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1. INTRODUCTION

The study of Bernoulli, Euler, and Eulerian polynomials has contributed
much to our knowledge of the theory of numbers. These polynomials are of
basic importance in several parts of analysis and calculus of finite differ-
ences, and have applications in various fields such as statistics, numerical
analysis, and so on. In recent years, the Eulerian numbers and certain gen-
eralizations have been found in a number of combinatorial problems (see [1],
[3], [41, [5], [6], for example). A study of the above polynomials led us to
the consideration of the following extension (3.1) of the Bernoulli, Euler,
and Eulerian numbers, as well as polynomials in the unified form from a dif-
ferent point of view just described.

2. PRELIMINARY RESULTS

It is well known that the formulas [2]

gn) = 2 £ (n=1, 2, 3, ...) (2.1)
and dl
Ff) = Y ue@g(d m=1, 2,3, ..., (2.2)

ed=n

where u(n) is the Mobius function, are equivalent. If in (2.1) and (2.2) we
take n = e,e, ... ey, where the e; are distinct primes, it is easily verified
that (2.1) and (2.2) reduce to

r
gr‘ = Z <§)f!7 (Z’ = O, 15 23 ) (2.3)
j=0
and
r _ifr
fr= 2 D7 ‘7( ->9. (r=0,1, 2, ...), (2.4)
i=o g/
respectively, where for brevity we put
fr = flee,...e.)s g, =glee,...e,). (2.5)

The equivalence of (2.3)and (2.4) is of course well known; the fact that the
second equivalence is implied by the first is perhaps not quite so familiar.
It should be emphasized that f(n) and g(n) are arbitrary arithmetic functions
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subject only to (2.1) or equivalently, (2.2); a like remark applies to f, and
Gr-

Given a sequence

i (r =0, 1, 2, ) (2.6)
we define an extended sequence

fn) (n=1,2, 3, ) 2.7)
such that

fleies...en) = fos (2.8)

where the ¢; are distinct primes. Clearly the extended sequence (2.7) is not
uniquely determined by means of (2.8). If the sequence g, is related to f,
by means of (2.3), then the sequence g(n) defined by means of (2.1) furnishes
an extension of the sequence g,.

If we associate with the sequence f, the (formal) power series

© Lr
Feo = 2 fe gy (2.9)
r=0 N
then (2.3) is equivalent to
G, =exp t*F;, (2.10)
where
© £r
Gt = Z ng'
r=0 °

We associate with the sequence f(n) the (formal) Dirichlet series

Py = 3 L@ (2.11)
n=1 ne
Then (2.1) is equivalent to
G(s) = t(s)F(x), (2.12)

where

n

Gie) = 3 2 ey = 3 L.
n=1 n=1 "

3. EXTENDED POLYNOMIAL

We now define the extended polynomial set B(n, %, a, k; x) using the fol-
lowing formula:
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2(%h log c(s)>k(22(3))hgc _ i B(n, h, a, k; x)
C@) - a ne ’

(3.1)

where a is a nonzero real numbgr, k is a nonnegative integer, and h # O.

On specializing various parameters involved therein we find the following
relationships between our polynomials B(n, %, a, k; x) and the extended Ber-
noulli, Euler, and other polynomials:

(i) Extended Bernoulli polynomials
B(n, h, 1, 1; 2) = B(n, h; x) (3.2)
(ii) Extended Bernoulli numberé
B(n, h, 1, 1; 0) = B(n, h) (3.3)
(iii) Extended Euler polynomials
B(n, h, -1, 0; ) =, h; x) : (3.4)
(iv) Extended Euler numbers
B(n, h, -1, 0; 0) = e(n, h) (3.5)

(v) Extended Eulerian polynomials

B(n, hy, a, 0; ) = Hn, h, a; x) (3.6)

1 -a
(vi) Extended Eulerian numbers

B(n, hy a, 05 0) = 7=— H(n, %, a), (3.7

where the extended Bernoulli, Euler, and Eulerian polynomials and numbers are
those introduced by Carlitz [2].

In the present paper we obtain numerous properties of the polynomials and
numbers defined above. These properties are of an algebraic nature, and for
the most part are generalizations on the corresponding properties of the Ber-
noulli, Euler, and Eulerian polynomials and numbers.

4. COMPLEMENTARY ARGUMENT THEOREM

Theorem 1

_ (__1)7(-1

Bns hy a, k; 1 - x) o

B(n, -h, l/a, k; x). 4.1)
Proof: Consider the following:
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1 K .
$ B0 hyoa, ks 1 - @) 2(37 log £(e)" (z(e))*0-?

n=1 ns (z())* - a

2(34 1og t(@)* (c(e))

1 - a(c(s))™
k-1 2(-5h tog £(®) (z(e)) P
a (ce)™ - = .

The theorem would follow if we interpret the above expression by (3.1).
Putting £ = 0 in (4.1), we obtain
Corollary 1

_ (k1
B a

B(n, h, a, k; 1) B(n, "h; 1/a, k)’ (4.2)

where (here and throughout this paper) B(n, k, a, k; 0) = B(n, h, a, k).

5. RECURRENCE RELATIONS

To obtain some interesting results, we refer to [2] for the definition of
Te(n):

w T,(m)
()™ = X —5> (5.1)
n=1 n
where .
T.(m) = 11 (J tx- 1) with n = me’,
e/h d
and put
log z(s) = X, O‘SZ) . (5.2)
n=1
where
1 = pr
a(n) ={F (n=ev, »>1), (5.3)
0 (otherwise).

We remark that T,(n) is a multiplicative function of n; that is,
T, (m) = T,(m) * T,(n) [(m, n) = 1], (5.4)
where (m, n) denotes the highest common divisor of two numbers m and 7.

It is evident from (3.1) that

l_ k n(z+y)
ii B(n, h, a, k; x + Y) _ 2(27zlog C(S)) (2 (o))
A1 ne (t())* - a
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S B(n, hy a, k; y)
8 Z s y s
n=1 1 n=1 n

which yields

Corollary 2

Bn, h, a, k; x +y) = 2: T,.()B(d, hy, a, k; y). (5.5)
cd=n
In particular,
B(n, h, a, k; x) = 2, T, (c)B(d, h, a, k). (5.6)
ed=n

From (3.1), it is easy to deduce the result:

%B(n, hy a, k; ) = h 2 a(e)B(d, h, a, k; x). (5.7)

ed=n

Again, we may write (3.1) as

3 B, 2k, a?, k; x) _ 2(h log r(s))* (z(s)) "

m=l n? (2(8))?" - a®
k —
_ kel 2(%71 log C(s)) (z(s))h= ' 2(%?1 log C(s))k Yee))=
()" - a ()" + a

which gives a recurrence relation:

B(n, 2h, a®, k; x) = 2> ¥ B(e, h, a, 13 ©)B(d, h, -a, k - 15 z). (5.8)

cd=n

Let us now consider the identity

2(37 tog £ (c)*/*  2(37 log o)) (e (a))H ¥/

()% +a (c(s))" - a?

2(%—h log Q(S))k(c(s))hw/z

(z(s))* - a?

- a °

Because of the generating relation (3.1), we obtain:

2kB(n, h/2, -a, k; x) = B(n, By a?, ky = ; 1) - aB(n, h, a, k; x/2). (5.9)

It follows from (3.1) that
[ k X
2 ;l_:;(B(n, hy, a, k; x + 1) - aB(n, h, a, k; x)) = 2(—;—?1 log C(8)> (c())™,
n=1
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which implies:

Bn, h, a, k; x+ 1) —= aB(n, h, a, k; x) = —éé;f 20, (e)T (D). (5.10)
2 ed=n
This leads to the summation formula:
1k m-1 4
7T 2 T (@
=B(n, h, a, ky x + m) — aB(n, h, a, k; x). (5.11)
It is easily verified that when # =1 and n = e.e, ... e,, (5.11) reduces to

the familiar formula

m-1
D,(x +m; a, k) - aD,(x; a, k) = é;?% > (x + N,
where 70
n)y =nmn-1) «-. n -k + 1) and D,(x; a, k) is defined in [7].

6. ADDITION THEOREMS

It may be of interest to deduce some addition theorems that are satisfied
by B(n, h, a, k; x).

Since

2(%}1 log Q(S))k(c(S))”’“ 2(%—h log C(S)>k(c(8))2hy

(z(s))" - a ()" + a

2(37 1og ()™ (c(e)) =)
=2 o s

(z(8))*" - a?

there follows at once:
Theorem 2

22%= %" B(e, h, a, k; 22)B(d, h, -a, k; 2y)
cd=n

= B(n, 2h, a®, 2k; x + y). (6.1)
If we note the identity,

1 1 2a

(N —a (e +a  (g(s)?" - a?

then, as a consequence of (3.1), we arrive at:

1983] 167



PROPERTIES OF SOME EXTENDED BERNOULLI AND EULER POLYNOMIALS

Theorem 3

B(n, h, a, k; %) - B(n, h, -a, k, x) = E%B(n, 2h, a2, k; x/2).  (6.2)

On the other hand, since

1 1 2a -1

() —a @) -1+a (L&) - a) (&) - 1 +a)

we get, from (3.1):
Theorem 4

( - %) > B(e, h, a, k; x)B(, h, 1 - a, k; y)

ed=n

= B(n, h, a, 2k; x +y) - B(n, h, 1 - a, 2k; x + y). (6.3)

7. MULTIPLICATION THEOREMS

We establish the following multiplication theorems, in which m stands for
a positive integer.

Theorem 5

3

il_LB( B alls ks +£)" 71 B, By a, ks ma) (7.1)
I‘=0ar Ny My, a”, 5 X m "am_l M, s Ay 5 mx) . .

Proof: 1In order to obtain (7.1), we have, from (3.1), the relation,

2(} 7 1og z(0))* ((e))™

e B(n, h, a, k; mx)
E =

ne1 ne (c()" - a
l k mhax
s 2(37 Log £@) (€E)™  ny (e
(E(S))Mh -a™ r=0 ar
) am-lm-lL f B(n, mh, am, k; x + %;—)
mk foo at £ ns ’

which completes the proof.

Proceeding exactly as in the proof of Theorem 5, and recalling (3.1), we
obtain:

Theorem 6

&1 r
> —B(n, mh, a”, k; x+=
r=0 a’ m
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Theorem 7
el x r
Mo k m . 2 _E
a™p anrp B(n, mh, am™, k,m+ m)
= aPm* pz_jl 1 B-(n hy am, k; Z 4 i”l) (7.3)
Sy qrm P\ P @ Ky ) '
Proof: From (3.1), we have:
m 7. %X TP
i”il 1 .B(n,mh,a,k,mfkm)
n=1 r=o a’® n®
k Z, TPy
wr  2(Emntog t@)) (e
- -
r=0 (t(s))™ - a”
Cm e 2(Ln s e ) (etee B @™
m 5 og (s z(s IZ:O pr=
1 k
2(5 % log z(s))" (z(s))*" mph _ m
= <2 h) s " —a 7.4
a (z(s))™" - a™ (z(s))?" - af

From (7.4), and using symmetry in m and p, we obtain the required result.

Theorem 8

m-1
> L B(n, mh, a™, K; Z 4 fB)
rp m m

r=0 4

mkh o gP™m B 1 x  qm
L e S Bld, phy am, k - 1; S+ 2. (7.5
oo q§=0 prr edz a(e) (d ph, a™, k »t T ) (7.5)

Proof: It follows from (3.1) that

o m-l B(n, mh, a™, k; %+%9_>
ngl Z

r=0

afP ns

2(Lph 108 (@) (u(e))
_ mkh(log z(s)) , “\2P" ~°8 £l t(s) L (g(e)™* ~ amp

Zpk—lap(m—l) (C(S))ph _ qP (C(S))ph— P
P 1. % . 49n
=mh.am(p—1)_ia(n)ipz-:11 .B<n,ph,a,k 1’p+p>
pk-1gP(m-1) =1 n® 51 gm0 a" ne ’

which completes the proof.
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Theorems 7 and 8 are elegant generalizations of Theorems 5 and 6, respec-
tively.

8. ANOTHER MULTIPLICATION THEOREM

If we define the function B(n, %, a, k; x) by means of

B(n, h, a, k; ) = B(n, h, a, k; x) 0 <x<1,

aB(n, h, a, k; x),

B(n, h, a, k; « + 1)

then it is easily seen that multiplication formula (7.1) also holds for the
barred function.

In this section we obtain an interesting generalization of (7.1) suggested
by a recent result of Mordell [9]. 1In extending some results of Mikolas [8],
Mordell proves the following theorem:

Let u;(x), ..., up(x) denote functions of x of period 1 that satisfy the
relations

m-1
Yoo+ D)= P omy G =1, D), (8.1)
z m 7 1
r=0
where Cﬁm) is independent of x, let a;, ..., ap be positive integers that are
prime in pairs. Then, if the integrals exist and 4 = q,a, ... qp,

A
/ul(x/al)uz(x/az) <o up(x/ap)de

0

1
A./.ul(Ax/al)uz(Ax/az) voo up(Ax/ap)de
0

1
= cfaﬂcéaﬁ cee C;a”.ﬁ)ul(x)uz(x) v Up(x)de. (8.2)

We prove:

Theorem 8

Let p >1; M1, .e.5m; 215 a1, ..., ap be positive integers that are rela-
tively prime in pairs; 4 = a,a, ... ap. Then,

mA-1 1 — r — r
> — Bl\ny, mayh, a™, k; x1 + ——) * B(na, mah, a™?, k; x, +-———)
r=0 ar mal 777(12

5 r
Soeee e B(np, maph, amir, k; xp +-———>

(continued)
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1 — -
=C —7B<n1, mh, a™, k; ajx, + %;—) ) B(nz, mh, a™, k; a,r, + E)
r=0 a m
o eee e F(np, mh, a™, k; a x +§), (8.3)
where ko k X
. ayag ... ag (8.4)
gnla-Ngma-1) o gmlap-1)

Proof: From (7.1), it is not difficult to show for arbitrary a* > 1 that

ma* -1 1 —
——B(n, ma*h, ama*, >
r=0 a ma
med s s r
_ % ma* .
= Z Z o (n, ma*h, a™*", k; x + pra ma*)
k m-1
a* 1 = r
= ——(——l——— Z —B( mhy, a™, k; a*x + —),
am(a* - m

which agrees with (8.3) for p 1.

For the general case, let S denote the left member of (8.3), and
Ag = aya, ... ag (1 <s<p).

If we replace r by smd + r, we have

p-1
mAy, -1 -1
; 1

— r
= — h, a™n, x, + —
S r'§=0 oF B<nl, maih, a k; —

- r
e oces o map - . [
B(np_l, ma,_1h, a™-y, ki xp_oq + map_1>

ap-1 A s
1 = p-1 r
Y Bl\np, maph, a™%, k; x, + + —
5=0 asm ap mCZp
mA,_ ;-1
= plLFﬂ,m@h,a’”al,k-x + =
= ar 1 1 e
- r
© sae ® Map -1 [
B(np_l, ma,_h, a™ety Ky x, oy + map—l)
ap-1 1 . »
. Fr B(np, maph, a™*, k; xp + S __,)
s=0 & ap, map
a;‘ mAp-1-1 1 — »
— Blny, mah, a"*, ky 2 + —
am(ap—l) r=g Q@ may

(continued)
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o eee e F(n ma, _1h, a™-t, k; x + )
p-13 -1/ s K3 -1
P P map,_y
- B h, am, k; -
Np, mh, a™, K3 apx, + )
Continuing the same process, we get:
ko k k
asas ... as
am(al-l)am(az—l) . am(ap—l)
(=l r r
. ?B<nl, mh, a™, k; aix, +E> . B<n2, mh, a™, k; a,x, +E>
r=0

= r
o eee e B(np, mh, a™, k; apx, + E)’

which completes the proof.

We remark that fcr m =1, (8.3) reduces to

A-1
1 = r —= r
— B , , a1’ . ) e tea o ( R . ap’ . -
zg)ap &h. ah, a k; x, + a1> Bl\np, aph, a k; xp + ap>
= C*B(ny, h, a, k; a1@y) * +-- « B(ny, h, a, k; apxp), (8.5)
where
ak ... af
C'?'t =
aal—l . aap—l
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COMMENT ON PROBLEM H-315

WILHELM WERNER
Johannes Gutenberg-Universitat in Mainz

Recently I came to know Problem H-315 of The Fibonacei Quarterly (Vol.
18, 1980) which deals with ""Kerner's method" for the simultaneous deter- -
mination of polynomial roots. I want to comment on two aspects of the
problem and its solution.

1. The method was already used by K. Wierstrass for a constructive
proof of the fundamental theorem of algebra (cf.[1]). Kerner [2] realized
that the method can be interpreted as a Newton method for the elementary
symmetric functions; this fact is also observed in the textbook of Durand
([3], pp. 279-80) which appeared several years before Kerner's publication.’

2. It is remarkable that the assumption

n .
Z By = —Qp_y
i1

is not necessary for the validity of the assertion! This fact is mentioned
by Byrnev and Dochev [4] where further references are given. The proof of.
the assertion

n

Z: B; T —An-3

=1

is easy: following Kerner's derivation of the method, one must apply New-

ton's method to the system of elementary symmetric functions. Hence, one
of the equations reads:

n
> x; = -a,.1 (X135 s ..., &, denote the unknowns).
i=1

[Please turn to page 188]
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