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SUMMARY

Carlitz, Scoville and Hoggatt [1, 2] have investigated Fibonacci representations of higher order. In this paper
we introduce for each V > 2 a series of // distinct canonical Fibonacci representations of order &/ for each posi-
tive integer n which we call the first canonical through the N canonical representations. The first canonical
representation parallels the usual Zeckendorff representation and the N canonical representation parallels
what the aforementioned authors have called the second canonical representation. For each of these canonical
representatlons there is determined a table WN analogous to the tables studied in [1, 3]. For 0 < k < N the
tables WN are shown to be tables of Fibonacci differences of order k of the columns of WN which is the
table generated by the first canonical representation. As a result we obtain a remarkable theorem which states
that for every 0 < k < /V the table of Fibonacci d|fferences of order & of the columns of WN inherits the fol-
lowing characteristics (and more) from the table WN (1) Every entry of the table is a positive integer and every
positive integer occurs exactly once as an entry in the table and, (2) Every row and every column of the table is
increasing. It is interesting to note that no such table exists with analogous properties in terms of ordinary dif-
ferences even for // = 3. In the latter part of the paper we give a generating function for the canonical sequences
(those which generate the canonical representations) and also give the extension of the elegant procedure in
[1, 3] for generating the tables W2 and W2 .

1. THE /¥ CANONICAL REPRESENTATION OF QRDER WV

Asequence {G;}72; shall be called a Fibonacci sequence of order N (N > 2) iff

2:' Givj = Gizpy  forevery /= 1,2,
j=0
The particular Fibonacei sequence { Fp,; } = {FA];} of order ¥ determined by the initial conditions Fp,; =27,
i=1,2 -, Niscalled the sequence of Fibonacci numbers of order N.* For each integerk=1,2, -, N — T we
define a Fibonacci sequence {F/\(,,,-} of order /V by
k-1
P = Fuisk= 30 Fuiwp 0= 123
/=0
Given a Fibonacci sequence {G,-} of order NV and a positive integer n, a canonical representation of n by the
sequence {G; }is asum
= 2 kiGi

in which (i) the summation extends over all positive indices 7 and all but a finite number of the &; are zero,
(i) k; #0 = k; = 1 and

N-1
(i) H ki+j = 0  forall /

*This enumeration of the Fibonacci numbers is shifted by one from thatin [1, 2, 3] ; this shifting seems to be
indicated by Theorem 1.1.
57
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The largest index 7 such that &; # 0 is called the upper degree of the representation and the smallest index / such
that k; # 0 is called the /ower degree of the representation. The principal result of this section is the following
theorem

Theorem 1.1. Let N be a fixed integer greater than one and let k be any integer between 0 and // — 1, in-
clusive. Then every positive integer n has one and only one canonical representation by {F/\ji} of lower degree
congruent to one of the integers {7, 2 -, N— k} modulo M. ’

Note that for & = 0 the theorem gives uniqueness of canonical representations by {FN,/} without restricting
the lower degree of the representation. At the other extreme, canonical representations with respect to {FN,'/}
are required to have lower degree congruent to 1 modulo /. This, combined with the observation that

Fuj= AL, for i= 1,23

explains the connection of these representations by {Fﬁ',’} with the representations in [1, 3] called second
canonical.

Foreach k=1, 2 -, V, the unique representation by {F,/\(,'/} guaranteed by Theorem 1.1 shall be called the
k" canonical Fibonacci representation of order V. ’

The proof of Theorem 1.1 is accomplished with the aid of four lemmas.

Lemma 1.1. Let {G;} be a Fibonacci sequence of order // which is non-decreasing and satisfies G7 = 1
and Gj+7 < 2G; for all . Then for every positive integer n, a canonical representation of 7 by {G;} can be ob-
tained from the following algorithm, which we shall call exhaustion. Let G; be the term of {G,-} of largest in-
dex satisfying G; < n. 1f G; #n let Gj, be the term of {G;} of largest index satisfying G; <n — G;, . Continue
inductively; after finitely many steps an index ip will be found such that

Nd
n= Z Gi,"
1

and this sum will be a canonical representation of n by {G;} .

Proof. Because G7 = 1 and because {G,-} must be unbounded, each term of the sequence iy, ip, -, ip, as
well as p itself, is well defined. From 2G; > Gj+7 we must have /7 > j> > - > i, since the equality of any adja-
cent pair of these indices would contradict the choice of the one with smaller subscript. If there exist among
i1, ig, -, ip sets of V consecutive integers, let/k, ix+7, -, ik +n-7 be that set having first index /¢ of smallest
subscript k. Then

k+N-1
2 Gi; = Giy+1
=k

which contradicts the choice of /.

Lemwma 1.2. Let {G/} be a positive term Fibonacci sequence of order &/ having the property that
k .
> Gi < Gyey for k=12, N-1.
=1

Then (i) {G,-} is strictly increasing except possibly for 67 = Gy and (i) ifEk;G; is any canonical representa-
tion by {G,-} and if the upper degree of representation is p, then ZkiGi < Gp+1-

Proof. The validity of (i) is clear as is that of (ii) for 1 <p < /N. Suppose (ii) holds for all p < m for some
m > N. Of all sums determined by canonical representations by {G,-} of upper degree m let n be the largest. If
is represented canonically by {G,-}, each of the numbers G, Gpy-1, -+, Gm-n+2 Must be present in the repre-
sentation since otherwise its sum could be increased without altering its canonical properties or its upper degree.
The number G,,,—p+7 cannot be present, and so by the same reasoning G ,,-yy must be presentunless it happens

thatm — N =2 and Go= Gy, in which case G; must be present if G2 is not and can be replaced by G > without
altering the sum. It then follows that



19771 ON THE / CANONICAL FIBONACCI REPRESENTATIONS OF ORDER & 59

i=m-N+2

has a canonical representation by {G,-} of upper degree m — /V, which by the inductive hypothesis cannot sum
to more than G,-p+7, SO
m
n < z Gj = Gm+7.

i=m-N+1

Given a Fibonacci sequence {Gf} of order /V, a term G; shall be called redundant if G; can be expressed as a
sum of fewer than /V terms of distinct subscripts from among {Gj, Gj+g, -, Gj-1}, where j = max {I, i— /V}. We
shall make use of the observation that a positive term Fibonacci sequence of order / can contain no redundant
terms beyond the first V.

Lemma 1.3. Let {G,-} be a Fibonacci sequence of order // which satisfies the hypothesis of Lemma 1.2.
Suppose some positive integer n has two distinct canonical representations by {G,-}. Then {G‘i} has a redundant
term G, for which one of the two canonical representations of 7 has lower degree congruent to r modulo /.

Proof. Proof is by induction on the maximum p of the upper degrees of the two representations of n. The
case p = 7 is vacuous. Suppose the lemma holds for all p <m and let p = m. If both representations have upper
degree m, subtract G, from both and apply the inductive hypothesis. Otherwise by Lemma 1.2 the representa-
tion of smaller upper degree can sum to at most G, so the representation having upper degree m must consist
of the single term Gp,. |f m < /N then G, is redundant and r = m. |f m > N the other representation must have
upper degree m — 7 by Lemma 1.2, and must contain all of the numbers G,,-7, Gm-2, -, Gm-n+7 since
otherwise its value could be increased beyond that of G, in contradiction to Lemma 1.2. Since it is canonical
it cannot contain the number G,,-pn. Therefore, upon removal of the terms Gpy-7, Gm-2, -+, Gp-p+7 from
the representation there results a canonical representation for

m-1
n— Z Gi = Gm-N
i=m-N+1
with upper degree less than m — /. By the inductive hypothesis either the lower degree of this representation
for G- is congruent to r modulo /V, in which case the same is true of the canonical representation from which
it was derived by the removal of the last // — 7 terms of the latter, or else m — /V is congruent to » modulo /V, in
which case the same is true of the lower degree of the other representationn = G, .

Lemma 1.4. Let NV be an integer greater than one and let k be a nonnegative integer less than V. Then
the redundant terms of {F//\(/i} are precisely F,((, N-k+1+ F/f,',v_k,LZ, F,((, N~ and in fact

-1
Fr; = 2 FAj. i=N—k+1, o, N
=1

We note that {F,e,-} has no redundant terms.

Proof. By definition Fp; = 27T fori=1,2 -, N. By summation we obtain Fy 7 = 2N — 7 which
proves for/ = 7 the formula )
Fruns = 27202NT —j —q), i=1,2 N
Proof for 2 </ < N follows by induction, using the relation Fy n+; = 2FN, n+i-7 — Fn,i-7- By direct calcula-
tion one now finds that ﬁf,- =2"T%ori=1 2 -, N — k so that none of these terms can be redundant. Again
by direct calculation one finds that
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which verifies the statement of the lemma for / = N/ — k + 7. Suppose the lemma is true for/ < NV — k +/ for
some/ such that 7 <j < k. Then for/=N — k +jwe have NV + 7 <j+ k < 2N so that

k=1 k—1
k _
F,i = Faiek — 0 Fiitp = 2FN,itk-1— FNitk-1-N = D FN,ip
p=0 p=0
k—1
- _ rk
= Fi,itk-1— FN,itk-1-N = D FN,itp-1 = FN -1 * FN,i=1 = FN,itk=1-N
p=1
2
= Y Fp* FNi-1— FNitk=1-N
p=1
by the inductive hypothesis. But
. k-1 itk-2 k-2 i-2
F,i-1 = FNitk-1— 0 FN,ii-1 = 2 Fnp = 2 Fnp = > Fn,p
j=0 p=i+k-N-1 p=i-1 p=i-(N-k+1)

since/+ k— 1>MN. Since/ < /N we have

-2 -2
-1 _ 5i~2  i~(N-k+2) _
> Fnp- Y 2= ) = Fnjet1 = FN k- 1-N -
p=i-(N~-k+1) p=i-(N-k+1)
This gives -2 . i-1
_ K
> Fhp * FNi-1= FN,i+k-1-N = 2, Frp
p=1 p=1

and the induction is complete.

Proof of Theorem 1.1. By the information contained in the statement and proof of Lemma 1.4 we
see that )
Frg =277 for i=1,2-,N—k
that
FNN-k#1 = 2FN N~ 1 and that FR .o = 2Ff; for N—k+1 < i<W,

the latter following from

i -1
PR kK _ rk Kk _ ork
Fnier = o Fhg = Fni*t 9o Fay = 2Fn
=1 J=1
K

=

For k= 0 we know that F/((/,/v+7 = 2Fyn— Tandfork=1,2 -, N — 7 we have, as above,

N
k _ k  _ k
Fhner = 22 FN, = 2Fhn -

=1

Thus for each {F7 ;} we have
1= Flg < Fho << Fan and Fq < 2Ff, for i= 1,2, N+1.

It now follows by induction that {F,(‘,,} satisfies the hypothesis of Lemma 1.1, and it is clear that {F,/\‘,/,-} satis-
fies the hypothesis of Lemma 1.2 and hence also of Lemma 1.3. By Lemma 1.1 each positive integer has by
exhaustion a canonical representation by {F/\l;/} This representation fails to satisfy the condition imposed by
the theorem on the lower degree only if it has lower degree of the form mA +p, N — k < p < V. For this case
we describe a method for obtaining a canonical representation of the desired form which we shall call reduc-:
tion. Replace
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X mN+p-1 B
FNmn+p by > Fn
i=(m-1)N+p
and then replace
« (m-1)N+p~1 p
FN,(m-1)N+p Y 2 Fu
i=(m-2)N+p
and so on, until arriving at
N+p-1 X
> Fai-
i=p

According to Lemma 1.4 we can now replace

p—1

k ok
FN,p by F/\/',' .

=1
and the end result of all these replacements is seen to be a k + 7°¢ canonical representation by {F,ﬁ ,-} of lower
degree one. The uniqueness of this representation comes immediately from Lemmas 1.3 and 1.4.

Given a Fibonacci sequence {G,v} of order /V and a system of canonical representations by {G,'}, we shall say

that the system is /exicographic if whenever

m = Zk;G, and »n = Zk,-’G,-

are two canonical representations in the system, then m < n if and only if the representations

2o kG and Y KG;

differ and differ in such a way that the largest / for which &; # k has k; = 0, k;= 1. Clearly this property implies
uniqueness within the system (although it does not imply existence within the system or uniqueness outside of
the system).

Theorem 1.2. For each N > 2 and for each nonnegative k < & any system of unique representations by
{F/é/,i} is lexicographic.
Proof. This theorem is an extension of Lemma 1.2. Suppose that

Tkifn, and KR,

differ and that &, = 0, k;’o =1 and k; = k; for all / > p. Then remove

k _ P
P TREDD kiF//\(l,/
i>p i>p

from both representations, so that it is sufficient to show that

p P

k ok
Z kiFN,/ < Z k/-FN’/-.
i=1 i=1

Since the upper degree of

p
Zk,-F/\(,,,-
=1
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is less than p, by Lemma 1.2 the sum cannot exceed

Thus we have
p p
) k rk
2 kifni < Z KiFp i .
i=1 i=1
since if the two sums were equal one could replace
ko _ rk
2 kiFn = 2 kiFn,
i>p i>p
and contradict the uniqueness assumption.

Suppose that m and n are positive integers having canonical representations within the system and thatm <
n. Let the canonical representations be

m =3 kiFr; and 0= Y KIFp; .

By the unigueness of canonical representations within the system, the only way the theorem can fail is for
these two representations to differ with k, = 7, k, = 0 and &; = &} for all / > p which givesm > n by the first
half of the theorem.

Theorem 1.3. LetN =2 and 7 < k < /. Then no paositive integer has more than two distinct canonical
representations by {FN,} A number has two distinct canonical representations by {F,V“ if and only if the
representatnon given by exhaustion* is not k + 7°% canonical, and therefore all canonical representations by

FN,} can be found by first applying exhaustion® and then (if the result is not k& + 757 canonical) reduction**.

Proof It suffices to prove that if a positive integer n has two distinct canonical representations by {FN,
then the one which is lexicographically inferior is k + 7°¥ canonical and the other is given by exhaustion. Let

= 3o kiFf = DOKIFR,

canonically with the first representation lexicographically inferior. Let k, = 0, k;, =1, k;=kiforalli>p,so

that P .
2 kiFn; = 2 KR,
i<p-1 i<p

By Lemma 1.2
k ek
2 kiFn; = 2 KR, = Fhp -
i<p- i<p
It k <N — 1, the representation
K
Z ki/:/\/','

i<p-1
and thus also the representation

2 kfF/’\(/,;

*Defined in the statement of Lemma 1.1.
**Defined in the proof of Theorem 1.1.
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must be k + 7°% canonical since otherwise
k k
Fngt 2o kiFn
i<p-1

is also canonical and exceeds FNp, in contradiction to Lemma 1.2. For k =/ — 7 the same remarks apply un-

less k7= 0and ko = k3 == ky = 1, which cannot happen, since if it did we would have
S e R N
2 kNG = 3 ket R = PN = FRpeg
j i=1

contradicting the uniqueness of the first canonical representation.
It remains only to show that

~ o rk
S KFN,
is given by exhaustion. If it were not, it would be lexicographically inferior to that representation of
rk
Z/(/'FN,/'
which was given by exhaustion, which by what has already been proven w_ould make
ek
2 KiFR

k + 1°¥ canonical.
2. THE TABLES W/\(/ AND FIBONACCI DIFFERENCES

We now fix &/ > 2 and fix k such that 0 < k < N and consider the set of k + 7°! canonical representations. For
each/=1,2 -, N —klet { 11}1—7 be the sequence generated by listing in increasing order those positive inte-
gers having & + 1°¢ anonlcal representatlons with Iowerdegree congruent to/ modulo A, and denote the (A — k/-
rowed infinite matrix ((a /) by WN W2 and W3 have been discussed by Carlitz, Scoville and Hoggatt [1, 3].

The following theorem |s an immediate consequence of the lexicographic property of the k + 7°¥ canonical
representation.

Theorem 2.1. ifthe k+ 1°T canonical Fibonacci representation of arder nfa/;/- is

k
E kaN,p'

then fora lt is

2 N i i=223 - N-k.

The k + 71°% canonical Fibonacci representation of order V for ak

by and the first canonical representation for
have identical coefficient sequences {k [

Corollary Each matnx WN has the following properties:

(1) Every entry of WN is a positive mteger and every positive integer occurs exactly once as an entry of WN

(2) Every row and every column of WN is increasing,

(3) Fork- 1,2 - — 1, for any//</V k and for any p,q, a -,q if and only ifa,?p <

@) a,+7 Zalfor/ 1,2 -, N— k—7

otatement {4) makes use of the property FN/+7 2"://\(/,/" /=1 2 --,verified in the proof of Theorem 1.1.
Another useful corollary is the following.

0
ajq and
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Corollary. Letn be apositive integer. Then if the / th canonical representation of n is
N-1
EkaN,p .
the k+ 7°% canonical representation of a; % is
> ko R piv1e i=1,2 - N—k k=01, N-1.

Proof By Theorem 2.1, the first canonical representations of a, , and the N canonical representation of
alyn have identical coefficient sets. But by statements (1) and (2) of the preceding corollary and the fact that

Wﬁ " has just one row, we see that a, n =n for every positive integer n. Thus if the N ganonical representa-

tion of nn is "
-1
Z kp FN,p ’
the first canonical representation of 3?/1 is
: 0
Z kp FN,p
and so by Theorem 2.1 the k + 7! canonical representation of al,(n is
k
Z kPFN,p

and that of a,(fn S
k
2 ko FNprieg -
Given an N-tuple (ay, a2, -, an/ and given an integer k = 7, 2, -, N — 1, we define an (V — k/)-tuple called
the k" Fibonacci difference of (a; as, -, anJ) by
d)k(a;, az; -, an)="(by, ba, -, by-k)
with
bj = aj+k — Z aj+j, i=12-,N-k.

Then we can prove the following theorem.

Theorem 2.2. Foreach NV > 2 and foreach k=12 -,N—1 every column of W,’f, is the k™ Fibonacci
dn‘ference of its corresponding column in WN Thus the tables of k™ Fibonacci differences of the columns of
WN enjoy all of the properties listed in the first corollary to the preceding theorem.

Proof. By Theorem 2.1 we have

Kk _ k
aj _ZkPFN,pH—-I'

2 ko i

is the k + 7% canonical representation ofa/;j. But

where

k—1

K _
FNpi-1 = FNp+itk-1- > Fuptitr-1
r=0

which gives
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k—1
k _ -~
aj = Z kp FN,pitk-1— Z L kp FNptitr-1 -
P =0 p

Again using Theorem 2.1 we obtain

iy = Ak~ Z ajjer

which is the j; entry of the table of k" Flbonacm differences of the columns of WN

In Figure 2.1 we show a portion of W4 with its accompanying tables of Fibonacci differences. One can see
that the properties of the Flbonacm differences given in Theorem 2.2 suffice to determine the table of WN if it
is also required that the rows of WN be increasing sequences forming a disjoint partition of the positive integers.
If one tries the same thing for ordinary differences for / = 3, the result is shown in Fig. 2.2, wherein dupli—
cations occur in the third and fifth, fourth and seventh and fifth and ninth columns (as far as the table goes).

3 5 7 9| N 13 15 16 18 20
6 10 14 |17 21 25 29 31 35 39
121 19| 27 | 33| 41 | 48 56 60 68 75
23 | 37| 52 | 64| 79 | 93 108 | 116 131 145

5 7 8| 10 12 14 15 17 19
9| 13 16| 20 | 28 27 29 33 36
" 181 25 | 31| 38 | 45 52 56 63 70

BN =]~ =

—_
w
ES

6 | 7| 91| 10 | 12 ] 13 15 | 16
5 gl 11| 14| 171 20 23 25 |* 28 31

i 2l 3] sl s s 7 8] 9] 0]

Fig. 2.1 A Portion of Wg and Accompanying Fibonacci Difference Tables

|1357310121415]

2| 6| 9|13 () 18| (B ® @))
4| |08y 23] 29)] s | 41| e8| 52

1 3 4 6 8 9 " 12 14

2 5 7010 | 183 | 15 | 18| 20| 23

j’yTz] 5T 2] 5 6| 7] 8] 9|

Fig. 2.2 Counter-Example to Theorem 2.2 for Ordinary Differences (V = 3)

Our next theorem gives the generalization of the procedure used in [1, 2] to define Wg and Wg.
Theorem 2.3. foreach N =2 and each k= 0,7,-, N — 2,
ak = 1+a’;ag, i= 12 N=k-1.
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We note that the information in this theorem is sufficient for the construction of W,‘\J,in the sense of [1, 3],
but not for the construction of W,/f,, unless Wﬁ, has already been constructed.

kao can be obtained through the second corollary to Theorem 2.1 as follows.
e

Proof. Arepresentation for a
7
i

Let a,ﬁ,jhave k + 7°T canonical representation

Z kp F/I\(I,p /

which therefore has lower degree congruent to/ + 7 modulo /. Then by Theorem 2.1 the first canonical repre-

. 0 -

sentation fora?; is
L] k FU

Z P N,p-1-

Since F,\A,/"p7+7 = F,?,,p for all p,
N-1
ZkPFN,p

is a canonical representation for a,-o- by {F%'/’} which, however, is not ¥ ¥ canonical because it has lower de-

gree congruent to /+ 7 modulo /. By Theorem 1.3 the N canonical representation now follows by reduction.

Let the lower degree of
S ko R
P N,p

be mN +/ + 1. Then by the nature of the reduction process we know that the N canonical representation of
a,-ojis given by
Lo S v -~ N-1
T PNyt 2 Fugnet z koFnp -
p=1 q=0 r=i+2 p>mN+i+1
By the second corollary to Theorem 2.1 we have that the & + 75 canonical representation of a¥ 08
1,a;;
i m1 N . "’
TR o
Z FN,p * o Z FN,qN+r+ Z kp FN,p .
p=1 q=0 r=i+2 p>mN+i+1
Now since B
LkpFip
isak + 75 canonical representation of lower degree congruent to/ + 7 modulo // and with / + 7 among the resi- _
dues 0. 1. -, N — k we must have / </V — k and therefore

i
kK _ rk

2 FNp = FRwr—1

p=1

by what has been shown in the proof of Theorem 1.1. Thus if 1 is added to the k + 757 canonical representation
of ak o the terms produced by the reduction process exactly recombine to yield the expression

A8jj
K
2 koFhp.
)

and hence

k = k
a;. ;= 1+a .
i+1, 0
/ lajj

Our last theorem provides a generating function for the sequences {F,/\(, i}-

Theorem 2.4. Letabe a (positive) root of
[Continued on page 34.]



