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k k k Sums of powers S, = x " + x'~ + . . . Jr x'u may be exp re s sed in r k I 2 n J l 

t e r m s of e l emen ta ry s y m m e t r i c functions or in t e r m s of the coefficients 
of: 

f(x) = (x-x, )(x--x9) . . . (x-x ) = x'"+p,x ' " + . . „ +p^ 
A, i^i J.JL X XX 

by Newton1 s formulas , usual ly introduced in. a course in the theory of 
equat ions, for example , J . V. Uspensky l l ] . 

The re la t ionship between Waring\s formula for sums of like 
powers of the roots of a quadra t ic and Lucas number s is quite obvious 
although pe rhaps a little too specia l ized for L, E. Dickson. \Z] to have 
pointed this out in his text, F i r s t Course in the Theory of Equat ions. 

In o rde r to obtain an explicit express ion for S, where k = 1, 
k. 

2, 3. . . , f i rs t consider the quadra t ic 

2 
(1) x " T px T q = 0 . 

If we denote the roots by a and & then (1) may be rewr i t t en as 

(2) x" + px + q = (x~a)(x--/3) , 

After making the t r ans fo rmat ion x = 1/y and multiplying by y "' we 
obtain^ 

(3) I + py + qy" = (1-ay){l-/3y) . 

Differentiating both sides of (3) vvHii i e spec t to y and dividing 
b o t h m e m b e r s of the differentiated equation by the cor responding m e m -
be r s of (3) we a r r i v e at 
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E q u a t i o n s , 

k+1 
a _,_ 2 , , k k - 1 , <* k 

(5) - = a + o : y + . . . + a y + - —y 
N ' 1 -ay J ^ 1-ay 7 

a n d 

k+1 

a r e bo th o b t a i n e d f r o m the g e o m e t r i c s e r i e s 

k - 1 
(7) T^— = 2 r J + 1 
v ' 1- r . n 1 -r 

J = 0 

for e x a m p l e , l e t r = a y a n d m u l t i p l y by a . A d d i t i o n of (5) a n d (6) 

r e s u l t s in., 

k+1 k+1 
(8) _ « _ + T 4 _ = S 1 + S ? y + . . . +Svyk-1

+«—i^M+^Iil^l) v ' 1 -ay 1-py 1 2 ' k7 (1 ~ay) ( l - /?y) 

k k w h e r e S, = a + /? 

In o r d e r to e x p a n d the l e f t - h a n d m e m b e r of (4) u s i n g (7), l e t r = - p y 

~qy , t h e n 

k _ 1 k k 

(9) l—z = & ( -DWqy2) j + ( - p - q y ) I 
1+py+qy 1 + P y - q y 

E m p l o y i n g the b i n o m i a l t h e o r e m we m a y w r i t e 

(Py+qy2)j = 2 ( - f ^ (py)g(qy2)h 
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where the s u m m a t i o n i s taken o v e r a l l two-pa r t par t i t ions of j , i . e . , 
for a l l g>0 and h>0 such that g + h = j . There fore , 

-P"2 c iy , ^ , v / l xg+h+l (g+h).r g h g+2h , 
1+py-qy *• 

( 1 0 ) k k 
(-p-2qy)(-p-qy) y b ^ 

1+py+qy 

Now the left-hand m e m b e r s of (8) and (10) a r e equal as shown 
by equation (4); therefore we m a y equate coefficients of like powers of 

k-1 y. Specifically, equating coefficients of y we a r r i v e at 

(11) 

w h e r e w e have rep laced i for g + 1 and j for h in (10). The sum-
mat ions in (11) now extend over al l i>0 and j >0 such that i + 2j = k, 
Combining both summat ions in (11) we have, 

(12) s k = k Z ( - l ) i + J ( i ^ P V 

summed over all i>0 , j^O such that i + 2j = k. Clear ly , for p - q 
-1 we have S, = L, , the kth Lucas number ; and (12) becomes 

L - k T ( i + J " 1 ) i 
(13) k ^ ~ i T j T -

i>0 
j>0 

i+2j=k 
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Equation .(12) of Waring1 s•• formula, published in 1762, which can 
be extended to. include the sum of kth powers of the roots of n t h 
degree polynomials . 

The main point to observe is not n e c e s s a r i l y the m e a g e r r e su l t 
given by (13) but the fact that impl ic i t in the development of Waring!s 
formula lies the generat ing function (4) for the Lucas n u m b e r s . 
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OMISSIONS • 

H-3 and H-8 were a l so solved by John L. Brown, J r . , The Pennsy l -
vania State Univers i ty , State College, Penn. 

The solution to H-16 given in the las t i s sue was compounded from 
solutions given by L. Car l i tz and John L9 Brown, J r . The var i typ i s t 
omitted the c red i t l ine, 

H-13 was a lso solved by John H. Halton, Univers i ty of Colorado at 
Boulder , Colorado. 

H-15 was a l so solved by L. Car l i tz , Duke Univers i ty , Durham, N. C. 


