
ELEMENTARY PROBLEMS AND SOLUTIONS 
Edited by A .P . H ILLMAN 

Universi ty of Santa Clara, Santa Clara, Cal i fornia 

Send all communicat ions regard ing E l emen ta ry P r o b l e m s and 
Solutions to P r o f e s s o r A. P . Hil lman, Mathemat ics Depar tment , 
Univers i ty of Santa Clara , Santa Clara , California. We welcome any 
p rob lems believed to be new in the a r e a of r e c u r r e n t sequences as 
wel l as new approaches to exist ing p r o b l e m s . The p ropose r should 
submit his p rob lem with solution in legible form, p re fe rab ly typed in 
double spacing, with name(s) and a d d r e s s of the p ropose r c l ea r ly 
indicated. 

Solutions to p rob lems l is ted below should be submit ted within 
two months of publication. 

B - 3 8 Proposed by Roseanna Torretto, University of Santa Clara, Santa Clara, California 

Charac t e r i z e s imply al l the sequences c satisfying 

n+2 ~ n+1 n 

B - 3 9 Proposed by John Allen Fuchs, University of Santa Clara, Santa Clara, California 

Let F , = F . = 1 and F ^ = F ,. + F for n > 1 . 1 2 n+2 n+1 n 

P rove that 

F ^ < 2 n for n > 3 . n+2 

B - 4 0 Proposed by Charles R. Wal/, Texas Christian University, Fort Worth, Texas 

If H is the n - th t e r m of the genera l ized Fibonacci sequence, 
n ° 

i . e . , 
154 
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R = p , H = p + q , H ± = H ± 1 + H f o r n > l , 1 r 2 r ^ n+2 n+1 n 

show that 

2 kH. = (n + 1)H J - - H , , + 2p + q . , 2-, .* x ; n+2 n+4 ^ H 

k=l 
B - 4 1 Proposed by David L. Silverman, Beverly Hills, California 

Do there exis t four dis t inct posi t ive Fibonacci number s in a r i t h -
met ic p r o g r e s s i o n ? 

B - 4 2 Proposed by S.L. Basin, Sylvania Electronic Systems, Mountain View, California 

E x p r e s s the (n + l ) - s t Fibonacci number F ,, as a function 
of F . Also solve the same problem for Lucas n u m b e r s . n 

B - 4 3 Proposed by Charles R. Wo//, Texas Christian University, Fort Worf/i, Texas 

(a) Let x n > 0 and define a sequence x, by x, , = f(x, ) for 
k > 0S where f(x) = y l + x. Find the l imit of x, as k —• ©o. 

(b) Solve the same prob lem for f(x) = v 1 + 2x 

(c) Solve the same prob lem for f(x) = V2 + 3x 

(d) Genera l ize . 

SOLUTIONS 
FIBONACCI AND PASCAL AGAIN 

B - 1 6 Proposed by Mar/or/e Bicknell, San Jose State College, San Jose, California, and 

Terry Brennan, Lockheed Missiles and Space Co., Sunnyvale, California 

Show that if 
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then 

ELEMENTARY PROBLEMS AND SOLUTIONS Apri l 

n - 1 2F , F n-1 n 

Rx" F , F n-1 n F - F F 
n+1 n-1 n 

F F 4-1 
n n+1 

2 F n F n + l n+1 

(There a r e some m i s p r i n t s in the originaL s ta tement . ) 
Solution hy\L. Carlitz, Duke University, Durham, N.C. 

Put 

R k = ( . ' . ) (r, s = 0, 1, . . . , k) , 

a m a t r i x of o r d e r k + 1; for example 

R l = 

0 

- 1 

1 

1 _ 
R 2 " 

" 0 

0 

_ 1 

0 

1 

2 

1"] 
1 

1 J 

It is eas i ly verified that 

(1) R; 
F . F 

n-1 n 
n+1 

(n= 1, 2, . . . ) 

Indeed this is obviously t rue for n = 1. Assuming that the formula 
holds for n, we have 

R" n+1 n - 1 

n+1 1 1 

n+1 

L n+1 n+2 

In the next place we notice that the t r ans fo rmat ion 
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!

x' = y 

y1 = x + y 

induces the t r ans fo rmat ions 

,2 2 
:' = y 

T 2 : ^ x'y« = xy + y 2 

y = x + 2xy + y 

T .1 
x '3 = y 

,2 , Z 4 3 
x1 y1 = xy + y 

, ,2 ' 2 2 , 3 
x ' y 1 = x y + 2xy + y 
y ' = x + 3x y + 3xy + y 

and so on. Also it is evident from (1) that T, is given by 

\ x ^ = F ,x .+ F y 
T n . / n-1 n7 

1 ) y ( n ) = F X + n~ ' F n + l y 

We there fore get 

( x ( n ) ) 2 = F 2 , x 2 + 2F . F xy + F 2 y 2 
x ' n-1 n-1 n J nJ 

„n ) x(n) (a) = F 
s n-1 

( y ( n ) ) 2 = F 2 x 2 + 2F F ,. xy + F~ ,, y w ' n n n+1 J n+1J 

T-: j x ' V = Fn_lFnx2
 + (F2

 + F^F^Jxy + F^y2 

M)2 , F
2

X
2

+ — - • ~ 2 - 2 

A/so solved by the proposers. 

LAMBDA FUNCTION OF A MATRIX 
B - 2 4 Proposed by Brother U. Alfred, St. Mary's College, California 

It is evident that the de te rminan t 
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n+1 

n+2 

n+1. 

n+2 

n+3 

n+2 

n+3 

' n + 4 

h a s a v a l u e of z e r o . P r o v e t h a t if the s a m e q u a n t i t y k i s a d d e d to 
e a c h e l e m e n t of the a b o v e d e t e r m i n a n t , the v a l u e b e c o m e s (-1) n - 1 k. 

Solution by Raymond Whitney, Pennsylvania State University, Hazelton Campus 

U s i n g the b a s i c F i b o n a c c i r e c u r s i o n f o r m u l a F i n = F , , + F and & n+2 n+1 n 
e l e m e n t a r y r o w and c o l u m n t r a n s f o r m a t i o n s we m a y r e d u c e the d e -
t e r m i n a n t to : 

n+1 

F n + 1 

F n + 2 

0 

-1 

-1 

1 

= k ( F F -n n+2 • F n + 1 > • 

w h i c h i s (-1) k by a b a s i c i d e n t i t y . 

Also solved by Mor/or/e Bicknell, San Jose State College, San Jose, California 

w h o p o i n t e d out the r e l a t i o n to " F i b o n a c c i M a t r i c e s and L a m b d a 
F u n c t i o n s , " by M, B i c k n e l l and V. E . H o g g a t t , J r . , t h i s Q u a r t e r l y , 
Vol . 1, No. 2; R. M. G r a s s l , U n i v e r s i t y of San ta C l a r a , C a l i f o r n i a ; 
F.D. Parker, State University of New York, Buffalo, N.W., R.N. Vawter, St. Mary's College, 

California; H.L. Walton, Yorktown H.S., Arlington, Virginia; and the proposer. 

E X P O N E N T I A L S O F F I B O N A C C I N U M B E R S 
B - 2 5 Proposed by Brother U. Alfred, St. Mary's College, California 

F i n d a n e x p r e s s i o n fo r the g e n e r a l t e r m ( s ) of the s e q u e n c e 
T n = 1, T1 = a, T 9 = a, . . . w h e r e 

In-I 
2n 2 n - 2 

and "2n+l , T 7 T 9 . . Zn 2 n - 1 
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Solution by Vassili Daiev, Sea Cliff, LA., N.Y. 

The f i r s t few t e r m s a r e 

F F F 
0 2 , 1 

F F F 
3 2 4 

It is easy to see that T = a where k = F , ' /o x if n is even and 1 n (n/2) 
k = F, IO\ /o ^ n is odd. (n+3)/2 

Also solved by J.AM. Hunter, Toronto, Ontario, Canada 

who suggested the cons idera t ion of log T ; 
Ralph Vawter, St. M a r y ' s College, California, and the p r o p o s e r . 

Edi to r ia l Comment: The prob lem can be solved by showing that 
log T L . = log T + log T , 

& m L 4 ° m+2 ° m 

MAXIMIZING A DETERMINANT 
B - 2 8 Proposed by Brother U. Alfred, St. Mary's College, California 

Using the nine Fibonacci number s F ? to F , ~ (1, 2, 3, 5, 8, 13, 
21, 34, 55), de t e rmine a t h i r d - o r d e r de te rminan t having each of 
these number s as e lements so that the value of the de te rminan t is a 
max imum 0 

Solution by Mar/one Bicknell, San Jose State College, California 

By consider ing combinations of Fibonacci number s which give 
min imum and max imum values to sums of the form abc + def + ghi, 
the following de te rminan t s e e m s to have the maximum value obtain-
able with the nine Fibonacci number s given: 

F F F .10 4 *7 

F6 F9 F3 

F F F 2 5 8 

F10F9F3 + F?F6F5 + F4F3F2 - ( F ^ F g + F ^ F , 

+ F8F4F6> 

39796 " 1496 

3 8 3 0 0 . 

Also solved by the proposer. 
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B - 2 9 Proposed by A.P. Boblett, U.S. Naval Ordnance Laboratory, Corona, California 

Define a genera l Fibonacci sequence such that 

F , = a; F 0 = b; F = F 0 + F . , n > 3 1 2 n n-2 n-1 
F = F , - - F ,. , n < 0 n n+2 n+1 "~ 

Also define a c h a r a c t e r i s t i c number , C> for this sequence, where 
C = (a + b)(a - b) + ab. 

P rove : 

F , . F , - F 2 = ( - l ) n C , for al l n . n+1 n-1 n 

Solution by P.O. Parker, State University of New York, Buffalo, N.Y. 

F r o m F(n) = F(n - 1) + F(n - 2), F( l ) = a, F(2) = b, we get 

_ , x b - a r n . b - as n F(n) = -j s + — — j r , 
1 + s 1 + r 

2 where r and s a r e solutions of the quadra t ic x - x - 1 = 0. Using 
the fact that r + s = - r s = 1, d i rec t calculat ion yields 

F(n + l )F(n - 1) - F2(n) = [(a - b)(a + b) + ab ] ( - l ) n . 

The well known r e su l t F(n + l )F (n - 1) - F2(n) = ( - l ) n is the 
specia l case in which a = b = 1. 

Also solved by Mor/or/e Bicknell, San Jose State College, San Jose, California; 

Donna J. Seaman, Sylvania Co.; R.N. Vawter, St. Mary's College, California; and 

the proposer, J.A.H. Hunter, of Toronto, Ontario. 


