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Letxi,X2, •-rXn denote asequence of zeros and ones of length n. Define a polynomial of degree (n - m)> 0 
as follows 

(D &m+l,n+l(d) =Y*d1-XUd+X1)Ux* .~(d + X1+X2 + >~ + Xn_1)1-Xn 

with Pij(d) = 1, where the summation is overx^, x2, —,xn such that 
n 

E x{ = m. 
i=l 

Summing over*n we have the following recurrence relation 

(2) Pm+itn+i(d) = (m + d)$m+1}n(d)+$min(d), 

where $o,o(d)= 1> 
Summing overA^ we have the following recurrence relation 

(3) (3m+1}n+1(d) = d-(3m+1)n(d) + (3m)n(d+ 1), 

where ]3 o,o(d) = 7-
Now we introduce the following theorems to establish relationships between the polynomials defined in (1) 

and Stirling numbers of the second kind; see Riordan [1 , pp. 32-34] . 
Theorem 1. $mtn(1) defined in (1) is Stirling numbers of the second kind, i.e., Pm>n(1) is the coeffi-

cient of tn/n! in the expansion of (et- 1)m/mi, m,n > 1. 

Proof. From (1) we have $iti(1)= 1 and from (2) we have 

W) Pm+l,n+l(D = (m+Wm+l,n(1) + Pmtn(1t, 
which is the recurrence relation for Stirling numbers of the second kind; see Riordan [ 1, p. 33]. Thus Theorem 
1 is proved. 

Using (2), (3), and (4), we have 

Corollary 1. (a) Pm+itn+i(0) = $m,n(D, 
(b) Pm+l,n+l(V = $m+l,n(D + $m,n(2h 

(c) (2) = m&m+ljYl(1) + $mtn(1) . 

Theorem 2. The polynomial defined in (1) can be written 
(n-m) 

Pm+l,n+l 
<d)= Z (ny)dyVm,n-y(D. 

y=0 
Proof. Assume that n distinguishable balls are randomly distributed into N distinguishable cells such that 

the probability a ball falls in a specified cell is 1/N. Assume that d = ON <N, 0 <6 < 1, of the cells are pre-
viously occupied. 

Define x^ = 1 if / ball falls in an empty cell and X[ = 0 otherwise. The joint probability function of 
(*1, *2, "- f xn ) c a n De written 
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lN-d-xt-x2 xn„1y?nld + x1+x2 + - + xn_1 "\~Xn 

Let fm j , fe be the event that m additional cells will be occupied when/ balls are randomly distributed into /r 
cells such that the probability that a ball falls in a specified cell is 1/k. Now summing (5) over x±,X2, — , xn 

such that 
n 

we have 

(6) p[Em,n,N] = — 777 T—Zfrr Pm+ltn+l(d). 
' run (IV — U — 171 J! 

Let Fy}Yl denote the event tha t / out of n balls will fall in the previously occupied cells, d out of /I/ cells. Then 

But we have 
(n~m) 

where using similar expression as (5) and (a) of Corollary 1r 

(8) PfFm.n,N\FV,n} = PlF m,n-v, 
I ^ ^ (N-d)n~y \N-d-m>1- y 

Thus using (7) and (8) 
f (n-m) *] 

(9) " w - ̂  r¥^fe{ £ (;K<W>;j • 
Equating (6) and (9), Theorem 2 follows. 

From Theorem 2, we have the following recurrence relation for Stirling numbers of the second kind. 
Corollary 2. 

(n-m) 
Pm+l,n+l m,n-y (1) 

y=0 
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