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Abel, [1], about 150 years ago gave the first proof of the Binomial Theorem for the case of an arbitrary complex
exponent. From Abel’s result one can deduce various versions of the Multinomial Expansion. In this note we shall de-
rive one such form.

Letn, ay, a,, -, a, be complex numbers with n not equal to a non-negative integer. /f the inequalities
(1 laj| < |a7 +az+-+ap-q]|,
forj=2 3, -, r, all hold, then the following Multinomial Expansion holds:
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where the summation is an iterated summation taken under all n; > 0, where i first takes on the value r — 1, then r —
2, and so on until the last value, 1, is taken on.

We first establish the following triple summation expansion:
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if the inequalities (1) all hold. Here we use the usual convention that Z = 0 when n is a positive integer and k > n.

Formula (3) is of interest in its own right. This author has found it, as well as Formula (7), to be of use in the repre-
sentation of integers in specialized arithmetical systems, such as the binary system.
Indeed, letz, = 0 and
-1
Zj = z aQ

e=1
forj = 2, so that the right side of (3) becomes, by (1),
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which is precisely the left side of (3).
Since n — k # 0, we can apply Formula (3) to the summation under £ on the right side of (3). This iterative process
can be continued. After m iterations of Formula (3), m > 0 and not too large, we obtain
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Here the indices vary over

2< <r,
(5) 2<Q2,+1 Qoj7—1, for 1<i<m,
1 < Qjp2 < oo , for 0 <i<m.

The only restriction on m is that m < r — 2, so that the first two inequalities in (5) are possible.
We let m = r— 2, for r > 2. Then, by (5), 22,-3 = 2, so that Formula (4) becomes
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We now extend the range of ¢, for 1 </ <r — 1, to include 0. Then, the summation under k reduces to:asingle
term k = r— 1; and, by (5), the subscripts are unlquely determined:

e, =1, Q =r—1, =, e, =2.

It now follows from (6) that
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this result being valid for all r > 1. Here, we are employing the usual convention that the empty sum is 0 and the emp-
ty productis 1.

The Multinomial Expansion (2), subject to the restrictions (1), now follows with a change of notation.
Another version of the Multinomial Theorem is
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valid under the conditions (1).

A good source for the Binomial Theorem and the Multinomial Theorem is Chrystal's A/gebra [2], Volumes | and
I1. Our sequence of expository papers on the Binomial Theorem, the Multinomial Theorem, and various Multinomial
Expansions (Hilliker [3], [4], [5], [6] and the present paper) will continue (Hilliker [7], [8]).

ADDENDUM. Here, as usual, z” is defined to be that branch of the function fix) = 2" '°9Z defined over the com-
plex z-plane with the nonpositive real axis included, and with 7(7) = 1. That s, the logarithmic function is given by
log z = log |z| +/ arg z with |arg z| < . Our inequalities (1) imply that the quantities a, +a, + ~+aj,for7<j<u,
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are not 0."%Ve shall need to assume that they are not negative real numbers. When n is a (negative) integer these re-
strictions which guarantee single-valuedness, may, naturally, be ignored. For mare on this, and also for a develop-
ment of the Binomial Theorem, that is, the Maclaurin expansion

(1+2)" = Z (Z) zk
k=0
for n and z complex and with |z| < 1, see Markushevich [9], I.
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