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in this note we shall determine a nontrivial lower bound for the period of the Fibonacci series module m. This prob-
lem was posed by D, D. Wail {2], p. 529.
Let afm) denote the subscript of the first term of the Fibonacei series

(1) Friz = Fpegt Fpy, fo=20 Fr=1,
which is divisible by m. Let k{m/ denote the period of g Fn } modulo m. Define the sequence { L, } so that
(2) L,-,+2 = Ln+7+L,-,, Lg =2 Ly =1.

Then our main resuit is the following theorem:

Theorem. Let t be any natural number such that L, <m, where m >2 Then kfm} > 2t, withequality if and

only if L,=m and ¢ is odd.

Wail posed the question for prime values of m. [t is not known whether or not there are infinitely many prime m
such that L;=m when ¢ is odd.

For the proof of the theorem we need some preliminary results. The following theorem is proved in [1] {Th. 3).

Vinson’s Theorem. Let m be any integer greater than 2. If afm) is odd, then k{m}=4afm); if 8'm and
alp) =2 (mod 4) for all odd prime divisars of m, then kfm/) = afm); in any other case, k(m)=2alm}.

In addition to well known identities, the following is useful:

(3) Fi = ~(=1) Fimy-i (mod m) .
Equation (3) follows by induction on i using (1), Fo="Fr(m)=0, and F1=Fr(mjeg=1 (mod m).

Lemma. k(L,)}=4n when n iseven; k(L,)=2n when n isodd.

Proof: afL,)=2n isknown, and may be proved using Fo,=FrL,, Fr<Lp, for t<n+1, andthe fact that
subscripts n for which m|U,, form an ideal. The lemma follows by an application of Vinson's theorem.

Proof of Theorem: 1tisknown [2] that k(m) is even. Using the identities (3) and

(4) Ly = Fpeg ¥ Fpar s

we see that if kfm)=2t then Fo=—(—1)'F, {mod m}, so t isodd or F,=0 {mod m). If t isodd then by (3) we
have Fip7=~—Fs_y (mod m) implying {by (4)) that

(5) Ly = Frg+Feqg =0 (mod m).
Otherwise, if Fp=0 {mod m) then by (1),
(6 Fes7—Frg = 0 (mod m}.

Clearly, if t <n then
(7) 0 < Frag+Feg < FpagtFpg =Ly <m,
by the hypothesis of the theorem. By {4)
Froag = Frog = 2Fpeg — Ly,
and since m = L; > Fppy when £ <n, we have
(8) Feig—Feq < m.
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Now, (5) and (7) imply that =5 and L,=m, and (6) and (8) are never simultaneously true. Thus t > n, with
equality only if L, = m. By the lemma,
kfm) = 2t = 2n

if and only if n and ¢ are odd and L, =m. The conclusion of the theorem follows.
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Hilx) = 3 HAX"  (Hil0) = (Ho)* = %),

n=0

where
Holx) = folx) = 3, x" = (1—x/)7"
n=0

and >

Hilx) = (r+sx)(1 = x —x2)
are

(1—3x +x2JHolx) = r? = s% = ZexHol~x)

@ (1—4x —x?JH3(x) = 1+ s3x — 3exH 1(~x)

(1= 7x +x2)H40x) = r% = s%% + 262xH g(x) — 8exH o(—x)
\ (1-171x —x?)Hs(x) = r®+$%x + 5e%xH 1 (x) — 15exH3(~x) .
The general expression for the generating function is (see [3])
[k/2] i )
(3) (1—agx+(- 152 Hielx) = kK = (=s)kx + kx 2 (:-Il & agjHi-zil(~1)'x) ,
=1
where
(1-x-x2)7 = Z aijk'zi ,
k=2j
that is, ax; are generated by the jth power of the generating function for Fibonacci numbers £,. Note the occur-
rence in (3) of the Lucas numbers a,,.
FUNCTIONS ASSOCIATED WITH THE GENERATING FUNCTIONS
In the process of obtaining (3), we use

[k/2]
@) dlx) = B Hilx) = Z; (% )eFegt-1hn)  (Fol) = Hot))
j:
where > 7
Felx) = [ir—sbla]X(1—a*x)"" + [(sa — rIb] (1 — b¥x) k=1223-)
and

a=]L2£, b=7—25 (a,b rootsof x2—x—1=0),

leading to the general inverse
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