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1 . INTRODUCTION 

Throughout t h i s p a p e r , l e t {Bn} be t h e g e n e r a l i z e d F ibonacc i sequence 
def ined by 

(1) H0 = q, Ex = p , Hn+1 = Hn + # n _ l 5 

and let \Vn) be the generalized Lucas sequence defined by 

(2) Vn = Hn + 1 + Hn_±. 

If q = 0 and p = 1, {Hn} becomes {Fn}, the Fibonacci sequence, and {Vn } be-
comes (Ln), the Lucas sequence. We use the recursion formula to extend to 
negative subscripts the definition of each of these sequences. 

Our purpose here is to examine several consequences of the identities 

(3) Hn+r + (-1) Hn_r = LrHn 

and 

(4) Hn+r - (-l)rHn.r = FrVn9 

both of which were given several years ago in my master's thesis [12]. Iden-
tity (3) has been reported several times: by Tagiuri [5], by Horadam [8], 
and more recently by King and Hosford [10]. However, identity (4) seems to 
have escaped attention. 

We will first establish identities (3) and (4), and then show how they 
can be used to solve several problems which have appeared in these pages in 
the past. We close with a generalization of the identities. 

2. PROOF OF THE IDENTITIES 

The Binet formulas 

Fn = (an - en)//5" and Ln = an + 3n
5 

where a = (1 + /5~)/2 and 3 = (1 - v/5~)/2, easily generalize to 

Hn = (Aun - B$n)//5 and Vn = Aan + B$n, 

where A = p - q$ and B = p - qa. Any of these formulas may be obtained eas-
ily by standard finite difference techniques, or may be verified by induc-
tion. 

Since a3 = -1, we have 

Hn+r + (-l)rHn-P = {Aan+r - B$n+r + are>rAan~r - ar^B&n "r}//5 

= {Aana* + Aan$r - B$nar - S3n3r}//5~ 

= jar + $r}«{Aan - B$n}//5 
- LrHn. 

Therefore, (3) is established. 
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S i m i l a r l y , 
Hn+r - (-l)rHn_r = {Aa«+r - B$n+r - ar^TAan-r + uv$vB$n-v}//5 

= [Aanav + B$nur - A$naT - B&n&r}//5 

= [Aan + 5 3 n } - { a ^ - 3 r } / / 5 

= F V 

so (4) i s a l s o v e r i f i e d . 

3. CONSEQUENCES OF THE IDENTITIES 

It is sometimes more convenient to rewrite identities (3) and (4) as 

( LhHk+h (h odd) 
(5) Hk + 2h - Hk = \ 

( FhVk + h (h even) 
and 

\FhVk+h (h odd) 
(6) Hk + 2h + Hk = ' 

LhHk+h (h even), 

In the discussion which follows, it is helpful to remember that: 

i. If Hn = Fn, then Vn = Ln. 

ii. If Hn = Ln> then Vn = 5Fn. 

iii. For all k, Fn divides Fnk . 

iv. If k is odd, then Ln divides Lnk . 

By (5), we have 

Hn+2h ~ Hn = F±2 Vn+12 = X^^Vn+12 • 

Therefore, with Hn = Fn , 

?n + m = Fn (mod 9 ) , 

as asserted in problem B-3 [9], 
Direct application of (5) yields 

"•n+hm+2 ~ Hn = L2m+iHn+2m+i 

so t h a t 

-^n+km + 2 ~ F
n = ^ 2 m + l ^ n + 2 m + l J 

as claimed in problem B-17 [13]. 
Since L0 = 2, identity (4) gives us 

L2k - 2(~l)fe = Lk+k - (~DkLk_k 

= Fk{5Fk) = 5Fl 

Therefore, Llk = 2(-l)fe (mod 5 ) , which was the claim of problem B-88 [14]. 
If k is odd, then (5) tells us that 

Hnk+2k ~ Hnk = ^k^nk+ki 
F(n + 2)k E Fnk (mod Lk) {k odd) 

as asserted in problem B-270 [6]. 
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By (6) we have 

F8n-k + F8n + F8n+h = Fn + F8n+h + F 8n - h 

= F8n + F,F8n = <* + 7>^8n = 8F8 n . 
Since 21 = F8 divides F8n , it follows that 

F8n-k + F8n + ^8n + - E 0 (™od 168) 

as claimed in problem B-203 [7], 
In problem B-31 [11], Lind asserted that if n is even, then the sum of 

2n consecutive Fibonacci numbers is divisible by Fn. We will establish a 
stronger result. Horadam [8] showed that 

El + H2 + • •• + H2n = H2n + 2 - H2. 

If n is even, then by (5) we have 

^ 1 + H2 + ' " ' + ^ 2 n = #2rc+2 ~ F2 = FnVn+2> 

which is clearly divisible by Fn. Because the sum of In consecutive general-
ized Fibonacci numbers is the sum of the first In terms of another general-
ized Fibonacci sequence (obtained by a simple shift), Lind's result holds for 
generalized Fibonacci numbers. In addition, we may similarly conclude from 
(5) that if n is odd, the sum of 2n consecutive generalized Fibonacci numbers 
is divisible by Ln. 

By (5), 

F2n(2k+1) ~ F2n = F2n+hnk ~ F2n 

= F2nk V2n+2nk = F2nk V2n(k+1) ' 

Therefore (with Hn = Ln and Vn. = 5Fn) 
L2n(2k+1) ~ L2n = ^F2nk F2n(k+1) ' 

so not only is it true that 

L2n(2k+1) = L2n (mod F2n ) J 

as asserted in problem B-277 [1], but indeed 

L2n(2k+1) = L2n (mod F\n ) 

s i n c e F2n d i v i d e s both F2nk and F2n(k+1^ . 

In a s i m i l a r f a s h i o n , 
F(2n +1) (hk +1) ~ F2n+1 = F 2n+l-h^k(2n+1) ~ F2n+1 

F2k(2n + 1) ^2n + I+2k(2n+l) 

= F2k(2n + l) V(2k+l)(2n+l) 
so that 

Therefore, 

L(2n+l)m+D ~ L2n + 1 5F2k(2n +1) F (2k +1) (2w +1) ' 

L (2n+l)(hk+l) ~ L2n + 1 ( m ° d F2n+0 
and in particular 

L (2n+l)(kk+l) ~ L2n + 1 (mod F2n+1^ 

as claimed in problem B-278 [2]. 
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Also, 

Therefore, 

F2n(^k + 1) ~ F2n = F2n + 8nk ~ F2n 

= Fhnk V2n + hnk 

= Fhnk ^2n(2k + l) 

F2n(hk + 1) ~ F2n - F^nk^2n(.2k+1) » 

F2nM+l) = F2n ( m o d L 2n(2k +1) ) • 

Since L2n d i v i d e s L2n(2k + i) > w e have 
F2n(hk+1) E F2n ( m o d L 2n ) > 

which establishes problem B-288 [3]. 
Now let us consider 

F(2n + l)(2k+l) ~ F2n+1 = H 2n+ 1+2k(2n+ 1) 

By (5) we have 
Fk(2n + 1) F(k+I)(2n + 1) i f & I S o d d , 

There fo re 
Ffe(2n+1) 7 ( k + l ) ( 2 n + l ) i f & i s e v e n « 

^ (2n+l ) (2 fc + l ) - F2n+1 

LH2n + l) F(k+l)(2n+l) i f k i s o d d 

Ffc(2n + i) L(k+i)(2n+i) i f & i s even. 

If fc i s odd, -Zj/c(2n + i) i s d i v i s i b l e by L2n + 1; i f k i s even, then fe + 1 i s odd, 

so L2n+i d i v i d e s L (fc+i)(2n+i) • Hence, i n any c a s e , 
F(2n + 1) (2/c + l ) E F 2 n + 1 ( m o d L 2 n + i), 

which was the claim in problem B-289 [4], 
Finally, we note that adding (3) and (4) yields 

Fn+r> = i^rFn + FrLn)/2 

i f En = Fn (and 7n = L„) , and 

Fn+r = (FpLn + 5FrFn)/2 

i f # n = Ln (and 7n = 5 F n ) . S u b t r a c t i o n of the same two i d e n t i t i e s g ives us 

Fn_r = (-l)r(LrFn - FrLn)/2 
and 

Fn_v = (-1) (LrLn - 5FrFn)/2. 

These results appear to be new. 

h. GENERALIZATION OF THE IDENTITIES 

Let {un} be the generalized second order recurring sequence defined by 

u0 = q, ul = p, un + 1 = gun + hun.ly 

where g2 + 47z 4 0 (to avoid having repeated roots of the associated finite 
difference equation). Define {vn} by 
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let { sn } be defined by 

s0 = 0, s1 = 1, sn + 1 = gsn + hsn_±, 
and let {tn} be defined by 

tn ~ sn+l + ftSn-I* 

Extend each sequence to negative subscripts by means of the recurrence rela-
tion. 

Then if 

a = f g + /g2 + kin) 12 and 

the Binet-like identities are easy to prove: 

sn = (an - 3n)/(a - 3) 

*„ = an + 3n 

un = (Aan - 53n)/(a - 3) 
vn = Aun + B$n, 

where A = p - q& and B = p - got. 
Then it is a simple matter to establish that 

3 = (g - /g2 + 4/z)/2, 

and 
Un+r — \—rl) Un_T = SrVn. 

9. 
10. 
11. 
12. 
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