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Zaremba [3] considered the two-dimensional cubature formula

1,1 Fy
_//fw’yk&@’=£‘2f@k’%)’
00 N k=1

where Fy is the Nth Fibonacci number and the nodes (xk, yk) are defined

as follows: z, = k/F, and Y, = {7, }, where { } denotes the fraction-

-1%%
al part. Thus, Yy, = Fpo1%y — [Fy_1x¢], where [ ] denotes the greatest
integer function. The purpose of this paper is to prove the conjecture

stated by Squire in [2]; that is,

Theorem
If (2, y,) is a node for 1 <k <7, - 1 and if ¥ is (

< Yy ) >
(yk’ 1 - xk)

even

odd >, then

is also a node.

We will assume throughout that 1 < k < F; - 1, N > 2, and will show:
lsm

<
<Sm<F, - 1.

(i) Each y, is equal to some x,,
(ii) The y,'s are distinct.
By definition, the x;'s are distinct, and so (i) and (ii) imply that for
every node (x,, y,) there is a unique node (x,, y,) with x, =y, .
Finally, we show:

(iii) If (x,, y,) is the node with x, = y;, then
Ly if N is even,
Yo =

1 -z, if ¥ is odd.
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Proof of (i): We have

F
Yy = 1@t = {k g 1}

_kFIV—l kFIV—ZL (l)
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F . F
0<k ”'*-[k ”'1}<1.
FIV

Thus

r
0<kF,_, —FN[k ;‘1:]<F,V,

where the middle quantity in this inequality is an integer and is also
the numerator of the right-hand side of (1). Hence, Y, 1is equal to some

1<m<F, - 1.

&L v

m?s

Proof of (ii): To show the y,'s are distinct, we will prove y, =y,
if and only if k = m. Assume, without loss of generality, that 1 < m < k.

1f y, =y, we have

F F F
Jm-1 v-1f o v-1
(k - m) F = [% 7, ] [m 7, }. (2)

Now recalling ged (F,_,, Eb) =1 and since 0 < k - m < Fy, (k- mF, _1/F,
is never an integer unless kK - m = 0. However, the right-hand side of

(2) is always an integer, and so Y, =Yy, if and only if k = m.

Proof of (iii): Assume that (x,,» y,) is the node with x, = y,. Then

Yo = {FN-lxm} = {FN—lyk}
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From [1, p. 294], we have F;_l =FyFy_, + (-1)7-2 for N > 3, and so

Ji

N-2 FIV—l
Yo =K By + GOV - Fy

Now if » is any integer {n + x} = x - [x], and since

kP, , - F, [kF

2 W /Fy ]

V-1

is an integer, we have

]

y, = D"k/F, - LDV 2k /Fy ]

{ kiFy = 0 =x, if ¥ is even,

-k/F, = (1) =1 - x;, if N is odd.
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