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1. ACOMBINATORIAL APPROACH

In [3], the nonzero coefficients of the Chebyshev polynomials T,(x/ = cos nf, cos 8 = x, which satisfy the recur-
rence relation 7,,+7(x)=2xT,(x) — T-1(x) since cos (n+1)0 +cos (n— 1)0 =2 cos 0 cosnf, are arranged in
left-adjusted triangular form. The first seven rows of the array are
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Furthermore, letting a,  be the elementin the n?" rowand k% column, it is shown in [3] that

_ kK n n—k\ on-2k-1
(1.1) ank = (1) ,,—f,:( k )2
and
(1.2) ank = 2an-1,k —3n-2k-1 -

In this section, we discuss several linear recurrences which arise as a result of a careful examination of the triangu-
lar array. The validity of these linear recurrences is established by means of common combinatorial identities.

Summing along the rising diagonals, we obtain the sequence 7, 7, 2, 3, 5, 8, 13, ---, which appears to be the sequence
of Fibonacci numbers. To show that this is in fact the case, we first observe that the sum of the nth rising diagonal
is given by

.n=1o2
3 f « !
(1.3) n = gan_k_,,k, M:['%],,,>3,

We now verify that f, = f,_;+ f,_2 for n >3.
In [2], we find the following combinatorial identities

(1.4) (;)=(";7)+(Z:;)
and
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(5) (k) (meE ) e ()

Using (1.1) together with (1.3) and applying (1.5) and then (1.4) twice, we have,

fn=Z{(“ gk n=—k=1 (n—2/:<—1) on-3k-2

n—2k=1
k=0

M
- k n—-2k 2 n—2k—2" n-3k-2
—2(1)[ )+2( 2 )]2
k=0

EM (__”k[(n—Zlf—2) . (n—;(Zi(;—.?)] n-3k-3

+Z (— ”an—zkk 3/+4( 2/<7 2>J on-3k-3
(1.6) ;

e B () (5

+£ (_Hkl’( n—2lf—4) +3(n7(2_k7—2 )] on-3k-4

M
= fog+fy ot Z (—1)k [(n—2:—4) +8 ( n~2k7 2\} 2n-3k-4
k=0 )
Since the first and last terms cancel for successive integral values in the last sum, and because
n—4 <n—-1<3M impliesthat n-2M-4 < M,
the last sum has value zero so that
(1.7) fn = foo1+fp2, n=3.

The sequence of the sums of the rising diagonals in absolute value, denoted by { up } : is 7,1,2,5,11,24,53,---

=71
and it appears to satisfy the recurrence relation
(1.8) up =us =1, uz=2 2upq+up.3=u,, n=4.
By the definition of u,, , (1.1), and (1.3), we see for 7 >4, following an argument similar to that of (1.6), that,

m M
_ n—k—=1{n—-2k—-1)\ ,n-3k-2 _ T'fn—2k—-2 n—2k—2 n-3k-2
u”_zn—Zk—I< £ )2 'Z‘( k )+2( K—1 )]2

k=0 k=0

M” \ .
o) =2k§0|.(n—2;—2) (n 2K - 3” on-3k-3, zl (n -2k - 2/ (n-kz_ki-s)J 9n-3k-2
=2un_7+,l§[2(”—2z(-4) _(n-2l:<-5):‘ n-3k-5 =2Un—1+E M’ ,,_2kk_4>

k=0 i k=0

+ ( n ;3k7—5)J on-3k-5 _ QUp-1+Up-3
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and (1.8) is proved.
Let w,, be the sum of the terms along the nth falling diagonal. The terms of { Wp },,:7 appear to be given by

(1.10) w, =4 -n=1
0, n=2

To show thatw, =0 for n >2 we observe that

Lanv‘klk Z (—7}kl_("—7> (’l::?)] on-k-2

k=0

(1.11) _/22(_7) (n—l)zn—kl /2( 7)k(n— >2n—k—2

Y Y |
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and (1.10) is proved.
Letting g, be the sum of the absolute value of the terms along the nth falling diagonal, we see that the terms of
{q,, f —; are 1,2, 6,18, 54, 162, 486, --- and it appears as if we have

) n=1
1.12 = ’ .
(112 n { 2.3"2 552
By the definition of g,, and (1.11), we have
n-2
E ‘an+k 1k|" /2 Z (ﬂ;’) 2n—k-7+% Z (n;Z}Zn—k-Z
(1.13) k=0 k=0

e +Zu"* WCEYTiRprs

so that (1.12) is true.

It is easy to determine the row sum r,, because, as is pointed out in [3], the sums are all one since cos n0 = 1. The
last sequence of this section, denoted by 4 p, =1 , deals with the sums of the absolute values of the terms of the
rows, and the first few terms of the sequence are’ 7, 7,3, 7, 17,41, 91, ---. It appears as if we have

(1.14) pPr=p2=1 pp=2Pp-1+pPp-2, N=>3,
which is a generalized Pell sequence where the Pell numbers P,, are given by the recurrence relation
(1.15) Py =1, Pr=2 P,=2P, 1+Pp2, n=>3.

The first few terms of the sequence are 7,2, 5, 12,29, 70, 169, ---. Letting P_; = 1 and Pp = 0, it is easy to establish
by mathematical induction that

(1.16) Pn = Ppg+Pp2=Pp—Ppy
and

n
(1.17) Pn= pn

=1

To verify (1.14), we use (1.2) and observe that
(1.18) lank| = 2|an-1,k|* |an-2,k-1
so that with // = [n/2], we have

N N-1
(1.19) Pn = 2 lan k| =2 Z |an- 7k|+2 |an-2.4-1] = 2p-1 +Z lan-2.] -
k=0 k=0 k=0

However, |a,-2 n/| = 0 because n — 2 < n <2N implies thatn —2 — N < . Hence,
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(1.20) Pn = 2p-1+Pp-2 .
2. GENERATING FUNCTIONS

In a personal correspondence, V.E. Hoggatt, Jr., pointed out that the relationships of Section 1could be estab-
lished by means of generating functions.

Let Gyfx) be the generating function for the k™ column. Following standard techniques, it is easy to show that
- I—x
(2.1) Golx) r—
and, with the aid of (1.2) that
_ —Gg-1lx)
(2.2) Gk()() = 7—Jx
Employing mathematical induction together with (2.1) and (2.2), we have
_ [ =1 ) k ( 1-x
(2.3) Get) = (775 ) (1=5). k>0,
Adding along the rising diagonals is equivalent to
Zm: 3k - 1—x ) 3 “
et = 35 (F750) (775 )
k=0 k=0
A
() (175 )
1-2x |~ 7—-2x
=(1-x —x2)_1
Since i
(1—x—x?)

is the generating function for the Fibonacci sequence, we have an alternate proof of (1.7).
Letting

* = 1—x 7 k
(25) Gt = (175 ) (5 )
we see that adding along rising diagonals with all signs positive is equivalent to
oo ' 3
(2.6) > kG = | 1= )—( 7- X ) =_T=x
-0 ( 1—2x 1-2x 7—2)(—‘)(3
which verifies (1.8) since (7 — x)(7 — 2x —Xg)_I is the generating function for {un};‘;, .
To verify {(1.10) and (1.12), we recognize that
. kp - T—x . X -
(2.7) };ox Get) = (1= )+ (1422} =1,
where 1 is the generating function for { Wp };‘;7 while
kper) = 7——X);(__ X _1-x
(2.8) lngk(x} (=) (1-72) = %
where (7 — x)(1 - 3x)" is the generating function for {qn}m_
. n=1
Since
ok _( 1-x ). x2>=_—7
(29) gx Gt = (1= )+ (147550 ) = 1-0

we have an alternate proof that the row sums are all one. Furthermore,
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(2.10) g‘z x%¥Gx(x) =( I=x )+ (, x? ) . _1—x _ )

1-2x 7—2x T —Zx—x

-1, . . oo
where (7 —x)(1 - 2x — x?)™" is the generating function for { 2n }n=7' Hence, we have an alternate proof of {1.14).
In conclusion, we note that

PRI P M L e =t < S, SEN LS S
0 ,; 1-2x-x%2 1-2x-x% 1-2x-x? ,72:;)

and we have a generating function proof of (1.16).
3. ANOTHER ARRAY

If we let sin no
(2,,()() = m, X = C’USG,
and use
sin (n+1)8 +sin(n—1)8 = 2cos 8 sinnb ,
we see that

Qp+1lx) = 2xQy(x) — Qp-1(x)

and @,(x/ is a polynomial in x,
The first eight rows of the nonzero coefficients of the polynomials @,,(x/ in left-adjusted triangular form are

k
n g 7 2 3
1 1
2 2
3 4 -1
4 8 -4
5 16 -12 1
6 32 -32 6
7 84 -80 24 -1
8 128 -192 80 -8
Letting &, x be the element in the n™" row and 7 column, it can be shown, as in [3], that
{3.1) bak = Zbp-1,k —bp-2k-1
and
(3.2) b = (~1)K (MK gt
The six linear recurrences of Section 1, relative to the @, (x/ array, are
(3.3) Fr =1, Fo=2 Fyp=FpqtFpoa+tl, n=z3
(3.4) Up=1, Us=2 Uz=4 U,=2Up1+Up3, n=4
{3.5) Wp=1 n=1
(3.8) Q,=3"", n>1
(3.7) Rp=n n>1,
and
(3.8) Py =1, Py=2 P,=2P,1+Ph2, n=3

which is the sequence of Pell numbers given in (1.15).
The preceding six linear recurrences can be verified by using combinatorial arguments like those of Section 1 or by
means of generating functions as in Section 2 where the column generators of the @, (x/ table are given by

-1 ~1 3k
(3.9) Hit) = 75 (725 ) k>0

and



24 CHEBYSHEV POLYNOMIALS AND RELATED SEQUENCES FEB. 1975

(3.10) Hilx) = —1 ( L
' KT T 20k 7—2)()' -

if we want all positive values. Hence, the details are omitted.
4. CONCLUDING REMARKS

Equations (1.16) and (1.17) relate the sequences of (1.14) and (3.8). Similar relationships, which can be proved
by mathematical induction, also hold for the other five recurrences. That is,

n
a.1) fo = Fp—Fpg and Fp =9 f
=1
n
4.2) Up = Up—Upg and Uy =2 u
=1
n
(@.3) Wp = Wp—Wn_g and W, =) w
=1
n
(4.4) Un = Qp—Qpeg and Qp = g
=1
n
(4.5) fn = Rp—Rp-y and R, = Z re
i=1

Since Eq. (3.9) is (7 — x)77 times Eqg. (2.3), it can be shown that the entries in the @, (x/ table are partial sums
of the column entries of the 7, (x/ table. Hence,
n—1

(4.6) bptokk = Z aj+2k,k
—0
which gives rise to the combinatorial identity !
n
nl n+k\ _ J+2k \ [ j+k\ oj-1
(@.7) (k) =3 (R (k) 2T

j=0
An interesting consequence of (4.6) since the b, 4 and a,, « are respectively the coefficients of the polynomials
Q,(x) and T,(x) is the identity

n
~ n-j .0 _ sin(n+1)0
(4.8) 2_5 cos"70 cos jO R A
=
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