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To prove the stronger result that if 

ivm} = {wn} for any n,m9 then {vm} = {wn} for all n,m, 

it would be necessary to replace "small" with "large" in the enunciation of 
Theorem 3. This would require S to be a prime ideal which could be achieved 
by embedding S in a maximal ideal ̂Ua3 which could be proved prime. However, 
this would then require restrictions on pr and q' as it would be easy to show 
that q,VN_1 e S but it would not automatically follow that VN_± e S. 

Another problem that might be worth investigating is to look for commu-
tators for relations like 

P p p i 
wn + i ~ wn ~ wn-i* w n e r e P l s a prime. 

These could be useful in Lie algebras. 
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1. INTRODUCTION 

If Prl , Pr2 , ..., Prr are distinct integers for positive r, let 

oo = OJ(PP1 , ... , Prr ) 

be the set of integer sequences 

/ r 7<*>\ /„<*> T7M (r) ) 
\Wsn ) = \Ws0 » Wsl » Ws2 > • • • ] • 

which sa t i s fy the recurrence r e l a t i on of order r9 

(1.1) ^ + 1 . - I ) ( - l ) i ' + 1 ^ C )
+ r - ^ (8 = l - 2 , . . . , r ) , » > 1 . 

J =1 
This is a generalization of of W s n f studied in detail by Horadam [1, 2, 3, 
4, 5]. l ; 

Hilton [6] partitioned Horadam*s sequence into a set F of generalized 
Fibonacci sequences and a set L of generalized Lucas sequences. We extend 
this to show that GO can be partitioned naturally into r sets of generalized 
sequences. 
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(2.1) 

2. NOTATION 

We define r sequences of order r9 \Vsn ( (s = 1, 2, ..., r) by 
r 

(r) ,1-sV^ „(*0 
7Q 

-l-s\~"* (r) „ 

j-i 
sj *V7 

where the a r; are the distinct roots of 

**-£<-Dfc+V 
fc-i 

(2.2) 

and 

d = det £> 

where D is the Vandermonde matrix 

ar2 

*r2 
v-1 r- 1 
rl a 

p-i 
r2 ar 

(r) 
and the A8j are suitable constants that depend on the initial values of the 
sequence: 

K1 e a)(F. rl ' ^r2 ' 5 -^2»r» / ' 

*£2i' ^ - ^ ' ^ S ' c t f ' 
J-l 

r-fc 

j - l k -l 

= £(-l)k+1P2.fc^(nip-fe» a s required. 

3. THE PARTITION OF a)(Prl , . .. , Prr ) 
(r) It follows from (2.1) that we can represent 7^, by 

(r) ^ " T X ^ (*-l, 2, ....*) 
J-l 

so that 

and 7 r n can be pu t i n t he form of any of t h e VQn . For example, when t = 3 , 
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(r) , 3 - r ^ R W n 
Vrn = d 2^B3j arj 

j - l 
has the form of 

(p) = d3-ry (r) n > 

d = i 

We shall now consider the derivation of one sequence from another, so 
that in what follows the results hold for any of the r sequences. Thus there 
are r such partitions. 

(r) 
We say that Wsn is in Fibonacci form when it is represented as in 

r 
(3.1) WJZ =^YlArjalj \d\ * 1 

j = i 

and in Lucas form when it is represented as in 

r 
(3.2) W^ = XX.-a^ \d\ * 1 

j-i 

where the Brj are different constants from the Arj. This is analogous to 
Hilton. To continue the analogy, one can see from (2.1) that there are r 
such forms which correspond to the distinct values of s. When Ws% ^s i-n 

Fibonacci form we may perform an operation ( ') to obtain a number 

w(ry 
wsn 

where 
7W W, sn 2-J Brj arj ' 

j (p) ' ) 

We say (like Hilton) that the sequence W s w f is derived from the sequence 

sWsn ?. Throughout this paper we assume that \d\ is not unity, because when 

d is unity the essential distinction between (3.1) and (3.2) breaks down. 

There would still be r partitions, provided the Asj of Equation (2.1) are 

distinct for all values of s, but the groups of sequences would have the ba-

sic Lucas form. Now 

Us?' = Z Avjart = d[lj[ I t A*ja*j) = dh' sn > 

and so Wgn = a W^n , which corresponds to Hilton's Theorem 1. 

It follows from (3.1) and Jarden [7] that 

Da = dw 

where a = [Arl, Ar2, . . . , Arr] 

and y = [^(or>, *tf \ • • • , < ; ) - 1 ] r -



352 A GENERALIZATION OF HILTON'S PARTITION OF HORADAM'S SEQUENCES [Dec. 

So 
i n which 

a = dB~lw 

dD'1 = [dQK] 

i s the matrix with dpK in row p and column K, where 

For v = 2, 

For r = 3, 

d PK (-D I I farm - am) XI a ^ i p +m9n 
m >n 

, D' 

m±p 

a 2 2 - 1 

- a 2 1 1 

where d =• a 2 2 - a 2 x . 

2 2 2 
ot3 j cx32 a 3 3 

a 3 3 a 3 2 ( a 3 3 " 0 t 3 2 ) ' ~ ( a
3 3 + a

3 2 ) ( a
3 3 " a 3 2 > ' ( a

3 3 " a 3 2 ) 

etc. _ 

where d = (a32 - a31)(a33 - a31)(a33 - a 3 2 ) . 

For v - 4, 

4 l 

2 
41 

3 

etc. 
. » - • - § 

d l l - d 1 2 d 1 3 d l f 

etc. 

where d = (a^2 - a ^ X a ^ " ^ ^ { a ^ -a1+2)(al+l+ - a u ) ( a ^ -a1+2)(alflf -a^) 

dll = a . 2 a
l t 3 a ^ ( a . 3 " a . 2 ) ( a ^ ~ a . 2 ) ( a „ - a

4 3 ) 

d 1 2 = - ( a l t 2 a l t 3 + a i + 3 a l f l + + a 1 + l t a 1 + 2 ) ( a I + 3 - a l t 2 ) ( a 1 + 2 + - a I + 2 ) ( a 4 I + - a l f 3 ) 

d 1 3 = ( a 4 2 + a 4 3 + 0 ^ ^ ^ ) ( a 4 3 - a i f 2) ( a 4 4 - a t + 2 ) ( a 4 4 - a1+3) 

d 1 4 " ( a 4 3 - a 1 + 2 ) ( a i t l f - a i t 2 ) ( a I f r l f - o ^ g ) . 

From a = dD" w9 we have 
2f> 

^ P K ^ S , K - 1 a n d Wsn = 2^ Arparp> 
K = 1 P - l 
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so 

(3.3) W%> = £ E ^ p ^ - i 
p = 1 K = l 

which is effectively a generalization of Equations (2) and (3) of Hilton. 
Suppose 

and t h a t 

Since 

\Kn) 

Asn 

dxM 

> and 

= y ( r ) 

sn 

= y^ 

(n = 0, 1, 2, . . . ) . 

(3-4) Y^ = E E < V <*£<-!> from (3.3) 
P - 1 K - l 

and 

r r 
(3 .5 ) = ] T L ^ P K ^ p ^ K - i ^ from ( 3 . 4 ) . 

p = 1 K = l 

(3.5) is a generalization of Theorem 2(i) of Hilton. 
The analogue of Theorem 2(ii) of Hilton can be stated as: 

Vh.00 

i f Us?} e w(P p l , . . . , P ^ ) , ^ I E L ^ P K ^ P ^ - I ' « < r , 
V ' I p K 

then {&#>}• = { * £ > ' } for some { * £ > } e ui(Ppl , . . . , P„) . 

: I f { x s
( ^ | e i o ( P r l , • - . , P H . ) , 

then X^ ' = E E dP< u%xs% -1> f r o m < 3 • 3 ) • 
P < 

if x^ = r 2 E E ^ « r > s
( , l i . « < *, 

P K 

then J s
(
n

r ) ' = | E E dP< « r P ^ K - 1 . n<r, 
P ic 

but f/s(„r) = ± E E ^PK «rp ^ K - 1 > » < r • 
U p K 

So cft^ = fi^} for n < P , 

from which the result follows. 
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k. THEOREMS 

The basic linear relationships between \Xg* ? and jlg„ > are described 
in the following theorem. ^ ' ^ 

TkdOKUm A: The following are equivalent: 

r r 
<4-2) ?£n+m = £ E ^ K ^ P ^ ^ K - I , for all n > 0, 

p = 1 K = l 

(4-3) *£»+* = 4"£ EV«U!»«-P for all n > 0. 
a p = 1 K = 1 

Vh.00^1 For each of (4.2) and (4.3) we need only require that the expression 
is true for v adjacent values of n. 

(4.1) =^(4.2); 

r r 
then I™ = £ E^P^rp^-l* from < 3 ' 3 )-

p = l K = l 

Thus (4.2) is true for n =0. Let t >_ r and assume (4.2) is true for 0 _<n <£. 

*#+•, = 2 > 1 ) ' % * . $ + • , - , . from (1.1), 

r r r . 
= 2 ^ 2 ^ 2-^p><a™p(~1) prj J s , t - j + K - i 
J = l p - 1 K - 1 

= 2 ^ 2^^PKarp2-^ ̂ 1 ^ ^J^.t-j+K-i 
P-1 K-l j=± 

= E E^PK^P^S^ + K-I' a s required. 
P ic 

Similarly, (4.3) follows if we use (3.3) and induction. 

(4.3) =^(4.1); 

s i n c e Xsn) = 71 JLl^dPKa%Y8*K-l> f o r n < r9 
d p K 

it follows from the generalization of Hilton's Theorem 2(.ii) that 

{*£'}-{*£:>}. 
Similarly, it can be shown that (4.2) ==>(4.1). This completes the proof of 
Theorem A. 
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We now describe a partition of 0)(Ppl , ..., Prr) . If 
S w(Prl , . .. , P^) , 

let WQ*' = d2 o)g„ for all n >_ 0 where m >_ 0 is an integer, 
{ u ) « } e w and d2 f «o£> 

for at least one n >_ 0. Then, for |d^| ̂  1, 

if ̂ 2 iSZI^pK^p^M-p for a11 n> 0 £ n < p; 
P K 

if ^2 I ̂ Z-/^pKarp(JL)s,K -i> for at l e a s t o ne ̂ 5 0 £ n < P. 
P K 

In view of Theorem A, if \W^ f is a member of F (or L).9 then any "tail" 
of S Wg% f is also a member of P (or L) , respectively. Note that this parti-

tion of \Wj£ > is not unique, since in terms of (2.1) L corresponds to s = 1 
and F corresponds to s - 2. We could proceed with similar partitions for 
s = 3, ..., 2% but they do not tell us anything essentially new. 

Ikdonam B: \X^\ e F iff {^f £ Lo 

VfWO^} (i) If U ^ H e P, suppose that 

xsn) = <*2W*£? for all n > 0, 

where m > 0 is an integer, and 

\xsn* ( e ^ a n t* ^ 2 I xsn* ^ o r a t l e a s t o n e n >_ 0. 

Clearly d2 fa<£> , or dz I xff or d2 Hx™^. By Theorem A, 

?sn = E E ^ p ^ - 1 for 0 < „ < r. 
P K 

Let yj£} = d 2 ^ ^ for a l l n > 0. 

Then i/£> = £ L ^ P K ^ r p ^ - l ^ 0 < n < P. 
P K 

Since xj$ e F9 d2 \ ̂  X-/̂ PKa"p̂ s,K -1 ror at least one n, 0 £ n < r, 
P K 

Therefore, d2 \y^r' for at least one n, 0 <_ n < p. 
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But it follows from Theorem A that for all n9 0 <_ n < r9 

d2 (r) = y> Yd an i/(r) 
u ^ sn £^ Z-J PK **P Ms, K -1 • 

p K 

Therefore iy^J \ e L, and so {*/s(£}} e L. 

(id) If W ^ } > e L9 suppose that 

*£ = d2myM f o r all n > 0, 

where m >_ 0 is an integer, and 

lz/(r)> e L and d2 |z/(r) for at least one n >_ 0. 

Clearly d2 \ y ^ , or d2 \y& , ..., or d2 j ^ _ r
 B? Theorem A, 

Xsn = ̂ E & P K ^ L I ^ r 0 < n < P. 
u p K 

Let Z^ } = ^2 m*^ } far all n > 0. 

Then *£? - i L E d p K ^ p i / « . , , 0 < n < P . 
" p K 

Since Ljrt\ e L, d2 | £ £ ^K^P^K -I f o r a l l n , 0 < n < r . 

So x $ , # ^ , . . . , # ^ , - 1 are. i n t e g e r s and so <tf£*H e OJ. But 

y*n = LE^pK^p^irK-i f o r a l l n , 0 < n < r , 
' p K 

and since d2 t v » or d2 lw-, , • .. , or d2 t y , it follows that 
i ̂ s 0 i ̂ s l * ^a,r - 1 

app^s,K-i f° r a -̂ least one n, 0 <_ n < r. 
p K 

Therefore stf-Jj f e F, and so S X ^ > e F. This completes the proof of Theorem 

At this point, Hilton considered identities obtained from the binomial 
theorem. The corresponding application of the multinomial theorem to the 
roots arj of the auxiliary equation seems too complicated to pursue, though 
it is possible. 

Another approach is to modify the method of Williams [10]: let 

e = exp(2^Tf/p), where i2 = -1, 
and as before 

v 
d = II (arj- - ark). 

j >k 
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If we let 
r - l 

arj = \ HWS+ld k Z~jk ' (J * 1 , 2 , . . . , 20 , 
fc = 0 

then it is shown in Shannon [9] that 

r-l 

arj l Z-rf wksn+ra b » 
fe = 0 

which seems to be a more useful form than the corresponding multinomial ex-
pression. 
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