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1. INTRODUCTION

Throughout this paper, let {Hn> be the generalized Fibonacci sequence
defined by

(l) HO = q, Hl = p, Hn+l = HYL + Hn—l’
and let {Vn} be the generalized Lucas sequence defined by
(2) Vn = Hn+1 + Hn—l'

If ¢g=0and p =1, {H,} becomes {F,}, the Fibonacci sequence, and {V,} be-
comes {Ln}, the Lucas sequence. We use the recursion formula to extend to
negative subscripts the definition of each of these sequences.

Our purpose here is to examine several consequences of the identities

(3) Hyvp + (-1)"Hy_p = LyH,
and
(4) Hn+r= - (_l)an—r = FrVna

both of which were given several years ago in my master's thesis [12]. Iden-
tity (3) has been reported several times: by Tagiuri [5], by Horadam [8],
and more recently by King and Hosford [10]. However, identity (4) seems to
have escaped attention.

We will first establish identities (3) and (4), and then show how they
can be used to solve several problems which have appeared in these pages in
the past. We close with a generalization of the identities.

2. PROOF OF THE IDENTITIES
The Binet formulas
F, = (a® = BM/V5 and L, = o + 8",
where o = (1 + v/5)/2 and B = (1 - V/5)/2, easily generalize to
H, = (Ao - BR™)/V5 and V, = Aa™ + BR",

where 4 = p - qgB and B = p - qu. Any of these formulas may be obtained eas-
ily by standard finite difference techniques, or may be verified by induc-
tion.

Since 0B = -1, we have

Hysp ¥ (-1)7Hyop = {40~ BR™*T + 07p740" "7 - A Y
{Aomar + 4anB” - BE"ar - BR"E7}/VS
{ar + 8"}« {4a" - BE"}//S
= LpHy,.
Therefore, (3) is established.
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Similarly,
Hywp - CL"H, ., = {Aom” - BR™*T - aTR"4a™T + o&"e’BB”'”}/E
= {Aorar + BT - AB"a” - BE"7 IS
= {do™ + BB"} . {oﬂ‘ - Br}//g
=l
so (4) is also verified.
3. CONSEQUENCES OF THE IDENTITIES

It is sometimes more convenient to rewrite identities (3) and (4) as

LyHy vy (R oodd)

(5) Hyyon — Hy =

FVisn (h even)
and

Py Vyyn (B 0dd)
(6) Hyyon + Hy =

LyHysn (B even).

In the discussion which follows, it is helpful to remember that:
i. 1If H, = F,, then V, = L,.
ii. I1f H, = L,, then V, = 5F,.
iii. For all k, F, divides Fp .
iv. If k is odd, then L, divides L, .
By (5), we have
Hyvoy = Hy = Fp Vypqp = 144Vn412 .
Therefore, with H, = Fy,
Frsoy = F, (mod 9,
as asserted in problem B-3 [9].
Direct application of (5) yields
Hysum+s = Hu = Lomy1Hyvomer
so that
Fovumes = Fo = Lopy1Fnvomer»

as claimed in problem B-17 [13].
Since L, = 2, identity (4) gives us

Dy = 2(-1% = Lyyp = (-D¥Lyy
Fy, (5F,) = 5F;.

Therefore, Ly = 2(-1)¥ (mod 5), which was the claim of problem B-88 [14].
If k¥ is odd, then (5) tells us that

Hugvor = Hox = LiHprs s

s Fonenx = Fax (mod L) (kK odd)

as asserted in problem B-270 [6].
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By (6) we have

Fopow * Foy + Foypy = Fn + Fouy + Fgyy
= Fg, + L,Fy, = (1L + 7)Fg, = 8F, .
Since 21 = Fg divides Fg, , it follows that
Fgn-y + Fgy + Fg,p,, =0 (mod 168)

as claimed in problem B-203 [7].

In problem B-31 [11], Lind asserted that if »n is even, then the sum of
2n consecutive Fibonacci numbers is divisible by F,. We will establish a
stronger result. Horadam [8] showed that

H + Hy, + +-+ + Hy, = Hyyy - Hy.
If n is even, then by (5) we have

H + H, + «++ + Hy, = Hypyp = Hy = F, Vy 42,
which is clearly divisible by F,. Because the sum of 27 consecutive general-
ized Fibonacci numbers is the sum of the first 2» terms of another general-
ized Fibonacci sequence (obtained by a simple shift), Lind's result holds for
generalized Fibonacci numbers. In addition, we may similarly conclude from
(5) that if n is odd, the sum of 21 consecutive generalized Fibonacci numbers
is divisible by L,.

By (5),
Hopor+y — Han = Homuek — Hay
= o Vonsonk = Fok Vonk+1)

Therefore (with H, = L, and V, = 5F,)

Longr+1y = Lan = 5P Fops1y >
so not only is it true that

LZn(2k+l) = LZn (mOd FZn )’
as asserted in problem B-277 [1], but indeed

- 2

Lonr+y = Lan  (mod F3,)

since F,, divides both Fy,; and Fiy,k 1)

In a similar fashion,

Honsyek+1) =~ Hm+1 = Hopv14uk@n+n — Hm+
= Forn+1) Von+1+2k@n+1)
= Fon+ny Vark+1@n+1)

so that

Don+ywe+ny — Lom+1 = SForen+1y Farsry@n+n -

Therefore,

!
t~

2
L an+1y i +1y m+1  (mod Fa )

and in particular

Lon+nywk+1)y = Loan+r  (mod Fpyyq)
as claimed in problem B-278 [2].
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Also,
Hypunsry — Hu = Hopyske — Hap
= thk V2n+lmk
= Fume Vancr+1)
Therefore,
Fonwr+y = Fan = FumpLoner+1) >
so
FZn(uk+1) = an (mOd LZn(2k+l) )-

Since L,, divides L,,(2x+1) > we have

Foni+1y = Fop (mod L),
which establishes problem B-288 [3].
Now let us consider
Honsyor+1) — Hoper = Honsr142k@n+1) = Hopsr-
By (5) we have
Lk(2n+l) Hk+1)(2n+1) if k is odd,

Fron+1y Y@+ @n+n if k is even.
Therefore

Liyan+n) Fr+en+y Iif k is odd

Fansry @+~ Fans1 _ ,
Fron+y Lk+nan+1 1if k is even.

If k is odd, Lyon+1) 1is divisible by Ly, ,,; if k is even, then k + 1 is odd,
80 Ly, 4+; divides L(x+1)@n+1) - Hence, in any case,

Fansy @r+n = Fopey  (mod Lopiq),

which was the claim in problem B-289 [4].
Finally, we note that adding (3) and (4) yields

Fopwp = (LpFy + FpLy)/2
if H, = F, (and V, = L), and
Lyty = (LyLy + SFan)/z

I

if H, = L, (and V, = 5F,). Subtraction of the same two identities gives us

Fn-—r = (—l)r (Lan - Fan)/z
and
Ly_»= (-1)"(LpL, - SF.F,) /2.

These results appear to be new.

4, GENERALIZATION OF THE IDENTITIES
Let {un} be the generalized second order recurring sequence defined by
Ug = 4> ul =D, Uyt = GUn + hun-ls

where g2 + 4k # 0 (to avoid having repeated roots of the associated finite
difference equation). Define {Un} by

Up = Un+a + hun—la
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let {Sn} be defined by

89 =0, 8, =1, 8,41 =gsn + hs,_1,
and let {tn} be defined by

ty = Sp+1 + hSp-1.

Extend each sequence to negative subscripts by means of the recurrence rela-
tion.
Then if

= (g + ¢92 + 4h>/2 and B = <g - ng + 4h>/2,
the Binet-like identities are easy to prove:
8§, = (@" - B")/(a - B)
t, = a” + B"
= (Ao™ - BB™)/(a - B)
v, = Ao” + BR",

where A = p - gB and B = p - qa.
Then it is a simple matter to establish that

Up+p T (—h)run-r = Tply

and ]
Unsr = (<P U, p = SpVa.
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