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14, (a) Fibonacci-Lucas identity used: Li = 2P 1 + FZ + 6F§+1Fn_1
(b) Type I extension: b3L3 = 2F3 | + aF% + 6F2,,F,
(¢c) Generalizations:
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D3F3,F) = L3.L5 = 2L% 5, = 6Li400ln-2n

Type II  F3L% = L3F} - 2F% - 6F%, . F,_,
3m3p3 3r3 3 2
D3fiFY = 1303 - 213 - 6L7,.L,_,

T e I1I 4F2r+1Li = FS—Zr—l + 4L2r+1Fs + 3F%+2r+1Fn-2r—l
4D3F3 o1 FY = Ly pp 1 + 403,105 + 302 0mi1Dn 201
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4FZan - 4L2r5% - Fn-zr - 3F§+2an—2r
4D3F;rFZ = 4LgrL2 - Li—ZP - 3L%+2an-2r

Type IV 4F3L% = 4r3F? - P, - 3F?, .F, _,
4D3FIFY = 4030% - 0¥, - 30,0, .

n-r

Concluding Remasks

Following the suggestions of the referee and the editor, the proofs of the 14
identity sets have been omitted. They are tedious and do involve complicated, al-
beit fairly elementary, calculations. For some readers, the proofs would involve
the use of composition algebras which are not developed in the article and which
may not be well known.

The author has completed a supplementary paper giving, with indicated proof,
the Type I, Type I1II, Type III, and Type IV composition algebras. After each com-
position albegra the corresponding identities using that algebra have been stated
and proved. Copies of this paper may be obtained by request from the author.
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In a recent paper [2], Scott, Delaney, and Hoggatt discussed the Tribomnacci
numbers T, defined by
Ty=1,Ty =1, T, =2 and T, =1Ty.1 +Typ.o +Ty_3, forn > 3,
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and found its generating function, which is written here in terms of the complex
variable z, to be

1 o«
(1 f@z) = = Z T, a".
1 -3=-23%2-3" n=o
In this brief note, a formula for T, is found by means of an analytic method sim-
ilar to that used by Hagis [1].
Observe that

(2) 2 +224+4z2-1=(2-1v)(z-28)(z-739),
where » = .5436890127,
s = -.7718445064 + 1.1151425807,
|s| = 1.356203066,
and
|» - 8] = 1.724578573;

thus f(2) is meromorphic with simple poles at the points 2 = r, 2 = g, and 2 = &,
all of which lie within an annulus centered at the origin with inner radius of .5
and outer radius of 2.

By the Cauchy integral theorem,

p L@ 1 f(z) dz
a T o2mg ’
lz] = .5

n n! gntl

and by the Cauchy residue theorem,

3) Tﬁﬁfm—wlwzwa),
bl:R gntl

where R > 2 and R,, R,, and R, are the residues of f(z)/z2"** at the poles r, s,
and s, respectively.
In particular, since f(2) = -1/((z - »)(z - 8)(z - 3)),

(4) R, = lim (3

Z2+r

= —1/('1’ - 3|2Pn+l),

n+1)

r)f(2) /2" = -1/ ((r

s)(r - 9)r

(5) "R, = lim (z - 8)f(2)/z"*" = -1/((e - r) (s - B)a"*P),
and z+s
© Ry = lim (z - B)f(2)/z"" = -1/(G - )& - &)F"™) = R,.
Along the circle |z| = R > 2 we have
Ir| = 1 < 1 B ) ’
[z3+z2+z—1| |[z|3_|22+3_1” R -R2 -R-1
hence
1 f(z) d= 1
@) L < -
2mt Sl RGB -R2-R-1)

lz|=r
Now, if R is taken arbitrarily large, then from (3) and (7) it follows that

(8) T, = -(R, + R, + Ry).

One final estimate is needed to obtain the desired formula. From (5) we have
for n > 0,
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|, | = - — = L ~ < .26/|s|"*t < .2,
ls - »[s - 5l|s|*™*  2|s - »[|In s||s|"**

which along with (8) and (6) implies

Tn + Rl = —RZ - R3,
so
|T, + R,| = |R, + R,| < 2|R,| < .4;

hence

T, = 4 <-R <T,+ .4
or, equivalently,

T, < =R, + .4<7T, +1.
Substituting the value of R; from (4) into (9) we may rewrite (9) in terms of the
greatest integer function and obtain the desired formula:

nool— 1y
|p - |20+t
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1. INTRODUCTION

Chebyshev polynomials T, (x) of the first kind and U, (x) of the second kind are,
respectively, defined as follows:

T, (x)

cos(n cos™'x) (||

|A

1),

1).

sin[(n + 1)cos tx]
1

U, (x) = (]|

A

sin(cos "*x)

In 1974 Jaiswal [6] investigated polynomials p, (x) related to Up(x). In 1977
Horadam [5] obtained similar results for polynomials g,{(x), associated with T, (x).
The polynomials p, (x) and q,(x) are defined as follows:

{pg(x) = 2p ,_1(x) = pnog(x) (n > 3) with
(1)
po(x) = 0, pl(x) =1, pz(x) = 2x
and
( ) J[qn(x) = zxq'ﬂ-l(x) - Qn-g(x) (n _Z. 3) With
2

‘qo(w) = Os ql(x> = 2’ qz(x) = Zx.



