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• 1 . UTRODUCTfOi 

The object of this note is to generalize Hilton's extension [2] of Fern's theorem [1] to sequences of arbitrary 
order. Ferns found a general method by which products of Fibonacci and Lucas numbers of the form 

could be expressed as a linear function of the un. Hilton extended Fern's results to include effectively the general-
ized sequence of numbers of Horadam [3 ] . 

We shall extend the result to linear recursive sequences of order r which satisfy the recurrence relation 

r 

(1.1) Wi%+r = T , ( ~ V'+1 PriW<sr
rn+r-j (s = 0, h - . r-1;n>r) 

1=1 
where the Prj- are arbitrary integers, and for suitable initial values W^, n = 0,1, —, r- 1. When r = 2, v,we have 
Horadam's sequence. We are in effect supplying an elaboration of the results of Moser and Whitney [4] on weighted 
compositions. 

Modifying Williams [5] let arj be the r distinct roots of the auxiliary equation 

(1.2) xr = £ (~^'+7^H > 

where 
r-1 

(1.3) arJ - J J ] Wi[^ dkw^k (J - 7,2, »., r) 
k=0 

in which d is the determinant of the Vandermonde matrix 

/ 1 - / 
ar1 ar2 " an 

ar-1 ar-1 _ jr-1 
^dr1 dr2 dn 

and w = exp(2iTt/r), i2 = -1. (This is not as general as Williams' definition, but it is adequate for our present purpose.) 
When r = 2, , . . -. (9] 

which agrees with Hilton. 
We shall frequently use the fact that 

where 8/j is the Kronecker delta. 

J2 w'V^rtio, 

23? 
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2. PRELIMINARY RESULTS 

The first result we need is that 
r-1 

(2.1) W{
s
r}+1 = d~s J2 arjW8* (s = 0, 1, - , r - 1). 

j=0 
Proof: 

2>x y ^E<^*E ^ ' 
j=0 « k=0 }=U 

= LwM d'r 
r
vvi,r+1a r ' 

from which the result follows. 
Th is su ggests th at we set 

r-1 

(2.2) Ws
(rJ+r - d~s J^ a"j wsI (s = 0,1,-, r-1), 

1=0 

and it remains to see whether the wJrJ of formula (2.2) satisfy the recurrence relation (1.1). 
The right-hand side of this recurrence relation is 

r r—1 

£ £ (-1)k+ld-°a?m
kw"»Prk 

(from (2.2)) k=1 m=0 

d~S E ( £ <-1>k+1°™Prk) < 
m=0 V k=1 

r-1 

""SE 
m=0 

r n-r sm 
armarm vv 

(from (1.2)) 
W^n]

 +r as required 

(from (2.2)). It follows then that 

(2.3) '3-fEC^ 
r-7 

k=0 

(j = 1,2, .-.,r). 

Proof: From Eq. (2.2), we have that 

r-1 

- f E 4% dk £ *<"» 
k=0 1=0 

= E ( $X **%,**»•* 
i=0 \ k=0 

from which we obtain the result. 
3. HILTON-FERN THEOREM 

Following Hilton let 
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n 

(3-D *£« E n ^ (k = 0,1,...,r-tJ, 
%k=m i=1 

where we have all permutations of fir 7, •- ,xn). For example, when r = £ we get 

sno = E * * & « »»&«? -w'o2Ln_1+2w<£ln+2, 
and 

*? - E ^ S U " ^ •••»<_,*<,„ -
and so on, as in Hilton. 

Theorem: For S^ defined in formula (3.1), 

W<%+X2+...+Xn+r= r» £ ^ ^ / % " • 

B-oo/l- Let 

few 
/=o k=o 

n 

^n ~ 2^J
 xi 

Then 

Thus 

(from (2.2)) 

as required. For example, 

4"= " .J =-f n X<,+rA^ 
= r'n(Sn

0 +dw-iSn
1 + '--+(dw-n(r-1hS?r_1jn) 

(r-1)n 

r-1 
WM = ^ y xn sj 
¥%xn+r u Z-# arj 

1=0 
r-1 (r-1)n 

= rnd^ £ X dkw(s~k}isn
k , 

1=0 1=0 

<1+x*...+*n+2 - <*>n E E ^ * * z 
7=0 /t=0 

and 

(JH" E (dk + (-d)k)Sn
k 

k=0 

>€W-^ - «y, E E ^/"'^ 
/=0 ^=0 

= ^ * E (dk~1 + (-d)k~1)Sn
k =-^f (dSn

1+d3S%+~). 

k=o 2 d 
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which agree with Hilton when his A = B= 1. These results could be made more general by .generalizing the definition 
of arj along the lines of Williams. 

Thanks are due to Dr. A.J.W. Hilton of Reading University, U.K., for suggesting the problem and for a preprint of 
his paper. 
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TO MARY ON OUR 34th ANNIVERSARY 

HUOONORDEN 
Rosiiodafe, Massachusetts 02131 

Our wedlock year is thirty-four, 
A number Fibo did adore, 

He'd say, "Your shape is really great, 
A perfect one point six one eight." 

As everyone around can see, 
You Ye pure Dynamic Symmetry, 

And when demurely you stroll by 
All know you are exactly Phi. 

Proportions are what makes things run, 
Like eight, thirteen and twenty-one, 

Then, next in line is thirty-four, 
But, wait, there's still a whole lot more. 

In nineteen hundred ninety-five 
Our wedlock year is fifty-five, 

There's much more living yet in store, 
Today is only thirty-four! 

So stay the way you are today, 
Don't work too hard, take time to play, 

And stay point six one eight to one 
So we can still enjoy the fun. 

Hugo 
April 7,1974 


