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PROBL.EMS PROPOSED IN THIS [ISSUE
H-313 Proposed by V. E. Hoggatt, Jr., San Jose State University, San Jose, CA

A. Show that the Fibonacci numbers partition the Fibonacci numbers.

B. Show that the Lucas numbers partition the Fibonacci numbers.
(See "Additive Partitions I," FQJ, April 1977, p. 166.)

H-314 Proposed by P. Bruckman, Concord, CA

Given x, € (-1, 0), define the sequence S = (xn):=o as follows:
(1) Zpp1 =14+ D1 +x,, n=0,1, 2, ... .
Find the limit point(s) of S, if any exist.

H-315 Proposed by D. P. Laurie, National Research Institute for Mathematical
Sciences, Pretoria, South Africa

Let the polynomial P be given by

— n-1 n=-2
P(g) =z, +a,_,a +a, 3 + s 4+ as +oag
and let 2., %,, ..., &4 be distinct complex numbers. The following iteration
scheme for factorizing P has been suggested by Kerner [1]:
R P(z;)
B, =8; -~ 1. =1, 2, ..., n.
Z(ZZ - Zj)
J=1
J#* 1z
n n
Prove that if E:Zi = -a,_,, then also 2: 2;=-a,_,.
=1 i=1
REFERENCE
1. I. Kerner. "Ein Gesamtschrittverfahren zur Berechnung der Nullstellen

von Polynomen." Numer. Math. 8 (1966):290-294.

H-316 Proposed by B. R. Myers, University of British Columbia, Vancouver,
Canada

The enumerator of compositions with exactly k parts is (x + 2% + -..)k,
so that
190
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(L ()1 = (@ + w,m? + - )F

is then the enumerator of weighted k —part compositions. After Hoggatt & Lind
("Compositions and Fibonacci Numbers," The Fibonacei Quarterly 7 (1969):253-
266), the number of weighted compositions of 7 can be expressed in the form,

(2) C,w) = E Wy, «-- g

Y (n)

n >0,

k

where w = {w;, w,, ...} and where the sum is over all compositions a; +eee +
ap of n (k variable). In particular (ZbZd.),

(3) Yoay ee.ap =F,, (1, 1),
Y (n)
where F, (p, g) is the kth number in the Fibonacci sequence

s @ =p  (20)

(4) F,(p> @) =q (Cp)
Fooops @) =F,, (> @) +F,(p, g9 (n>1).
Show that
(5) 3 (ay; t Day ... ap = 2[F,, (1, 1) - 1]
and, hence, that Yim
(6) 2, - Da, vooa 3 ay o.a, =F, (1, 1+2m) -2n (m>0).
Y(n) Y(n)
SOLUTIONS
Umbral - a

H-285 Proposed by G. Wulczyn, Bucknell University, Lewisburg, PA
(A generalization of R.G. Buschman's H-18)
(Vol. 16, No. 2, April 1978)

Show that

n

(a) E(Z)Fr‘kl’nr-rk = Zann or (FT + LT)* = (2FT)".
k=0

Solution by L. Carlitz, Duke University, Durham, NC

Much more can be proved readily. Let C(n, k), 0<k<n, be numbers that
satisfy the symmetry condition:

Cn, k) =Cn, n - k) (0<k<n).

Let a, b be arbitrary, and define

a® - b”

Fn ='7¢—_—E-—, Ln =a”+b”.
Then

n n
2: cn, k)F;kLrn—rk = P 1 3 E:(j(n, k)(ark _ brk)(arn-rk + brnurk)
=0 k=0
1 < 1 &

= g L O K@ = bT) + oy BCGr, K) (@R TTTE - @)
- Pk=0 =
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Since

n

n n
Cn, K)a™ ™ prk = 3 i, n - k)arkp™-% = 3 c(n, k)aTkprr-rk,
0

k= k=0 k=0

it follows that

n
T cln, k) (a*p*m TR - grkprky <,

k=0
Therefore
n n
(*) k): C(ny Ky Ly pe = Fom kZOC(n, k).
=0 =

For example, if C(n, k) = (Z), we get

& (n
kzo(k)FrkLrn-rk =2 Fpy,

2
while, if C(n, k) = (Z) , we have

2on\? 2n
Z () B = ()2

To take a less obvious example, let A,y denote the Eulerian number de-
fined by
had An(m) n
> krxk = s A (@) = XA, xR (m > 1).
k=0 (1 - x)”H'l k=1
It is well known that

Ank=‘4n,n-k (1 <k=<mn

and
n
Z An,k = n!
k=1
Take
Cln, k) = Apyr, 141 (0 <k <7),
so that

Cn, k) =Cn, n - k) (0 <k <mn).
It follows that
n
kZOAn+1,k+1 Fog Dpporie = (0 4+ 1)1y .
Also solved by P. Bruckman, J. Vogel, and the proposer.

LATE ACKNOWLEDGMENTS :

H~281, also solved by J. Shallit.
H-283, also solved by A. Shannon, A. Philippou, and P. Yff.
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