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THE NUMBER OF PRIMES IS INFINITE 

S. P. MOHANTY 
Indian Institute of Technology, Kanpur 208016, U.P. India 

For the theorem used as the title of this paper, many proofs exist, some 
simple, some erudite. For earlier proofs, we refer to [1]. We present here 
three interesting proofs of the above theorem, and believe that they are new 
in some sense. 

ThzoXQjm 1: Let AQ = a + m9 where a and m are positive integers with (a, rri) 
= 1. Let An be defined recursively by 

An + 1 = An " ^ n + **-

Then each A^ is prime to every A •, J ^ i . 

P/WO&i By definition, 

Ax = A2
0 - mA0 + m = aAQ + m. 

Again, 

A2 = A\ - mAl + m = Al(Al - m) + m = aAQAx + m. 
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Assume that 

A k = aA0Ax ... A k _ l 4- m. 

By hypothesis, we have 

A-k + i = Ak "" mA-k + m = ^ W f e - m) + m. 

Now, substituting*a^Q^! ... ̂ k-i for ̂  - w in the preceding line, we obtain 

Ak+l = a ^ . . . Ak+m. 

So, by induction hypothesis, we get 

An = a^o^! ... Ayi-i + m for all n. 

Again, from A0 = a (mod 77?) , it follows that ̂  E a2 (mod w?) . Suppose that 

Ak = a (mod 7??). 

Since we have ̂  + 1 = A\ - mAk + m, we have 

A k + 1 = (a ) (mod w), 

that is, 

^k + l = a (moc* ^ ) • 

Hence, by induction, 

^ = a2* (mod TT?) . 

Next, l e t d = (Ais Aj) , j > i . Since 

^ = aA0Ax . . . i4 t /_1 + m, 

we have d|wz. But d divides Ai = a2 (mod m) . Now d|^ and d|m together im-
ply d = 1 for (a, 77?) = 1. Hence, 

04;, Ad) = 1, j > i, 

and the theorem is proved. 

CoKolIxUiij 1: The number of primes is infinite. 

VKOO^i It is easy to see that Al9 A2, ... are all odd. Since each Ai is 
prime to every Aj by Theorem 1, each of the numbers Al9 A2, ... is divisible 
by an odd prime which does not divide any of the others, and hence there are 
at least n distinct primes <.An. This prov.es the corollary. 
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We note that Polya's proof of the theorem using Fermat numbers [2] is a 
particular case of the above theorem. Taking a = 1, m = 2 in the above the-
orem, we have AQ = 3, A1 = 5, A2 = 17, etc. These are Fermat numbers defined 
by Fn = 22" + 1, satisfying Fn + 1 = Fn2 - 2Fn + 2 with F0 = 3. Again, the the-
orem in [3] is obtained when we put a = 1 and m = 1. 

ThtOXtm 2: Every prime divisor of ^-(2P + 1), where p is a prime > 3, is 
greater than p. 

Psioofi: First, we show that j(2p + 1) where p is a prime >3 is not divisi-
ble by 3. Now, 

f ( 2 p
+ l ) = f ^ = 2P"! - 2 p - 2

+ ... + 1 

is an integer. Again 

|(2P + 1) = (2P _ 1 + 2P~3 + ... + 1) - (2P"2 + 2P~" + ... + 2) 

_ — 2 • — - — (mod 3) = -^—z (mod 3) . 

Since p is a prime >3 we have p = 6k + 1 or 6k + 5. Then, 

-̂(z + 1; = — ~ = 1 (mod 3) 

1(2P + 1 } " 6 k "2
5 + 3 -1 (mod 3). 

Next, suppose that -^(2P + 1) = 0 (mod q)9 where q is a prime <.p. Clearly, (7 

is odd and q ^ 3 when p > 3. Now, by Fermatfs little theorem 

2q~l = 1 (mod q). 

If 3 = p > 3, we have 2P = 1 (mod q), whence 2P = 2 (mod q). But 

|(2P + 1) = 0 (mod q) 

by assumption. Hence, we obtain 3 = 0 (mod q), a contradic t ion. Therefore, 
<? < p„ Now, ((7 - 1, p) = 1 implies tha t there ex is t in tegers a and b such 
that ap + b(q - 1) = 1. Then 

2 = 2 a p + M ^ D = (2
p)a • (2*"1)* = ( - l ) a ( l ) b (mod ? ) E -1 (mod q) 

for a odd. Hence, 2 = -1 (mod (7) or 3 = 0 (mod q). Since q is a prime and 
<7 ̂  3, we have again a contraction; hence, q > p. Therefore, every prime di-
visor of ̂ -(2P + 1) is greater than p. Now it is a corollary that the number 

of primes is infinite. 
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We note that "Every prime divisor of 2 - 1 where p is a prime is greater 
than p" was a problem in the American Mathematical Monthly. 

Tk&Ofiejrn 3: Let p be an odd prime >5. Then every prime divisor of Up is 
greater than p where Up is the pth Fibonacci number. 

The Fibonacci numbers are definable by U1 = U2 = 1 and Un+1 = Un + Un_Y. 
We use the following facts to prove the theorem: 

(1) Un+m = Un^Un + UnUm + 1. 

(2) If m\n then Um\Un and conversely. 

(3) Neighboring Fibonacci numbers are relatively prime to each other. 

(4) For any m> n we have (Um9 Un) = Z7(m,n) , where (a, b) means g.c.d. of 
a and b. 

(5) If p is an odd prime, then p\Up, p\up-\9 or p\Up+\9 according as p = 
5, p = 10m ± 1, or p = 10m ± 3. 

P/LOÔ : For p = 2, 2|Fp + 1 = 2. Let p.be an odd prime >5. Then Up is odd 
since only U3t's are even. So, every divisor of Up is odd. Let q\Up where 
q is a prime. If q = p9 then p |Z7p. This is impossible for p > 5, Suppose 
q < p. Now, (f/p, Uq) = C/(P, ̂) - Ul = 1, (i7̂ -i, C/p) = U{q-itv) = U1 = 1 and 
(Uq+l9 Up) = U(q + i9 P) = U1 = 1. Hence, q\Uq9 q)(Uq-l9 and ql^.^. This 
contradicts (5). Therefore, q > p and the theorem is proved. 

Thus, it is a corollary that the number of primes is infinite. 

A R&qu&Ati The author is trying to collect all the proofs on infinitude 
of primes. Any information in this regard will be very much appreciated. 
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