
A PARTIAL DIFFERENCE EQUATION RELATED TO THE FIBONACCI NUMBERS 

L. CARLITZ 

1. Consider the equation 

mn m - l , n m , n - l m - 2 , n m - l , n - l m , n - 2 

( i . i ) 

If we put 

(m > 2, n^L 2). 

(1 . 2) G(x, y) - ~ u m n x m yn 

m, n=0 

a n d 

(1.3) f(x, y) = 1-x-y-x + 3xy-y , 

it folLows from (1.1) that 

(1.4) f(x,y)G(x,y) = a + bx + cy , 

where a, b, c a r e cons tan ts . Indeed it is evident that 

t 1 - 5 ) a = uoo> b = u i o - u oo ' c = u o i - uoo 

Thus if u n n , u ] 0 , u n l , or equivalently a, b, c, a r e ass igned u is 
uniquely de te rmined for all non-negat ive in tegers m, n. We shaLi 
show that the genera l solution of (1.1) can be exp re s sed in t e r m s of 
Fibonacci n u m b e r s . 
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2. If we pu t 

(2.1) o = 1 ( 1 + • * ) , 5 = 1 ( 1 - • ? ) , 

i t i s e a s i l y v e r i f i e d t h a t 

(1 - a x - gy) ( l - fx - ay) = 1 - ( a + (J ) ( x + y) + a? ( x
2 + y 2 ) + ( « 2 + & 2 ) x y 

= 1 - x - y - x + i x y - y , 

s o t h a t 

(2. 2) f(x, y) = (1 - a x - fy ) ( l - |Jx - ay) . 

We now c o n s i d e r the c a s e 

(2. 3) a = 0, b = l , c = - l . 

T h e n 

x - y i_r_j L__I 
f(x, y) a - (5 [1 - a x - ?y 1 r- (5x - a y j 

£ { ( a x + g y ) n - ( Sx + ay)"1} 1 °° 
a - 0 

n=0 

1 ° ° , m + n w rri n n „ m . m n 
L _ 2 ( ^ )(a 9 - a 0 ) x y 

a ~ ($ n 

m , n=0 

If F d e n o t e s the s o l u t i o n of ( 1 . 1) a n d (2. 3) h o l d s , we h a v e 
m n t h e r e f o r e 

m „ n n m 
( 2 . 4 ) F = ( m + n ) a ff - « g 

nan m a - (5 

Now i t i s e v i d e n t f r o m ( 1 . 4) a n d (2. 3) t h a t 
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( 2 . 5 ) F = - F , F = 0 , 
m n n m nn 

s o t h a t i t w i l l suf f ice t o d e t e r m i n e F w h e n m > n . 
m n 

If a s usuaL we pu t 

n A n 
(2.6) F = A_.^J_ n o - f 

t h e n i t f o l lows f r o m (2. 4) t h a t 

( 2 . 7 ) F = ( - l ) n ( m + n ) F ( m > . n ) 
* ' m n % ' x m ' m - n s ' 

In v i e w of (2 . 5) , t h i s r e s u l t c a n be e x p r e s s e d in the fo l lowing 

f o r m : 

( 2 . 8 ) 77—i-r- = S ( -1) ( ) F (x y - x y ) 
* f(x, y) * ' * n m - n * J 7 

m > n 

We c a n a l s o e v a l u a t e 

( 2 . 9 ) • ( x f y ) = • x S ¥ m n ^ n 

m = l n=0 

I n d e e d , by (2 . 7) , w e h a v e 

©0 • o© 
/ \ v i i \ n n n v ,k+2n. „ k 
( x , y ) = S (-1) x y X ( n ) F k x 

n=0 k=0 

fT ,-, k °* / , . n ,k+2n* n n X F k x x ( -1) ( n ) x y 
k=0 n=0 

Now i t i s k n o w n t h a t 
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°° ,k+2nx n 1 / 2 \ k 

S ( ) x = ( —ZZZ 
n

 n N/T^4X" \ 1 + N/T^4X* 
n=0 N 

s o t h a t 

4 

T h i s r e d u c e s to 

( 2 . 1 0 ) • ( x , 

We h a v e a l s o 

>(x3 

y) 

• y ) 

= 

1 

> / l+4xy 

z 

v r l + 4 x y ( l -

k=0 

2, 
• z - z ) 

F k 

J 

/ 

u 
z = 

2x 

s / l -

1 + 

•4x 

2x 

v / l -

^ 
) 

• 4 x y 

(2.11) *(x,y) - *(y,x) = j g ^ 

It i s no t d i f f i cu l t t o v e r i f y t h a t 

T - i - = ( l + v / T + 4 £ y ) l - ^ l + 4 x y - 2 a x _ 
1- a z N " - 4 o x ( l - a x - (5y) ' 

s o t h a t 

1 - z - z 
- 11+ / l 4 y v l - l + x + 2 x - 2 x y + ( l ~ x ) y i - 4 x y 

2 " ( i 4 ^ ^ 4 x y ) 4xf(x, y) 

x + y - 2 x y + ( x - y ) \ /1 - 4 x y 
~ " 2f(x, y) 

It f o l l ows t h a t 

/ x I K 2(x-y) x-y 
* ( x , y ) - * ( y , x ) = 2 5 ^ = — ^ , 

i n a g r e e m e n t w i t h (2. 11) . 

3 . We n e x t t a k e t h e c a s e 

( 3 . 1) a = 2, b = c = - 1 . 
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Then 

J r 2 ^ = i jr- +1 ^ = ^ i (•*+ gy)n + (Jx+ «y) n l 
f (x, y) 1- ax- (5y 1- (5x- ay ( v *y' x* y' j 

n = 0 

c^? ,m+n. . m n . n mx m n 
2 ( m ) ( « ? + « & ) x y 

m, n=0 

Thus, if L denotes the solution of (1. 1) when (3. 1) holds, we have 
mn x ' \ / 

( 3 . 2) L = ( ) ( a g + a ft ) 
' m n m tf ' 

Also it is evident from (1. 4) and (3. 1) that 

(3.3) L = L 
mn nm 

so it will suffice to evaluate L when m > n. If we put 
mn 

(3.4) L = a n + g n 

x ' n 

it follows from (3.2) that 

(3.5) L = ( - D n ( m + n ) L (m> n) 
' mn m m-n 

By (3. 3) this result can be stated in the form 

/o /v 2-x-y 7 <*? . , x n . 2 n . n n 
( 3 . 6 ) T15ET5T = ( - 1 ) ( n ) x y 

n=0 
. nm+nXT . m n, n m. 

2 (-1) ( )L (x y +x y ). 
v m m-nv 7 ' • 

m > n 
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4. We now take 

( 4 . 1 ) a = 1, b = c = 0 

and Let G denote the so lu t ion of (1 . 1) in this c a s e . Thus it is 
m n ' clear that 

(4.2) 1 
Tfry) '-

e o 

- S 

m, n=0 

_ _ m n 
£ G x y 

m n J 

Compar ing th i s wi th 

o O 
x - y v TT m n 

T7—*-r = £ F x y 
f(x, y) m n J 

m , n=0 

w e get 
/ \ r- m n „ T - m n 
( x - y ) £ G x y = £ ' F x y , 
x 7 / m n / m n 3 

m , n=0 m , n=0 

s o that 

( 4 . 3 ) G , - G , = F (m > 1, n > 1) 
x ' m - l , n m , n - l m n ~ — 

It i s ev ident f r o m (4 . 2) that 

( 4 . 4 ) G = G 
* ' m n nm 

and 

( 4 . 5 ) G = G = F , . 
* ' m o om m+1 
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If m _> n it follows from (4. 3) and (2. 7) that 

G = F " ' - - n 

mn m-i+l , n+1 + ("1^ Fm~n+1 

Repeated applicat ion of this formula leads to 

(4.6) G = s ( ^ l ) r ( m + n + 1 ) F x , x l ( m > n ) 
m n \ / \ r / m + n - 2 r + l x - ' 

r=0 

By (4, 4) this r e su l t can be stated in the following form, 

_ _ , n r ,2n+l x „ n r 
S S (-1) ( .) F . _ ,. x y flxTW " l ; K r "' r 2 n - 2 r + l 

n^O r=0 

(4 .7) 

r ,m+n+l. „ , m n, n mx 
+ S • S (-1) ( ) F (x y +x y ) 

. x ' * r ' m+n-2r+ l 7 7 ' 
m > n r=0 

5. It is now ea sy to e x p r e s s the genera l solution of (1. 1) in t e r m s 
of F , L , G and there fore in t e r m s of F, and L, . As we 

mn m n m n k k 
have seen above, if the n u m b e r s u~~, u 1 n , u~, a r e ass igned, u 

GO 10 01 te mn 
is uniquely de te rmined for al l m, n >_ 0. Indeed we may put 

(5. 1) u = A F + BL + CG 
mn mn mn mn 

where A, B, C a r e independent of m, n. Then 

uoo = A F o o + B L oo + C Goo 

(5.2) I u1 Q = A F 1 0 + B L 1 0 + . C G 1 0 

U01 = A F 0 1 + B L 0 1 + C G 0 1 
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But by (2. 7), (3.5) , (4. 4) and (4. 5) 

F 0 0 = 0, L0Q = 2, G 0 0 = 1 

F 1 0 = l' L10 = l' G 10 = l 

F 01 = - 1 ' L01 = 1' G01 = 1 

Substituting these values in (5.2) we find that 

A = I ( u 1 0 " u01> 

(5.3) < B = u 0 0 - i ( u 1 0 + u 0 1 ) 

G = - u o o + u i o + u o i • 

Thus (5.1) becomes 

(5 .4) 
Umn = I ( U 10 ' U 0 1 ) F m n + ( u00 " I u 10 " I U 0 1 ) L m n 

+ < - u 0 0 + U 1 0 + U 0 1 ) G m n 

Final ly, making use of (2. 7), (3. 5) and (4. 6), we can e x p r e s s u 

explici t ly in t e r m s of F, and G, . 
6. It is of some i n t e r e s t to extend the solutions of (1 . 1) to a r b i t r a r y 
in tegra l values of m and n. In the f i r s t place we define F by 
means of 

m n n m 
(6.1) F = ( m + n ) « g " * g 

m n m a - ($ 

for al l in tegra l m* n., Now since 

( m ) = 0 (o < n £ m ) 

it follows that 
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(6.2) F = 0 (o < n < m) ; 

s i m i l a r l y we have 

(6. 3) F = 0 (o < m < n) . 
-rn, n x — ' 

Also s ince , by definition, 

{ ) = 0 (m > o, n > o) 

we have 

(6.4) F = 0 (m > o, n > o) 
x -m , -n 

On the other hand, since 

.m-nv . , Nm . n - 1 . , . 
( = ("1) ( (n > m) , 

it follows that 

(6.5) F = ( - l ) m + n ( n " 1 ) F , ( n > m ) ; 
v ' m , - n N ' v m ' m+n v ' 

s i m i l a r l y 

(6.6) F = - ( - l ) m + n ( m _ 1 ) F , (m > n) 
1 ' - m , n v n m+n 

Note that in ai l c a se s we have 

(6.7) F = - F 
* m n nm 

We r e m a r k that if we define 

(6.8) F = 
n a - 9 

for al l in tegra l n, then (6. 1) becomes 
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(6.9) F = ( - l ) n ( m + n ) F = - ( - l ) m ( m + n ) F 
mn m m-n m n-m 

It remains to show that F as defined by (6. 1) or (6. 9) does 
m n J \ i 

satisfy (1.1) for all m, n. We have 

F - F - F - F +3 F - F 
mn m - l , n m, n-1 m-2,n m-1,n-1 m, n-2 

n m+n n m + n - 1 
N ' x m m-n % m-1 ' m-n-1 

, . . vn .m+n~l, , , xn ,m+n-2. _ 
+ W { m >Fm-n+l ~ ^ < m-2 > F

m - n - 2 

n m+n-2 n m+n-2 
m-1 ' m-n x m ' m-n+2 

Now making use of 

F x l = F + F . , n+1 n n-1 

which holds for all integral n, we find that F satisfies (1.1). 
to mn 

The extension of L can be carried out in exactly the same 
mn J way. We define 

(6.10) L = ( - l ) n (m + n) L 
mn m m-n 

for all integral m, n, where 

(6 . i i ) L = « n + e n 

n 

for all integral n. 

As for G , we require that mn ^ 

(6. 12) G . - G • . = F 
m - l , n m, n-1 mn 

for all m, n. If n is negative we replace n by -n, so that (6. 12) 

becomes 
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G . - G , = F ' 
m - i , - n m , - n - l m , - n 

T h i s m a y be w r i t t e n a s 

G . = G ' - F 
m , - n - l m - l , - n m , - n 

w h i c h i m p l i e s 

n - l 

G = G - s F ^ . 
m , - n m - n , o m - r , - n + r - 1 

r = o 

We pu t ( c o m p a r e (4 . 5)) 

( 6 . 1 3 ) G n = G n = F ,_ 
mO Om m+1 

fo r a l l m ; i t f o l l o ws t h a t 

n - l 

(6 . 14) G = F - £ F , , , ( n > l ) 
m , - n m - n + 1 m - r , - n + r + 1 . x ' 

r = o 

S i m i l a r l y if m i s n e g a t i v e we ge t 
m - 1 

(6 . 15) G = F , . + s F , . (m > 1) 
- m , n n - m + 1 r - m + l , n - r — 

I n d e e d w e find t h a t G a s de f i ned by (6 . 15) s a t i s f i e s (6 . 12) fo r 
- m , n J \ * \ i 

a l l n . It c a n be v e r i f i e d e a s i l y t h a t 

( 6 . 1 6 ) G = G 
m n n m 

fo r a l l m , n . 

F i n a l l y we c a n s h o w t h a t G a s d e f i n e d by (4 . 6) , (6. 14) a n d 

(6 . 15) s a t i s f i e s ( 1 . 1 ) . We o m i t t he d e t a i l s of t h i s v e r i f i c a t i o n . 
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7 . We r e m a r k t h a t t h e d i f f e r e n c e e q u a t i o n ( 1 . 1) c a n be g e n e r a l i z e d 
i n a n o b v i o u s w a y . L e t a , (J be r o o t s of t he q u a d r a t i c e q u a t i o n 

(7 . 1) x 2 - px + q = 0 , 

w h e r e p , q a r e a r b i t r a r y n u m b e r s , a n d pu t 

2 2 2 
f(x, y) = ( l - « x - ( 5 y ) ( l - ( 3 x - ay ) = 1 - p(x+q) + q x + (p - 2 q ) x y + q y 

T h e n t h e g e n e r a l i z e d e q u a t i o n i s 

( 7 . 2 ) u - p u . - pu , + q u 0 
v ' m ? n r m - l , n m , n - 1 m - 2 , n 

2 
+ (p - 2 q ) u . T + q u 0 - 0 . 

\sr n/ m _ i > n _ i ^ m , n - 2 

T h e r e s u l t s o b t a i n e d a b o v e for ( 1 . 1 ) c a n be c a r r i e d o v e r w i t h o u t 

d i f f i cu l ty t o t h e m o r e g e n e r a l e q u a t i o n (7 . 2) . 

xxxxxxxxxxxxxxx 

C o n t i n u e d f r o m p a g e 176 . 

E q u a t i n g c o e f f i c i e n t s in (1) a n d (3), one o b t a i n s , t he B i n e t f o r m 

n a - (3 
If, on t he o t h e r h a n d we le t y = 2 , y '= 1; x = 0, e q u a t i o n ( l ) b e -

c o m e s _ oo _ n 
y e + e P = Z (a + p ) 

n=0 
The s e r i e s s o l u t i o n y i e l d s u n = 2 a n d u , = 1 so t h a t e q u a t i o n (3) b e c o m e s 

0 0 L n x n y = S 
y n=0 n: 

a n d one o b t a i n s T _ n , 0 n 
i-.n - a + p 
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