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INTRODUCTION

In this paper, we shall investigate the properties of a recursively defined number-theoretic function -y, paying special
attention to its fixed paints. An elementary acquaintance with number theory and linear recurrence relations is all
that is required of the reader.

Throughout the discussion, p, g, 1, 5, t, p,, p,, - will denote prime numbers.

THE FUNCTION vy
We define a function -y on the positive integers by settingy(1) = 1, and for ¥ > 1,

Y(N) = Z y(d).
d|N,d<N

Example 1:

(1) If p is prime, y(p) = 1.

(2) v(4) = v(1) +y(2) = 2.

(3) v(12) =y (1) +v(2) +y(3) +y(4) +y(6) = v (1) + ¥(2) +y(3) + [y (1) +y(2)] + [y(1) +y(2) +y(3)] = 8.

The following theorem clearly follows from the definition of 7.

Theorem 1. y(N) depends only on the structure of the prime factorization of /.

That is, if / =pf"’ p33 ---p,‘:h, Y(N) is independent of the particular primes p;, and depends only on the set
a,0,, -, ap of exponents. For example, 7y (12) =y(20) = y(75) since 12, 20, and 75 are each of the form p%g.

By actually determining the divisors of //, we obtain the following results:

N y(N) N (N N YN
p 7 I 8 7y 48
o 2 pq 20 e’ 76
pq 3 pg® 26 pPqr 132
p? 4 prqr 44 p*q*r 176
] 8 pgrs 75 piqrs 308
pgr 13 P’ 16 pgrst 541

HN=pHple. ... pgh, we define the exponent of N to be

h
Z a;.
=1

We now derive expressions for y(/V) in a few simple cases, and then proceed to determine the general form.

Theorem 2. y(p") = 2™, C ket
Proof. Forn = 1, the theorem clearly holds. Assume it true for n = k. Thus y(p~/=2""". Now,

YpK*T) = y(1) #y(p) + -+ 4p%) = 2y(p¥) = 2%,

since k_,) _ 7(pk),

(1) +y(p) + -+ y(p
199
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Theorem 3. Ylp"q) = (n+2):2"7,

Proof.  y(p"q) = (1) +y(p) + -+ (p" " )+ ylg) +Ylpg) + -+ (0" g) +y(p") = 2v(e™ T q) +(p" ).
Leta, = v(p"g). Then
ap—2ap-7 = vp") = 2T,
We solve this linear recurrence (using the fact that a, = 1) to obtain the desired result. N
Before proceeding, it will be valuable to make the following observation, If ¥ = p1.pS2 ... . phh, then

Y(N) = 5_“, yl(d)

is a sum involving two types of terms: those involving divisors of V/ whlch have p™ as a factor, and those which do

not. The sum of all terms of the latter type we recogmze as 27(p T.p%. ....pph). Each of the remaining terms
is of the farm y(p" d), where d properly divides p2 - - po‘ Moreover in each case, d has lower exponent than
that of V/pt

This observation leads us to a proof by induction on the exponent of A in order to find an expression for y(V).
We first look at the following example.

Example 2. Y0"4%) = 290" q%) +4(p") +v(p"q).
Using Theorems 2 and 3, and letting a,, = 7(p"q2), we rewrite this equation as
ap—2ap-g = 2" T +(n+2)2"°7.

Noting that a, = y(g2) = 2, we solve to find a,, = (0> + 7n + 8)2"2,

Using this example and observation as motivation, we now derive the general form of y(V) for any .

Theorem 4. Let

An = p?.pz‘xZ . one .pz‘h ,
where a, ,a,, -+, ap are fixed. Then
Y(A,) = Pin)-2",

where P(n) is a polynamial in n of degree e = a, + -+ ay with positive leading coefficient.

Proof We shall use induction one. Fore = 0, we have

An = p’ and Y(An) = 2" = .27

by Theorem 2. Now assume the theorem true for e < &, and look at B, = p{’-C, where C is of exponent k, andp,
does not divide £. By an earlier observation,
m
Y(Bn) = 2v(Bp_y) = 3 ¥(p?di),
=1
where d,, d,, -, dny, are the proper divisors of £. Now each such proper divisor d; of € in the summation is of ex-
ponent less than 4. Thus, by the inductive hypothesis, we can rewrite the right-hand side as
m
D Piln)-2" = P¥(n)-2",
=1
where P;(n) is a polynomial of degree the exponent of d;, and P*(n) is a polynomial of degree kK — 7 with positive
leading coefficient.
Now let a,, = y(B,, ). We thus have a non-homogeneous linear recurrence a, — 2a,,_7 = P*(n)-2". We try a particu-
lar solution of the form a,, = @(n)-2", where Q(n) is a palynamial of degree k. Hence we need
Qln)-2" - 20(n - 1)-2"" = P*n).2",

or @fn) — Q(n — 1) = P*(n). This will always have a solution @(n), of degree k, with positive leading coefficient.
Thus @(n)-2" is indeed a particular solution to the above recurrence relation. The general solution is therefore
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ap = ¢2"+Q(n)-2" = 2" (c +Qln)),
where ¢ is a constant. The theorem is proved.
This theorem, although giving much information about the nature of the function 7, does not explicitly give us a
formula from which we can calculate (V) for various values of /. However, it does tell us that once we know y(p"d)

for d with expanent less than &, we can find y(p"d*) with d* of exponent k by solving a relatively simple (yet most
times tedious) difference equation.

Doing this for a few simple cases, we obtain the following results:

N Y(N)
o 2n—1
p"q (n +2).2n-1
U n’ +27n +8 on-1
p"g n® + 15n* ;55n +48 | on-1
pgr (n* +6n +6).2"""
p"Pr n® + 13n* -21-42n +32 on-1

p"qrs (n® + 1202 + 36n + 26)-2"""

Theovem 5. (V) is odd if and only if /V is a product of distinct primes.
Proof. Recall the definition of y: (1) =1, and

YN = 2, yld)
dlN,d<N

for V > 1. We cannot directly apply the Mobius inversion formula to v, since the latter equation does not hold for //
= 1. We thus introduce an auxiliary function ) defined as follows:

_ flifnv=1
i) = {0 otherwise .

Then, for all positive integers /V, we have

YN) = D yld)+n(N), o 2[y(N)-n(N)] =2 3. yld) = Y yld)-n(N)
diN,d<N diN,d<n din
Let F(NV) = 2v(N) — n(N). We can now apply the Mobius inversion formula to F(/) to find that

YN) = Y pNAIF() = 2 Y wiN/dpy(d) =3 piN/dm(d) = 2yN)+2 37 piN/dhy(d) - piN)
dlN dl din dIN,d<N

From this, we deduce that

YIN) = V) =2 Y ulN/d)y(d).
dIN,d<N

Clearly, (/) is odd if and only if u(V) #0, that is, if and only if // is a product of distinct primes.
SUPER-PERFECT NUMBERS

We will call a positive integer NV > 7 super-perfect if y(N) = N.

Theorem 6. p" is never super-perfect.

Proof In order for p” to be super-perfect, we would need p” =2"'7, by Theorem 2. This forces p = 2, and thus
a contradiction.

The following theorem assures us of the existence of infinitely many super-perfect numbers.

Theorem 7. p"q is super-perfect if and only if p = 2 and n + 2 = 2q.
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Prooﬁ By Theorem 3, for p"g to be super-perfect, we need {n + 2)2" 7 = p"q. 10> 2, we must then havep = 2,
and after cancellation, we get n + 2 = 2g, as required. Forn =0, 1, or 2, the equation leads to a contradiction.

Since p and g are distinct, the first g and n for which n + 2 = 2g are g = 3 and n = 4, which gives 2* .3 = 48 as the
first super-perfect number of this form. As it turns out, it is the only super-perfect number less than 1000.

q n N=p"g (p=2)
3 4 48
5 8 1280
7 12 28672

11 20 11534336

Theorem 8. N=p"g? is never super-perfect.
Proof. From Example 2, we know that
Yip"q?) = (n? +7n +8)-2"2 .
Assume that
P = (n* +7n+8)-2"2.
For n > 4, this forces p = 2, which leads to (2g/)* = n* + 7n + 8 Howeverwe clearly have the inequality
n+3) <@?+7n+8 < (n+4) for n > 4.

Thus no solution exists in this case. f 7= 0,1, 2, 3, or 4, we get p¢g2 = 2, 8, 26, 76, 208, respectively, none of
which are possible.
The following theorems are stated without proof, for the proofs follow the same patterns as above,

Theorem9. N = p"g® is never super-perfect.
Theorem 10. N = p"qr is super-perfect if and only if p = 2, and 2qr = n* + 6n + 6.

g r n N=p"gqr (p=2
13 3 6 2496
37 3 12 454656
13 1 14 2342912
73 3 18 57409536

In all cases, we are faced with trying to find values for n which make a given polynomial in » have a certain prime
factorization structure. This is, in general, a very difficult, and in most cases, an unsolved problem.

0DD SUPER-PERFECT NUMBERS
Recall from Theorem 5 that y(AV) is odd only when /V is a product of distinct primes. We now use various combina-
torial methods to prove:
Theorem 11. There are no odd super-perfect numbers.

Proof. Suppose that p,, p,, - are distinct primes. Leta, = 1and a; =y(p,p, - -p;), i = 1, 2, -~ Using Theorem 1
to consolidate terms, we find that

n—1
e (3)e0r (3 )oree (o2 Jows - 5 (3o
=0
Then
s n—1 a
n _ 8
nl Z itln — i)t
i=
Let
b, =0 and bix) = bix?
n n! U ‘
=0

We thus have
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brx/-e"=2bfx"2"7= 5 > —b+Z Z( T2 +ba | X7 = 2b(x) b,

=0 /=0 n=1 /+/=n =0
But a, = &, = 1, so we solve to find that
2x 3x
bix) =—L— =y 1+ € e,
2" 2 4 8

We now expand each term in the infinite sum in powers of x, and then collect coefficients to obtain

(x}—/zZZ——-—x (g° =1).

n=0 i=0 2'n1
Thus
oo n oo "
b,—,=’/zzl_— and ﬂn=7~’zl—.
=0 2'n! =0 2'

In order to proceed, we need the following lemma.
Lemma. For fixed £,

frlx) = Z nkx"
n=0

converges for |x| < 1, and is equal to

(1—x)%*1
where Py (x/ is a monic polynomial of degree k with non-negative coefficients.
Proof The convergence part of the lemma follows immediately from the ratio test. For & = , we have

so the lemma holds. Assume it true for k =s. Thus

o

Ps(x)
folx) = nSx" = S
Zo (1—x)**

Now

, - o x(T=xSFPL) #xls + 1PNT = x)5 x(1—xIPilx) + x(s + 1)Pg(x)
fer1(x) = xfslx) = Z sty = XX sX X2:+2 s X AEx S_X S:;S Ly
=0 (1—x) (1-x)

It is straightforward to verify that the numerator is indeed a monic polynomial of degree s + 7 with non-negative
coefficients. The lemma follows.
Putting x = %2 in the lemma, we find that

ax = b Z ok KPkE) _
=0 on (V}k+1
Using the fact that P, (x)= 1= 0/, we can show (viaa S|mple induction argument) that the sum of the coefficients
of Py (x) is k. Smce Py (/z) < Py (1), we clearly have ag < 2%k!.
CompanngZ k! with the product

2%pi(%).

_H pi
=1
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of the first k odd primes, we see that k£ = 7 is the lowest & for which
k
2%k < 11 p; .
=1
But once this inequality holds for one £, it holds for all larger k. For by multiplying each side by 2(k + 7), we get
K+ k k+1
2Nk + 1) < T pp2tk+1) < T p;,
=1 =1

since p+7 > 20k +1).
Therefore, for all &,
k
a < II p;,

=1
and in particular, aj is less than any product of & distinct odd primes. We conclude that no product of distinct odd
primes can be super-perfect, and the theorem follows.

Fokdodokk

SIGNIFICANCE OF EVEN-ODDNESS OF A PRIME’'S PENULTIMATE DIGIT

WILLIAM RAYMOND GRIFFIN
Dallas, Texas

By elementary algebra one may prove a remarkable relationship between a prime number’s penuitimate (next-to-last)
digit's even-oddness property and whether or not the prime, p, is of the form4n + 7, orp = 1 (mod 4), or of the form
4n + 3, or p =3 (mod 4), where n is some positive integer.

The relationships are as follows:

A. Primes=1 (mod 4)
(1) If the prime, p, is of the form 10k + 1, k being some positive integer, then the penultimate digit is even.
(2) 1f p is of the form 10k + 3, then the penultimate digit is odd.

B. Primes =3 (mod 4)
(1) 1f p is of the form 10k + 1, then the penultimate digit is odd.
(2) If p is of the form 10k + 3, then the penultimate digit is even.

The beauty of these relationships is that, by inspection a/one, one may instantly observe whether or not a prime
number is = 1, or = 3 (mod 4). These relationships are especially valuable for very large prime numbers—such as the
larger Mersenne primes.

Thus, it is seen from inspection of the penultimate digits of the Mersenne primes, as given in [1], that all of the given
primes are = 3 (mod 4). This holds true for a/f Mersenne primes, however large they may be, for, by adding and sub-
tracting 4 from M, = 2P — 1 and re-arranging, we have

Mp=2P-1+4—4=2P_4+3=4(2°P2_7)+3 =3 (mod 4).

[Continued on Page 208.]



