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Send all communications concerning Advanced Problems and 

Solutions to Verner Ea Hoggatt, Jr. , Mathematics Department, San 

Jose State College^ San Jose, California. This department especially 

welcomes problems believed to be new or extending old results. Pro-

posers should submit solutions or other information that will assist 

the editor., To facilitate their consideration, solutions should be sub-

mitted on separate signed .sheets within two months after publication 

of the problems. 

H - 3 4 Proposed by Paul F. Byrd, San Jose State College, San Jose, California 

Der i ve the ser ies expansions 

9 sj0 4_1 

J „ (« ) = I, ( ° ) + s (-1) I 
m = 1 

m+k m-k1 2m 

(k = 0, I j 2, 3, , . . ) fortheBessel functions J^, of all even orders, 

where L are Lucas numbers and 1 are modified Bessel functions. n n 
H - 3 5 Proposed by Walter W. Horner, Pittsburgh, Pa. 

Select any nine consecutive terms of the Fibonacci, sequence and 

form the magic squa.re 

b 

U8U1U6 + U3U5U7 + u4 u9 a2 = 

Generalize. 
U8U3U4 + U1U5U9 + U6U7U2 

123 
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H - 3 6 Proposed by J.D.E. Konhauser, State College, Pa. 

Consider a rec tangle R. F r o m the upper r ight co rne r of R r e -
move a rec tangle S ( s imi la r to R and with s ides pa ra l l e l to the s ides 
of R. Determine the l inear ra t io K = L 0 / L if the centroid of the 
remain ing L shaped region is where the lower left co rne r of the r e -
moved rec tangle was . 
H - 3 7 Proposed by H.W. Gould, West Virginia University, Morganfown, V/est. Va. 

Find a t r iangle with s ides n + l , n , n-1 having in tegra l a r e a . The 
f i r s t two examples appear to be 3, 4, 5 with a r e a 6; and 13, 14, 15 with 
a r e a 84. 
H - 3 8 Proposed by R.G. Buschman, Suny, Buffalo, N.Y. 

(See Fibonacci Numbers , Chebyshev Polynomials , Genera l i za -
tions and Difference Equations Vol. 1, No. 4, Dec. 1963, pp. 1-7.) 

Show 

(u , + ( -b ) r u ) /u = X v n+r s n - r ' n r 

H - 3 9 Proposed by Verner E. Hoggatt, Jr., San Jose State College, San Jose, California 

Solve the difference equation in closed form 

C I O = C , , + C + F ~ j n+Z n+1 n n+Z 

where C, = 1, C = Z, and F is the nth Fibonacci number . Give 1 Z n 
two sepa ra te cha rac t e r i za t ions of these n u m b e r s . 
H - 4 0 Proposed by Walter Blumberg, New Hyde Park, L.I., N.Y. 

Let U, V, A and B be in t ege r s , subject to the following con-
ditions 

(i) U > 1 , (ii) (U, 3) = 1; (iii) (A, V ) = l ; 

(iv) V= V^-1) / 5 • 

Show A U+BV is not a squa re . 
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SOLUTIONS 

EXPANSIONS OF BESSEL FUNCTIONS IN TERMS OF 
FIBONACCI NUMBERS 

P - Z Proposed by P.F. Byrd, San Jose State College, San Jose, California. 

Derive the s e r i e s expansions 

j 0 ( « ) = t (-Dk £( . ) - ij+1(«) F2k+1 , 
k=0 

where J and I a r e Bes se l functions, with F 9 1 , being Fibonacci 
n u m b e r s . 
Solution by the proposer, P.F. Byrd, San Jose State College, San Jose, California 

Note: This is a c o r r e c t e d ve r s ion . Initially this read J ( x ) = . . . 
which does not make sense . 

It is jus t as easy to der ive the m o r e genera l s e r i e s expansions 
of J ? (a ) , (p=0, 1 , 2 , . . . ) , for Besse l functions of all even o r d e r s , Zp 
and then to obtain the des i r ed re su l t as a specia l case upon sett ing 
p = 0. We make pr inc ipa l use of formulas (6. 1) and (6. 5) p r e sen ted 
in [ l ] . Since J ? (a) is an even function, we f i r s t seek a polynomial 
expansion of the form 

O O 

J 2 p ( a ) =
k ^ 0

 ? 2 k » P M ^ k + l ( x ) ' 

where from equation (6.5) and [1] the coefficients a r e given by 

,2k 7r 

"'2p 
0 

with _. ,, being the Fibonacci polynomials defined in [1 ] , Now it is Zk+1 
known (e. g. , see [2]) that 

7T 

J J \ (-2i« cosv) cos2mv dv = 7T J , (~i«) J (- i«) > 

2p p+m p - m 
0 

and a l so that J (iz) = i n I (-z) = (- i ) n l (z). Hence we eas i ly obtain 

52k,P
= ( - 1 ) P + k [ W t t ) I k - P

( a ) - W i ( t t ) W i ( 0 ) ] • 

('\£ 

52k, p ^ = ~ J J 2 (-2i<*Cosv) [cos2kv - cos(2k+2)v] dv , 
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Finally, taking x = 1/2, and thus with <p (1/2) = F . _, we have 
the fo rmal expansions 

J ( « ) = E ( - D k + P r j («)I ( * ) - I («)T ( a l l F • 
2P k=0 ' k + P k~P k+p+l l Mk-p+lv JJ ±2k+L 

which in pa r t i cu l a r yield the solution to the proposed problem upon 
sett ing p = 0* 

REFERENCES 
1. , P. .F. Byrd, Expansion of Analytic Functions in Polynomials 

Associa ted -with Fibonacci Numbers, The Fibonacci Quarterly,, 
Vol. 1, No,. 1,. pp. 16-29. 

2. G. N. Watson, A T r e a t i s e on the Theory of Bes se l Functions, 
Cambridge, 2nd Edition, 1944, pa 151. 

Note; Cor rec ted statements, to P - l . ' 
Verify that the polynomials P 1 (x) sat isfy the differential 

equation 
•' ( l +x 2 , ) y " +' 3xyf - k(k+2)y = 0 , 

Reade r s a r e reques ted t.o submit solutions to the problems in the above 
mentioned r e fe rence [l]„ 

CORRECTIONS IN SAME PAPER 
Page 19 Replace 2] by [ 2 ] in line 11. 

3 Page 20 In line 5 read (3) as re la t ion r e f e r r i ng to footnote 3 In view 
of . . . . ' 
Page 21 Read ^ . + 1 # x as y .(x) in (4. 7) 
Page 23 In (5. 6) place absolute value ba r s around the quantity a p -
proaching the l imit z e r o . 

SYMBOLIC RELATIONS 

H - 1 8 . Proposed by R..G. Buschman, Oregon State University, Corvaiiis, Oregon 

"Symbolic relat ions1 1 a r e sometimes used to e x p r e s s identities. 
For example, if F • and L denote, respectively, Fibonacci and n • n .r J 
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Lucas numbers,- then 

< l : + . L ) a = L ^ . ( l + F ) n = F 2 n 

are known identities* where = denotes that the exponents on the sym-

bols are to be lowered to subscripts after the expansion is made, 

(a) Prove (L + F)n = (2F)n. 

(b) Evaluate (L + L) . 

(c) Evaluate (F + F) . . 

(d) How can this be suitably generalized? 

Solution by the proposer (now at Sunyf Buffalo, N.Y.) 

Consider the generating functions: 

u/2 2 e ' H sinh{u./5~/2) = /s" £ F u /n! , 
n^O n • 

u / 2 2 e ' cosh(u/5/2) = z L u "/n.1 

n=0 
n: 

From these and the product formula for power series we can write 
F L 

(a) /5 s F 2 u' /nl = 2 e sinh(ui/5) = i/5 £ £ Tt~"TTT7 u x / * 0 ix / x v ¥
 n i n kf (n-k): 

n=0 n=0 k=0 ' ' 
n 

/u\ T̂ k n~l n ^ u , , / r , n „ n n 
(b) s 2 TT-rTTi u. = 2 e (cosh uy5 +1} = £• — - — — — u . 

n̂ O k~0 v i n=0 
_ n F, F , ô> L 2 - 2 ^ 

y , k n-k n ^ u , 1 /=- , , /=- • _ n n 
(c) x £ 7T""T~~"rTT u ~ ^ e ' ( coshui /b- i ) /5= £ ——--—— u 

n=0 k-0 ' • , .n=Q 
Equating coefficients and multiplying by nj then gives 

n 

(a) k=o © F* L - k = " F- °r (F + L>n = (2F) ' 
n 

(b) £ ( f ) L, L 1 = 2n L + 2 ' or (L + L)n =' (2L)n + 2 , 
1 , ~ \k / ic n-k n ' 

k=u 
n 

(c). s (£) F k F n _ k = (2n Ln - . 2)/5 or (F + F)n =. (2L)n - 2)/5 
k=0 

5o/uf/on &y L. Carlitzf Duke University, Durham, NX. 

As noted by Gould (this Quarterly, Vol. 1 (1963), p. 2) we have 
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a x bx oo n , ^ n 
e - e ^ x „ a x bx °1 x T a-b n n! n A ni n 

n= 0 n=0 

a = i ( l + ^ , b = i(l -f5) 

It f o l l ow s a t o n c e t h a t 
c ^ n 2 a x 2bx 

n=0 

so t h a t 

(a) ( L + F ) n = 2 n F . 
n 

S i m i l a r l y 

s o t h a t 

„ x /r . T . n , 2 a x . - (a+b)x , 2bx 
£ —p (L + L) = e + 2e v ' + e 

2 a x . 2bx . 0 x = e + e + 2e , 

(b) ( L + L ) n = 2 n L + 2 , 

w h i l e 

s o t h a t 

/ » \2 TT x . . n 2 a x 2bx x 
( « - 5 ) s - r r ( F + F) = e + e - 2e , 

n=0 n ' 

(c) 5 ( F + F ) n = 2 n L - 2 . 
' v n 

To g e n e r a l i z e t h e s e f o r m u l a s c o n s i d e r 
r , a x , b x x r _ ,rx ( r - s ) a x + s b x (e + e ) = X ( J ex 

s = 0 

r 1 ,rx s x . ( r - 2 s ) a x . ( r - 2 s ) b x . 
j 2 ( s ) e (ev ; + ev ) 

s=0 

, r °~ . . n n 
2 " V e

 n nl n * 
s=0 n=0 

T h e r e f o r e 
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/ T J_T J JLT / * li , ,. ' ^ - ^ .k n-k T 

'- , r ^ k 

5 --. T r . , 7 >k n - k 

In p a r t i c u l a r 

(L+L-l-J,)'"1 -- ^ L J 3 L , 

SimilarLy-j s i n c e 

5r(r+... +F)n - i r (C \ ^ i" i ) sd r ) ( 2 r " 2 s ) k s n~k . 

.where the n u m b e r of P! - »«= / j* H 

r n 1 -S ?, y-fl k n—k 
5 r ( F + . . . + F ) n = T ' , ^ , . T ( \ ) ( 2 r - 2 s + l ) K s n K , 

L-d 
w h e r e the n u m b e r of r 1 : JC ~ i 1 JU par t i cu lar 

A f o r m u l a for 
,L + s e , -f L + F + . . . T F) 

can be obtained but i t i s ^ c r y c o m p l i c a t e d . When the n u m b e r of L ' s 

i s equal to the n u m b e r <yc Ff;s i\' ic> l e s s c o m p l i c a t e d . In p a r t i c u l a r 

(L+L+F+F)1"1 =r. i ; 4 n 1^ - 2 n + 1 ) . 

Indeed s i n c e 

/ a x , b x . r , a x b x . r ,' 2 a x 2 b x , r (e + e ) ie ~ e ) = (e - e ) 

i t f o l l o w s that 

In p a r t i c u l a r 
(L + L + L + F ! ^ + F -= ~- (J F - 3 F , ) . K l" l n Z n •• D 
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T H E R A C E 

H - 1 9 Proposed by Charles R. Wall, Texas Christian University, Ft. Worth, Texas 

In the t r iangle below [drawn for the case ( 1 , 1 , 3 ) ] , the t r i s e c -
to r s of angle, B, divide side, AC, into segments of length F , F , , 
F 1 0 . Find: n+3 

(i) l ime 

n-> oo 
(ii) lim if 

A 
v\_ _/v_ 

"n+l n+3 

Solution by Michael Goldberg, Washington, D.C. 

As n ^ o o , the ra t io F , / F approaches t = (-v/5~+ l ) / 2 , a n d 
F , Q / E approaches t ~ 2t + 1< Hence, the l imiting t r iangle ABC 
can be drawn by taking points D and E on AC so that AD = 1, DE = t 

3 
and EC = t = 2t + 1. Since BD is a b isec tor of angle ABE, the point 
B mus t lie on the c i rc le which is the locus of points whose d i s tances 
to A and E a r e in the ra t io AD/DE = l / t . The c i r c l e p a s s e s through 
D. If the d iamete r of the c i rc le is 2r = x + 1, then x / (x + 1 + t) = l / t 
from which 

,2 
1 t/(t - 1) = t = t + 1 

Similar ly , BE is a b i sec tor of the angle DBG. The point B m u s t lie 
on a c i rc le which is the locus of points whose d is tances from D and C 
a r e in the ra t io D E / E C = t / t = l / t . If the d i ame te r of the c i r c l e is 

2 2 
2r^ = y + t, then y / (y + t + t ) = l / t from which 
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Hence, cos < B A E = - t / 2 ( t + 1) = - {^5~- l ) / 4 and < B A E = 108° . 
F r o m w h i c h 20 = 90° - 1 0 8 ° / 2 = 36° ; 6 = 18° , ^ = 180 ° - 108° - 3 6 =18° 
Also solved by the proposer and Raymond Whitney, Penn. State University, Hazelton, Penn. 

FIBONACCI TO LUCAS 
H - 2 0 Proposed by Werner E. Hoggatt, Jr., and Charles H. King, San Jose State College 

San Jose, California. 

If 

Q 
1 0 

snow D(e ) = e 

th where D(A) is the de te rminan t of m a t r i x A and L is the n Lucas 
n 

num be r . 
Solution by John L. Brown, Jr., Penn. StateUniversity, State College, Penn. 

Recal l that 

Q n = 
F F 

n+1 n 
F F . 

n n-1 
so that (by definition) 

2 nk+1 2 nk 

. Q 
k=0 k.! k=0 ^ i 

car 0 s 5 

V F ^ F 
i ^ n - n ^ i ^ n n k - 1 
k=0 k , k = 0 — j r 
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i t i s w e l l - k n o w n t h a t 
oo J? ,- , a x b x 

nk k e - e 
• v —•• x — — • k=0 ~ ' ^5 

[ e . g . e q u a t i o n ( 2 . 1 1 ) , p. 5 of Gould's paper in Vol . 1, No. 2, A p r i l 

1963j , w h e r e 
1 +VET 

a = _ _ _ 
a n d 

, 1 - VT 

S i m i l a r l y , 
L , • , n u n 

nk • k a x . b x 
x = e + e k=0 k, 

fo r t he L u c a s n u m b e r s . 

But L , = F , , , + F , , ; t h e r e f o r e , nk nk+1 nk-1 

°^ F 1 ,1 + F . . n u n 
y nk+1 nk-1 a . b 

k t 0 kl = e + e . • or 

(1) 2 nk+3. 
k=0 "~k! 

n , n , a . b (e + e ) 
0 0 jr 

2 " • ^ - 1 

k=0 k! 

00 •*- i ^ 

Since F n k + 1 = F ^ + F ^ and S - ^ - = S ^ _ 
k=0 V ^ 

f r o m above , we a l s o have 
00 F , , , 0 0 F , 0 0 F . , a b e*o F , , 

/ ? \ ^ 12bEZ± - -̂  nk , nk-1 _ e - e , nk-1 
k! k=0 k° k=0 * ' k=0 xv' k=0 AVe k=0 x " Y5~ 

So lv ing (1) a n d (2) s i m u l t a n e o u s l y , we find 

XT 
nk+1 1 

k=0 k! ' 

(3) 

a n d 

(4) 

k=0 k! 

T "nk̂  1 _ 1_ 
k=0 K* ^ 

( / * / ) 

n u n a . b e + e 

+ 
n . n a b 

e - e 

V r̂ 
n . T n a b 

e - e 

i^ 
Now, D(e Q-n 0 0 F , n \ / ° ° F , , 2 HK+1 \ I 2 nk-1 

k=0 kl M k=0" kl 
nk 

k=0 kl 
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n , n \ / a b v ' 
e a + e b > I e " e 

yr 
n , n N 2 

a b 
e - e f5 

n l t n L 
a +b n . T n , u n - . . , 

= e = e 9 s i n c e L = a +b for n > 0. q. e„ d. 
n — _ ± _ _ 

FIBONACCI PROBABILITY 
H - 2 1 Proposed by Francis D. Parker, University of Alaska, College, Alaska 

th 
Find the probabi l i ty , a s n a p p r o a c h e s infinity, t h a t the n" x F i b -

o n a c c i n u m b e r , F(n) , i s d i v i s i b l e by another F i b o n a c c i n u m b e r {/ F , 
o r F 2 ) . 
Solution by proposer 

We u s e f requent ly the fact that F(n) i s d i v i s i b l e by F(k) if k 
d i v i d e s n. Then the probab i l i ty that F(n) i s d i v i s i b l e by 2 i s 1 /3 ; 

1 2 the probab i l i t y that F(n) i s d i v i s i b l e by 3 butnot 2 i s (^)(4); t he p r o b -
~~~" " " 1 2 3 2 

ab i l i ty that F(n) i s d i v i s i b l e by 5 but not by 2 or by 3 i s •=• -̂  T = ^ | f ; 
and in g e n e r a l the probabi l i ty that F(n) i s d i v i s i b l e by F(k) but no t any 
F i b o n a c c i number of o r d e r l e s s than k i s T T T T ^ - T h e s e p r o b a b i l i t i e s 

k ( k - l ) 
a r e a l l independent , s o that the p r o b a b i l i t i e s that F(n) i s d i v i s i b l e by 
at l e a s t one F i b o n a c c i n u m b e r of o r d e r not e x c e e d i n g k i s 

1 Z ?. ?. 
+ T~: + 3 . 2 4 . 3 5 . 4 ' ' ' k ( k - l ) " 

k - 2 This s u m i s —-:—, and as n a p p r o a c h e s inf inity, the p r o b a b i l i t y a p -
K. 

p r o a c h e s unity . 
A l s o s o l v e d by J. L. Brown, Jr . , P e n n . State Un ive r s i ty , , State 

C o l l e g e , P e n n s y l v a n i a . 


