®060¢

LUCAS TRIANGLE

SANA JOSEF
Technical University, Brno, Czechoslovakia

(Submitted May 1981)

1. INTRODUCTION

Throughout this paper we let {F,} denote the Fibonacci sequence as defined
in [1] by
F,=F,_,+F,_,, Fp, =1, F, =1

n

and {L,} denote the Lucas sequence which is defined by

L, =10, 4 +D, 5s Ly =2, Ly = 1.
Furthermore, as in [2], we define the set of integers {g,, ,} by the two rela-
tions

gm,n = gm—l,n + gm-2,n (1)
(m=22,m>=n >0)

gm,n = gm—l,n—l + gm-z,n-z (2)
where Jo0 = 2, gi,0 = 1, grq1 = 1, and goq = 2.

When we arrange this sequence in triangular form, like that of Pascal's
triangle, we obtain what shall be called the Lucas triangle where the numbers
in the same row have the same index m and as we go from left to right the in-
dex n changes from zero to m. See Figure 1.

2
1 1
3 2 3
4 3 3 4
7 5 6 5 7
11 8 9 9 8 11

123 89 102 97 99 98 99 97 102 89 123

FIGURE 1. LUCAS TRIANGLE
192 [Aug.



LUCAS TRIANGLE

2. CHARACTERISTICS OF THE LUCAS TRIANGLE

Examining the Lucas triangle associated with {g, ,}, we see that there are
two Lucas sequences and two Fibonacci sequences in the triangle:

gm0=gmm=Lm’ m 20 (3)

s >

and

=F

m?

gm 1 = gm,m—l m 2 L. (4)

In other words, the first and second "roofs" of the triangle are formed by the
familiar sequences {F,} and {L,}. Because of the recursive definition for the
set {g,, ,}, it is obvious that

I = Frs1 * Gn-x,n T Fx * 9pox-1,, for any 1l SKk<m-n-1
and

Gmin = Fx+1 * Iy, n-2 ¥ Fx ° Gm-k-1, n-k-1 for any 1 < k <n - 1.
Furthermore, the Lucas triangle is symmetrical. That is,
gm,n = gm,m—n'
In forming the Lucas triangle, we used the following four numbers

{go,o’ 91,0’ 91,1’ 92,1}

Because of the recursive relations defining {g,, ,}, it is obvious that we could
start with any four numbers

{gm,n’ gm—l,n’ gm—l,n—l’ gm—z,n—l}

and, by using (1) and (2), working forward as well as backward, obtain the en-
tire Lucas triangle.

There are also many relations that we could establish for the Lucas tri-

angle, as was done for the Fibonacci triangle in [2]. We mention only a few,
since they are so similar in form. First, note that

gm+2,n+1 = gm,n + gm—l,n + gm—l,n—l + gm-2,n~l’
Im-v,n-2 = 9mn = Imn-1,n ~ In-1,n-1 ¥ Im-2,n-1>
In-1,n-2 = 9m,n t Gno1,n Im-1,n-1 ~ Im-2,n-1°
and
Imn-1,n41 = Imyn =~ Im-1,n t Im-1,n-1 = Im-2,n-1"
Next, consider the three numbers

{gm,n’ gm—l, n? gm-l,n—l}
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which form a triangle in the Lucas triangle with the peak of the triangle at
9m.n+ Observe that the sum of these three numbers does not depend on their
position with respect to n. That is, for a given m and 7,

Inn T In-1,n T In-1,n-1 T Imye Y In-r,n T Im-10-10

> >

for all 1 < 8%, n <m - 1.

Furthermore, note that the sum of the three numbers forming such triangles
for a given m always equals the sum of a Lucas and Fibonacci number associated

with the given m. That is,

Imn * Gm-1,n + gn-1,n-1 = Im-1 + Fryq.
Finally, we examine the three numbers

{gm,n ’ gm,n—l’ gm—l, n—l}

which also form a triangle but with the peak at g,.;,,-;. The sum of numbers
forming the base minus the peak number is constant with regard to horizontal
motion and it is again the sum of a Lucas and Fibonacci number. That is,

Inon T Imn-1 = In-r,n-1 = Loy + Fp = 4F, .

3. GRAPHYCAL EQUIVALENT OF LUCAS TRIANGLE

In [4], we find a nonadjacent number P(G, k) for a graph defined as the
number of ways in which X disconnected lines are chosen from G. Furthermore,
in [5], we find the definition of a topological index for nondirected graphs.
This is a unique number associated with a given nondirected graph.

The topological index for a linear graph is given in [4], and it is shown
to be a Fibonacci number (Table 1). Similarly, in the same manuscript, it is
shown that the topological index for a cyclic graph is a Lucas number (Table
3). Using these concepts, Hosoya [2] defines a Fibonacci triangle for the se-
quence {F,,n} and constructs what is called the graphical equivalent of the
Fibonacci triangle by letting f,  , be the index of a graph and then replacing
fn,m with its graph. To do this, he also uses the composition principles de-
fined in [4].

Adopting the procedures of Hosoya in [2], we replace each number g,,, in
the Lucas triangle by its graph, obtaining the graphical equivalent of the
Lucas triangle shown in Figure 2. Note that all the linear and cyclic graphs
must occur in Figure 2.

The graphical ecuivalent of the Lucas triangle easily leads to its corre-
sponding topological index, which can be used in the chemistry of organic
substances [5] when dealing with the boiling point to determine the structure
of saturated hydrccarbons.
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FIGURE 2. GRAPHICAL EQUIVALENT OF LUCAS TRIANGLE

REFERENCES

1. N. N. Vorobjev. "Cisla Fibonacci." Moskva (1969).

2. Haruo Hosoya. 'Fibonacci Triangle." The Fibonacci Quarterly 14 (1976):

173-79.

J. Sedlacek. Uvod do teorie grafu. Prague: Academia, 1977.

Haruo Hosoya. '"Topological Index and Fibonacci Numbers with Relations to

Chemistry." The Fibonacci Quarterly 11 (1973):255-66.

5. Haruo Hosoya. 'Topological Index: A Newly Proposed Quantity Characteris-—
ing the Topological Nature of Structural Isomers of Saturated Hydrocar-
bons." Ball Chem. Soc. (Japan) 44 (1971):2332-39.

~w

06090

1983] 195



