)Pn_1 (n +n 1) Pn_2

= +DEK ., -K)-2xK .

(69)

If we add (68) and (69) and divide by 2, we obtain the following recursion involving —; (Pn+ ?n),
the terms involving x cancelling:

1 b2 (n-1)4 P d_n-1)4 b=
+1)3®@ , +P )+ l)Z(Pn+Pn)+(n n 1)2(Pn—1+Pn—1)

(70)
—(% *tan- 1)%(Pn-2 * T;n—2) = (n+1)(Kn+1 - Kn)

Comparing (52) with (70), we see that —;(Pn + T”n) satisfies the same recursion as Qn' We
need to demonstrate only that Qn = -; (Pn + fn) for n = 0, 1, and 2, to complete the proof
of (55), i.e., (9). We have already demonstrated that

Pp =1, Py =gq+2x, Pp=(iq-1%+qgx.

Therefore,

-;(Po'*‘?o):l; —;(P1+T51) '%(Q"'ZX"'CI-ZX):Q; %(Pz"'ﬁz)

I

3{Ga - D +ax + (Ja- D¥-ax}=(§q-1°

1 {(a g q ax q .

We may verify that : z
Cp=1, € =4+x, ©Cp=4x2+78=1-14q,

from (5), substitufing x - 4 for x. Then
Q=1 Q=W+ -%=q Q=0-4d?.

This completes the proof of (9).

The limits of convergence of the power series in this paper have been ignored, since we
have treated these series as formal generating functions of the coefficients under investigation.

It was initially remarked that this study was originally motivated by a desire to find an
expression for A;(x) in single-summation form, and that this effort was unsuccessful. How-
ever, certain results were obtained which suggest areas of investigation for the interested
reader. A recursion for the Afl(x)'s may be derived in the following manner. We begin by
introducing a new definition:

(71) T, = Afl (x) - Afl

_1(x) .

[ x
AR -A & —<n) s

By using the property

and recursion (38), we may obtain an alternate expression for Tn:
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T, ={A,@ -A 0HA ®+A ],

or
X
(72) Tn = <n)An(X + 1)
Therefore,
n n n
IEEDY (TR B 3 (3 IR
k=1 =1 =1
which yields:
n
(73) AR = Z(§>Ak(x +
k=0

Of course, there is the more obvious identity:

n
(74) Alx) = An<x>2(§) ,
k=0

which is simply (5) multiplied by An(x).
Neither (73) nor (74), however, are single-summation expressions, since they involve
the coefficient Ak(x) (or An(x) ), which is itself a single-summation expression.

The recursion for the Afl(x)'s is obtained by substituting

X
n
for An(x +1) in:

@+ DA x+1)-&+2AK+D+E+1-nDA &+1) =0,

which is simply (10) with x + 1 replacing x. By eliminating the combinatorial terms, we
first obtain a second-order recursion involving the Tn's:

(75) n(n + 1T

- nx + 2)(x - n)T‘n +(x -n)x+1- n)Tn__1 = 0.
By substituting the expression in (71) for the Tn's in (75), we are led to the required
recursion:
272 2 2 2
nn + 1) An+1(x) + {n(x -n) - (x+1) }{nAn(X) - (x - n)An_l(X)}

(76)
- x-nx+1- n)zAil_z(x) =0

It should be observed that if the substitution x = --% is made in (76), and the substitu-

tion x = 0 is made in (52), the same recursion results in either case, namely:
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272 2 41 1 2 1) A2 1)(n - L)2A2 =
(77) n(n + 1) An+1—(n +2—n+I)(nAn+(n+z-)An_1)+(n+2)(n Z)An_:2 0.
(It is not immediately obvious that (52) reduces to (77) for x = 0, but if we observe

that, in such case, Q = Afl and q = 11, we may use known relations to show that

(n + 1)(Kn+1 - Kn)
may be expressed in the form:

1 2 2
s (&’ + 14n +6)Q ;- én +3)Q - (80 + 10n +3)Q .}

Substituting this expression in (52), we obtain a form free of terms involving Kn's which
reduces to (77).)
In passing, we leave the reader with one possible form of expression for A121(X)’ which

is suggested below by indicating the first few terms:

_[2n x x nd +2n% +3n -4 x
(78) Aﬁ(")”(n){(2n)+‘§(’1+2><2n-1)+( S0 - 4 )<2n—2)+ }

1t is not difficult to prove (78) by induction, as far as it goes, but the subsequent terms
become increasingly obscure, as the difficulty in obtaining them also increases. The writer
failed to see any pattern in the terms of (78), but that is not to say that one does not exist.

The writer gratefully acknowledges the impetus provided by Professor Gould for this
paper, and his invaluable aid in pointing out the known results.
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