
IRREDUCIBILITY OF LUCAS AND GENERALIZED LUCAS POLYNOMIALS 

GERALD E. BERGUM 
South Dakota State University, Brookings, South Dakota 57006 

and 
VERNER E. HOGGATT, JR. 

San Jose State University, San Jose, California 95192 

1. INTRODUCTION 

In [5] , Webb and Pa rbe r ry discuss several divisibility propert ies for the sequence 
\ F (x)} of Fibonacci polynomials defined recursively by 

(1) F0(x) = 0, Fife) = 1, Fn + 2(x) = xFn + 1(x) + Fn(x), n ^ 0 . 

In part icular , Webb and Pa rbe r ry prove that F (x) is irreducible over the integral domain of 
the integers if and only if p is a prime. 

In [l] , Bergum and Kranzler develop many relationships which exist between the s e -
quence \ F (x) } of Fibonacci polynomials and the sequence \L (x)} of Lucas polynomials de -
fined recursively by 

(2) L0(x) = 2, Ljfe) = x5
 L

n + 2
( x ) = x L n + l ( x ) + L n ( x ) ' n ~ ° ' 

Specifically, Bergum and Kranzler show that 

(3) L (x) I L (x) iff m = (2k - l)n, k ^ 1. 

With n = 1, we see that X | L (X) for all odd integers m so that the result of Webb 
and Pa rbe r ry does not hold for the sequence (L (x)}. 

In [4] , Hoggatt and Long show that the result of Webb and Pa rbe r ry does hold for the 
sequence {u (x,y)} of generalized Fibonacci polynomials defined by the recursion 

(4) U0(x5y) = 0, Ui(x,y) = 1, u
n + 2 ( x ' y ) = x U n + l ( x ' y ) + y U

n
( x ' y ) ' n - ° -

The purpose of this paper is to obtain necessary and sufficient conditions for the i r -
reducibility of the elements of the sequence {L (x)} as well as the elements of the sequence 
{v fe,y)} of generalized Lucas polynomials defined by the recursion 

(5) V0fe,y) = 2, Vi(x,y) = x, Vn + 2fe ,y) = xVn + 1fe,y) + yVn(x5y), n > 0 . 

The first few terms of the sequence { V fe,y)} are 
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n 

1 
2 
3 
4 
5 
6 
7 
8 
9 

V (x,y) n J 

X 

x2 + 2y 
x3 + 3xy 

x4 + 4x2y + 2y2 
x5 + 5x3y + 5xy2 

x6 + 6x4y + 9 x V + 2V3 

x7 + 7x5y + 14x3y2 + 7XV3 

x8 + 8x6y + 20x4y2 + 16x2^ + 2V4 

x9 + 9x7y + 27x5y2 + SOxV + 9XV4 

Observe that L (x) = V (x,l) so that with y = 1, we also have the first nine te rms n n J 

of the sequence { L (X)} . 

2. IRREDUCIBILITY OF L (x) 
nN 

The basic fact that we shall use is found in [2, p. 77] and is 
Theorem 2.1. (Eisenstein's irreducibility cr i ter ion.) For a given prime p, let 

F(x) = a x + a .. x ~ + • • • + a<x + a0 n n -1 2 u 

be any polynomial with integral coefficients such that 

a = a 9 = • • • = a0 = 0 (mod p) , a i 0 (mod p ) , a0 £ 0 (mod p 2 ) n—x \\—u n 

then F(x) is irreducible over the field of rationals. 
To establish our first irreducibility theorem, we use the following. 
Lemma 2.1. Every coefficient of L (x), except for the leading coefficient, is divisible 

2 n 

by 2 and 4 does not divide the constant term. 
Proof. If n = 1 then L2(x) = x2 + 2 and the lemma is obviously true. Assume the 

lemma is true for n. 
In [1] , we find 

(6) L2k(x) = L2
k(x) - 2 ( - l ) k . 

Hence, 
(7) L2n+1(x) = Ljn(x) - 2 . 

By the induction hypothesis, it is obvious that L ,-,(x) is monic and every coefficient 
of L .. (x) is divisible by 2. Fur thermore , since L (x) has constant te rm +2 we see 

2 n+ l 2^ 
that L2 (x) has constant te rm +4, thus L ^(x) has constant term +2. Therefore, the 

2nv 2 n + 1 

constant term of L .. (x) is divisible by 2 but not by 4 and the lemma is proved. 
An immediate result of Lemma 2.1 with the aid of Theorem 2.1 is 
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Theorem 2.2. The Lucas polynomial L . (x) is irreducible over the rat ionalsfor k ^ 1. 
2K 

Although L (x) is not irreducible if p is a pr ime, we can show that L (x)/x is i r -
reducible for every odd prime p. 

F i r s t we note, as is pointed out in [l] , that 

(8) Ln(x) = an + /3n , 

where a = (x + ^x2 + 4)/2 and |3 = (x - N/X2 + 4 ) /2 . Hence, if n = 2m + 1 we have 

Ln(x) = (x + N;x2 + 4 ) n / 2 n + (x - N / x r + T ) n / 2 n 

n * * n 

k x n - k ( x 2 + 4 ) k / 2 
= 2 I > . i r i r v + 4 r - + > 11 K-D^X a(X2 + 4) 

(9) 

= 2 

\k=o x ' k=o \ / 

k=0 \ / 

ti:(i)(^ 
k=0 s=0 x f x f 

Therefore, 

m k / \ / \ 

k=0 S=0 X / V / 

m k 

= 2-(n-1>WL?WkUn-2s22s . 

2 2 s , n = 2m + 1 

For each s, 0 < s < m, we see that the coefficient of x is 

(11) 2 - ( n - 2 s - l ) > , - 1 1 - 1 n = 2m + l . §W0) k=s 

When s = 0, we have the leading coefficient of L (x) which is 1 so that 

When s = m in (11), we have the constant term of L (x) which is n. If we now let n be an 
odd prime p and recall that p divides 

U) 
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if p is a pr ime, then p is a factor of (11) for each value of s, 

S ~ 2 

Hence, by Eisenstein 's cri terion, the following is true. 
Theorem 2.3. The polynomials L (x)/x are irreducible over the rationals if p is an 

odd prime. 
By (11) and the fact that the coefficients of L (x) are integers, we have 
Corollary 2.1. If n = 2m + 1 then 2 divides 

UW) 
for any s such that 0 ^ s ^ m. 

Using (3) together with Theorems 2.2 and 2.3, we have 
Theorem 2.4. (a) The Lucas polynomials L (x), n ^ 1, are irredicuble over the ^ n 

rationals if and only if n = 2 for some integer k — 1. 
(b) The polynomials L (x)/x, n odd, are irreducible over the rationals 

if and only if n is a pr ime. 

3. IRREDUCIBILITY OF V (x,y) 

It is a well known fact that 
n 0n 
a. -

and 
(14) Vn(x,y) = an + /3n , n ^ 0 , 

(13) U (x,y) = „ " P , n s> 0 

where a = (x + \/x2 + 4y) /2 and j3 = (x - ^x2 + 4y) /2 . 
In [4] , we find 
Lemma 3.1. (a) For n ^ 0, 

[(n-l)/2] 
TT . v \ ^ / n - k - 11 n -2k - l k 
Un( x'y ) = L J I k ) X y • 

k=0 X ' 

(b) For n > 0, m > 0, 

(U (x,y), U (x,y)) = U, , (x,y) . m J n ,J (m,n) J 

Using (13) and (14), a straightforward argument yields 
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Lemma 3.2. (a) V^x .y) = y U ^ x . y ) + U n + 1 (x ,y) , n a 1 ; 

(b) U2 n(x,y) = Un(x,y)Vn(x,y), n 2= 0 ; 

(C) U 2n ( x ' ^ V (2k + l )n + l ( x >y> + ^ k - D n ^ 

= V ( 2 k + l ) n ( x ' y ) U 2 a + l ( x ' y ) -

Using (a) of Lemma 3.1 and 3.2, we have, for n — 1, that 

[(n-2)/2] . . [n/2] , v 
, , , v X P n - k - 2 ) n-2k-2 k+1 ^ V""* / n - k \ n-2k k 

V^ = 2 ^ \ k ) x y + XJ I k ) x y 

k=0 * ' k=0 X ' 

[n/2] [n/2] 

k=l x / k=0 x ' 

[n/2] 

(15) 

E / n - k - l \ n n-2k k , n 
1 k - i k x y + x • 

k=l \ ; 

Hence, 
Lemma 3.3. (a) For n ^ 1, V (XjV2) is homogeneous of degree n. 

(b) If n is odd then x is a factor of V (x,y2) and V (x,y2) /x is ho-
mogeneous of degree n - 1. 

By (b) of Lemma 3.1, (U (x,y), U (x,y)) = 1. Using this fact together with (b) of 
Lemma 3.2 and induction on k in (c) of Lemma 3.2, one obtains 

Lemma 3.4. If k > 1 then Vn(x,y) | v ( 2 k - i ) n ( x ' y ) ' 
In [3, p. 376, Problem 5 ] , we find 
Lemma 3.5. A homogeneous polynomial f(x,y) over a field F is irreducible over F 

if and only if the corresponding polynomial f(x, 1) is irreducible over F. 

Using Lemmas 3.3 and 3.5 with Theorem 2.4, we have 

Theorem 3.1. (a) The polynomials V (xjV2) are irreducible over the rationals if and - n 
only if n = 2 for some integer k ^ 1. 

(b) The polynomials V (x,y2)/x, n odd are irreducible over the r a -
tionals if and only if n is an odd prime. 

Since f(x,y) is irreducible if f(x,y2) is irreducible and x is a factor of V (x,y) for 
n odd by (15), we apply Lemma 3.4 and Theorem 3.1 to obtain 

Theorem 3.2. (a) The polynomials V (x,y) are irreducible over the rationals if and 
only if n = 2 for some integer k greater than or equal to one. 
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(b) The polynomials V (x,y)/x, n odd, are irreducible over the r a -
tio nals if and only if n is an odd prime. 

Letting y = 1 and n = 2m + 1 in (15), we see that 

/..^ T / v / \ " " s n - k - 1 1 n n -2k- l , n -1 
(16) L n ( x ) / x = 2 J k - 1 k X + X ' 

k=l X ' 

Comparing the coefficients of x ~ ~ in (16), 1 ^ s ^ m, with the result obtained 
in (11), we have 

Corollary 3.1. If n = 2m + 1 and 1 ^ s ^ m then 

,-w-»2(iX:) - (n;: il) f • 
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