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The Fibonacci sequence reduced by the modulus m has been examined by Wall
[1], Dynkin and Uspenskii [2], and others. In this paper we investigate the
generalized Fibonacci sequence {Kn}, where X, = 0, K, = K, = 1, and

K, =K

+ K, ,+K, 5, n>2. )

n=-1

We reduce {Kn} modulo m, taking least nonnegative residues.

Deginition: Let h = h(m), where h(m) denotes the number of terms in one
period of the sequence {Kn} modulo m before the terms start to repeat, be
called the Zength of the period of {k,} (mod m).

Example: The values of {K,} (mod 7) are

0, 1, 1, 2, 4, 0, 6, 3, 2, 4, 2, 1, 0, 3, 4, 0, 0, 4, 4, 1, 2, 0, 3, 5,
1, 2,1, 4,0, 5, 2, 0,0, 2, 2, 4, 1,0, 5, 6, 4, 1, 4, 2, 0, 6, 1, O,

and then repeat. Consequently, we conclude that A(7) = 48. Note that K,g =
1, K, = K,g =0, K, g =1 (mod 7). Hence the sequence has started to repeat
when we reach the triple 1, 0, 0. Note also that K,5; = K, = 0, K3, = Ky, =
0 (mod 7), so that the 48 terms in one period are divided by adjacent double
zeros into three sets of 16 terms each. This example illustrates a general

principle contained in

Theorem 1: The sequence {K,} (mod m) forms a simply periodic sequence.
That is, the sequence is periodic and repeats by returning to its starting
values 0, 1, 1.

Proo4: 1If we consider any three consecutive terms in the sequence reduced
modulo m, there are only m® possible such distinct triples. Hence at some
point in the sequence, we have a repeated triple. A repeated triple results
in the recurrence of X,, K;, K,, for from the defining relation (1),

Koy =Kyyy - K, - K,

Therefore, if

Kiyy = Kgpqs Kp = Kg, and K, _

1l
]

f (mod m),

then

Kooy =Kyyy ~E, - Kpy = Kgqy ~ Ky - K

8

= Ky_, (mod m)

344
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and, similarly (assuming that ¢ > &),

K
K

1

teo3 K, _, (mod m)

oy = Ky _, (mod m),

Ky gun = K, (mod m)
Kt—s+1 = Kl (mod m)
Ki o =Ky  (mod m)

1t

Hence, any repeated triple implies a repeat of 0, 1, 1 and a return to the
starting point of the sequence.

If h is the length of the period of {K,} (mod m), then clearly kK, =0,
Ky+1 = Kywp =1 (mod m). From the defining relation (1), it also follows
that X, _, =0, Ky, =1, Kj_3 =m-1, and K;_, = 0 (mod m). We now list some
identities for the sequence {Kn} which will be useful in the sequel. These
identities and their proofs may be found in [3].

Kpwp = KnKpyy + Ky ((Kp + Ky 1) + K, 0K, n22, p 215 (2)
Kpsp = Ky owKpursr * Koy 1 Kpyn + Ky 1) + Kyl oK, (3)
n>2,p21l, p+2<r<n-1;
Ln = Kn-l + Kn—z; (4)
n
1 1 Kn+1 n+1 Kn

1 0 0] = |k, L, Kpovl|, m > 23 (5)

0 1 Kn—l Ln-l Kn—z

2 3 2 =

KnKn-a + Kn—l + Kn—zkn+1 - Kn+1Kn—1Kn—3 - ZKnKn_lKn_z - l, n 2 3. (6)

The following theorem gives an unusual property about the terms which im-
mediately precede and follow adjacent double zeros in the sequence {Kn} (mod
m).

Theorem 2: 1f K = K

n n=-1

Z0 (mod m), then X3 = KZ+1 = 1 (mod m).

n=-2 =

K3,, (mod m) follows from the defining rela-
K, 1 =0 (mod m). To prove the other part,

Prood: The fact that K3_,
tion (1) and the fact that X,
we observe by (6) that

1

2 3 =
K2_ K, _, + K K, K, ,=1.

n=1"n-4

2
2 + Kn--SKYL - KnKn—ZKn—h - an—l

All terms on the left side of this equation, except Ki_z, are congruent to O

modulo m. Hence we have

K:_, =K .0 =1 (mod m).

n
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Theorem 3: If j is the least positive integer such that K;iy 2K; 20
(mod m), then

(a) Knj-l = Knj = 0 (mod m), for all positive integers n and

(b) if K,_; = K; = 0 (mod m), then ¢ = nj for some positive integer n.

Prnoog of (a): The proof is by induction on n. For m = 1, the conclusion

is immediate from the hypothesis. If we assume as induction hypothesis that
K ZK,; =0 (mod m), then by (2)

ng=-1 =
Kiner); = Knjay = KK + Koy 1Ky + Kjq) + Kpp 5K; = 0 (mod m).
A similar argument shows that Knj_1 = 0 (mod m).

Proog of (b): Let ¢ be such that K, = X, _; =0 (mod m). We have t > j
since j was least such that K; = K; , = 0 (mod m). If j does not divide ¢,
then by the division algorithm,

t=gg+r, 0<prc<y.
We have by (2),

Ky = Kjgup = KjgKpsy + Kjoy (Kyoy + K,) + Ko K, =0 (mod m).

But since qu = K.

ig-1 = 0 (mod m), this equation implies that

qu_zK 0 (mod m).

By Theorem 2,

K3

Gq-2 = 1 (mod m),

which implies that no divisors of m divide qu-z' Thus,

0 (mod m).

KI’
Similarly, we can show that

K

r-1

=0 (mod m).

But » < j, and so these last two congruences contradict the choice of j as
least such that

KJ = Kj—l =0 (mod m).

The following theorem shows that in considering properties about the length
of the period of {Kn} (mod m) we can, without loss of generality, restrict
the choice of m to p*, where p is a prime and ¢ a positive integer.
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Theorem 4: 1If m has prime factorization

- b1 4t t
m = pllgbz cee D%

and if %; denotes the length of the period of {XK,} (mod p:i),then the length
of the period of {Kn} (mod m) is equal to l.c.m. [%;], the least common mul-

tiple of the ;.

Proof: TFor all 4, if h; denotes the length of the period of {X,} (mod p™),
2

i

Khi_1 = Ky, 0 (mod p:i)

Ky,-p 2 Ky,41 =1 (mod p:f),

and also

= 0 (mod p;i),

s
>

B
|

=1 (mod pfi)

B
S
>

&
+
A

I

Krh,;-?. =

for all positive integers r. If j = l.c.m. [k;], it follows then that

~
.,

1"

~

1

I

= 0 (mod m),

1 (mod m).

Conversely, if % is the length of the period of {K,} (mod m), then

N
-
I

=K,_.; =0 (mod m),

1 (mod m),

Kh = Kh+1

which implies that for all <,
Ky = K,_y =0 (mod pf*),
Kp-p = Kppp =1 (mod pl*).

By Theorem 3, % = h;r; for all h; and an appropriate r;. That is, % is a
common multiple of the h;. By definition of % then, A = j, the l.c.m. [h;].

Theorem 5: If K, = K,_, =0 (mod m), then X;_, = 0 (mod m).
Proof: By the defining relation (1) and the hypothesis, we have

Ky

K., +K; , +K,_4 =0 (mod m), (7
Kt‘l = Kt_z + Kt-3 + Kt_.u =0 (mod m)- (8)

Now subtracting (8) from (7), we have
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K, , - X,_, =0 (mod m),

or
K, , = K,_, (mod m).

The next theorem gives an interesting transformation of a certain factor
from the subscript te a power in moving from the modulus m to m? when the
subscript is a specified function of the length of the period of {Kn} (mod
m). This theorem is useful in establishing the length of the period of {Kn}
(mod p?*) relative to the length of the period of {Kn} (mod p), p a prime.

Theonem 6: If h is the length of the period of (Kn} (mod m), then the
following identities hold in terms of the modulus m?.

Keps, = Kppy (mod m?), 9

Koy -1 = 8K3Z3K, ., (mod m?), (10)

Kgp-» = Kj_, (mod m?), (11)

Ken = (Kyay = SK§Z3Ky_y = Kp-p) (mod m?). (12)

Prooq of (9): The proof is by induction on s. For s = 1, the conclusion

is immediate. If we assume that
Kop+1 = Kyyy (mod m?),
then, by (2),
Kriynsr = Ken+1)an = KenarKnar + Ky (K, + Ky 1) + Ky 1Ky,

Since % is the length of the period of {Kn} (mod m), and also using Theo-
rem 3, we have

K, =K,y =Kg = Kg,., =0 (mod m).
But these congruences imply that
K;h (K, +K,_,) =Kz K, =0 (mod m*),
which together with the induction hypothesis implies that
Koriynsr = KenerKnay = KKy = K3 (mod m?),
and the result is proved.
The proofs of (10) and (11) follow in a similar manner.

Proof of (12): Using the defining relation (1) and (9), (10),.and (11),
we have
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Ko = Kopar = Kooy = Koo = (Kj o) = sKZTIK . = K7 ) (mod m?).
We return now to the question of the relation between the length of the
period of {K,} (mod p) and the length of the period of {k»,} (mod p*) where »
is an arbitrary positive integer. First, a preliminary theorem:

Theorem 7: 1If p is a prime and % = h(p) is the length of the period of
{£,) (mod p), then X/, =1 (mod p?).

Proof: If Ky

1 (mod pz), then K,fﬂ = 1 (mod pz) trivially. If K., #
1 (mod pz), then

P - -
Kpwg = 1= (Kyyy - l)(K5+% + K}?ﬁ toeee ¥ K}sz+1 + 1.
Now
Kpy1 =1 =0 (mod p) (13)
and

K ., =1 (mod p)
for any s. Therefore,
Ky +rf2+ oo +K,, +1=21+1+ ... +1=0 (mod p). (14)
Using (13) and (14), we see that
KEyp -1 20 (mod p%).
We now state the main theorem.

Theorem §: 1If p is a prime and h(p?) # h(p), then A(p®) = p” 'h(p) for
any positive integer r > 1.

Proo4: We prove the case when r = 2. The general case follows in a simi~
lar manner by means of induction. Since % = h(p) is the length of the period
of {K;} (mod p), then using (5), we have

h
1 1 1 K4+, ILpu K, 1 0 0
1 0 0 = |k, Ly Kyl 210 1 0] (mod p),
0 1 0 K,y Iy, K,/ |0 o 1

where k is the smallest sech power for which this property holds. [The se-
quence {Ln} is defined by (4).] Now also by (5),
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hp
1 th+1 th+1 th
10 0| = |&, Lip Kppo
th-l th th—z

If h(p) # h(pz), then using (9), (10), and (12), the first column of the ma-
trix on the right has values as follows:

Kyp a1 = K, (mod p?), (15)
Kypp = KP4y - PKE 23Ky, = K} _p) (mod p?), (16)
Kyp -y = PKEZ3K, -y (mod p?). an

By Theorem 7 and (15), it follows that
Kppep = 1 (mod p?). (18)
Using Theorem 7, (16), and (17), it follows that
Kyp 5 Kpyoy =0 (mod p?), 19)

From (18) and (19) we conclude that the length of the period of {Kn} (mod pz)
is hp if

>
1

=1 (mod p?), (20)

=

<+
"
PN
I

=0 (mod p?), (21)

for no t < hAp. To see that this is indeed the case, we observe that since
20) and (21) also imply that

Kt"‘l

1t

1 (mod p), (22)
K, =K,y 20 (mod p), (23)

then by Theorem 3, ¢ = hg for some g. Now assuming that (22) and (23) hold,

t hq q
11 1 11 1 Kyv, Lye, Ky 100
1 0 0/ =|1 0 0of = |k, L, Kyl =00 1 0f (mod p?)
01 0 0 1 0 Kn-1  Lp-y  Kp-p 0 0 1
Since h(p) # h(pz),
Kpor  Lner K 1 0 0
4 = |k, L, Ky | 20 1 0| (mod p*,

Knoy Ly-,  Ku_, 0 0 1
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but by (18) and (19),
AP = 4% = T (mod p?).

Since 4 Z I (mod p?) and p is prime, this implies that p divides q or p < g
and t = hg > hp. Thus hp is the len§th of the period of {K,} (mod p?).
Whether the hypothesis %(p) # A(p®) is necessary or whether h(p?) can ne-
ver equal h(p) is an open question. No example of A(p) = h(pz) was found,
yet a proof that none exists was not found either. In the event that k is
largest such that h(pk) = h(p), it can be shown that A(p*) = p* *h(p).

Theorem 9: 1f K, = K,_, =0 (mod m), then Kz 4, = K¢y (mod m) for all
positive integers s.

Proof§: The proof is similar to the proof of (9).

The example illustrates that at the end of a period, the triple 1, 0, O
occurs in the sequence {K,} (mod m). In the example, we also saw that ad-
jacent double zeros (mot necessarily preceded by 1) occur at equally spaced
intervals throughout the period and that adjacent double zeros occur three
times within the period. For one period of {Kn} (mod 3), we have

0,1,1,2,1,1,1,0, 2,0, 2,1, 0

in which the adjacent double zeros occur once (at the beginning or end) of a
period cycle. A general principle is given by

Theorem 10: 1If t is the least positive integer such that X, = K, ; =0

(mod m), then either K;y; = 1 (mod m) or Kg.,; =1 (mod m) and the length of
the period is ¢ or 3t.

Proof: Suppose K., = 1 (mod m). Then using (6) and K; ZK,_; =0 (mod
m), we have

1

2 3 2
Kth-B + Kt-l + Kt-ZKt*'l - Kt+1Kt-1Kt—3 - ZKth—th-S

Kf Kiyy = Kiyy (mod m),

since K,_, = K., (mod m). By Theorem 9,

= %3
Kaper = Kiyy (mod m)

and so we have

Kypyy =1 (mod m)

as required.

To show that Ky, 4 Z 1 (mod m) if Kiy; Z 1 (mod m) we assume the contrary
and observe that

- - = = 2
Kyoep = Kigy 512 Kypuy = Kiyy (mod m).
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Hence,
3 = 2
Kiy1 = K4y (mod m),

which implies that K,,; = 1 (mod m) since the g.c.d. (X2,,, m) = 1. This is
a contradiction of our assumption that K,,; Z 1 (mod m).

Remark: 1If K,_; =K, =0 (mod m) and K,,; # 1 (mod m), then we showed in
the proof of Theorem 10 that

K3,y =1 (mod m).
It also follows that
th+1 = 1 (mod m),

since
K2t+1 = (K§+1)3 = (Ki+1)2 =12 =1 (mod m) .
Theorem 10 and the Remark would imply that only integers n which can occur
in the sequence {Kn} (mod m) immediately preceding and following adjacent

double zeros are such that

=1 (mod m),

S
I

or

7 =1 (mod m).

1

The Remark would also imply that if n # 1 (mod m), then there exist at least
two distinct values 7n,, 1, such that

=nd =1 (mod m),

3
1 2

n

where 7n,, n, are the immediate predecessors and successors of adjacent double
zeros in the sequence {X,} (mod m).

Theorem 11: If p is prime, h = h(p), and Ky = Kty = 0 (mod p) where
t < h, then % = 3¢ and

K, + Kpyiy + Kpypy =0 (mod p).

Proof: That h = 3t is an immediate consequence of Theorem 9 since t < A.
To prove the second statement, we have by (2),
Kot = KpprKy + (Kp + Ko DK, _, + KK, , = K,K,_, (mod p) (24)

since K, = K;—-; = 0 (mod p).

Kpvor = KpyosrKe + Ky ¥+ Kpyp 1)Ky + KpytKy o5 = Kpyh K., (mod p) (25)



1978]  SOME PROPERTIES OF A GENERALIZED FIBONACCI SEQUENCE MODULO 353

Kpvst = Kpgor 1Ko + (Kpyop + Kpyor 1)Ke 1 + Kyt Ky (26)

= Kpppp Ky, (mod p).

Now adding the left and right sides of (24), (25), and (26) and using the
fact that K,,;, = K, (mod p), we get

Kppp + Kpyoy + Kp =Ky + Ky + Ky )Xy, (mod p). (27)
Since K,_, # 1 (mod p) and p is prime, (20) implies that
Kp + Kpyy + Kz'+2t =0 (mod p)

as required.
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