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1. INTRODUCTION

Elsewhere in this journal [5], the sequence {W,(a, b; p, g)} has been in-
troduced and its basic properties exhibited. Here, we investigate the finite
sum of W! (k from O to »n - 1) and the properties of Wpn+ Notation and content
of [5] are assumed, when required.

Particular cases of {W,}are the sequences {Un}, {Vn}, {Hn}, {Fn}, and {Ln}
given by:

U,(0s q) = Wu(l, p5s ps q) (1)
Va(@s @) = Wn(2, p3 P> q) = pUp-1(> q) = 2qUn-> (> q) (2)
H(r, 8) = Wp(rs, » +8; 1, -1) =1rF ,, + sF, (3)
F, = W,(0, 1; 1, -1) = H,(0, 1) =0, _, (1, -1) %)
L, =Wy(2, 1; 1, -1) = H,(2, -1) =V, (1, -1) (5)

Historical information about these second-order recurrence sequences can
be found in L. Dickson [3]. Of course, {F,} is the famous Fibonacci sequence,
{L,} is the Lucas sequence, {U,} and {V,} are generalizations of these, and
{H,}, discussed in [4], 1is a different generalization of them, while {W,} is
the complete generalization of them. Chief properties of {W,}, {U.}, {V,},
{#,}, {F,}, and {L,} can be found, for example, in V. E. Hoggatt, Jr. [3], A. F.
Horadam [4], [5], {61, D. Jarden [7], E, Lucas [8}, K. Subba Rao [9], A. Tagiuri
[10], [11], and N.N. Vorobév [12].

Two interesting specializations of (1) and (2) are the Fermat sequences

v,3, )} = {2"** =1} and (7,3, 2)} = {2" + 1}
and the Pell sequences
{v,(2, ~-1)} and {r, 2, -1}

(see [1], [6], [81).
From (1)-(5), it follows (See [4], [5], [6]) that (p? # 4q),

Wy = {(d = aB)a™ + (a0 - BYR"}/ (a0 - B) (6)
Uy = (@ = g"* 1y /(o - B) (7
V, = a” + B" (8)
Hy = {(r + 8 - rBp)ag - (r + s - rag)RF}I/V5 9)
F, = (o - BONS (10)
L, = ag + Bg (1)
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where

a = (p +Vp2 - 46])/2,

Og = (1 + V5)/2, and

In the meantime, from [4]

ES OF THE SEQUENCE {Ww,(a, b; p, q)}

B=(p -vVp2 - 4q)/2
By = (1 - V5)/2.

[5], and [6], we have:

5

1
Wiv1 = PWy — QWi (12)
WegiWeq = sz + e‘qk'l, where e = agbp - a’q - b (13)
Wi = WV = q*W,_, (14)
Wm+rUn—r—‘1 - qum+r-kUn—r—k—l = Wm+n—kUk—1 (15)
;WWH“W”-T - qum+r—kWn—r—k = (me+n-k - anm+n—k—l)Uk—1 (16)
n-1
2. THE FINITE SUM 3 W/
K-0
Define
; O (M mtge il JHi+l
G (ms ) = 3 (5 )W a7 (17)
we have °T
Lemma 1: G, (m, §) = q7 "1 (pW,)" (W} + eqk™H)7*? (18)
J+l, .
- m J o+ I\ Geitl k(G-i+1) +1pme2s
S
— 2 2
where e = abp - a“q - b”.
Proof: G, (m, §) = Em“(m)wf"*j’”l( W, It by (17)
. k s J ’L.=_,O i k"'rl C[ k-1 s y
m
_ J+1 MmN cm-7 ;
= (qWy 1 Wy 1) {i§0(i>wk+i(qwk—l)l}
= (qWyy W )P T Wy + qWy )™, by the binomial theorem
= @IV W+ eq® I P, + gl )™, by (13)
= g2 + eq® I W™, by (12)
J+1, .
., -+ 1 . - -
= q”l(pWﬁméZ (7 7 e (eq*"17 7L, by the
=0 binomial theorem

J+1, .

2 (

Consider a;{%) satisfying

Gy i (B +2) = a; (¢

-; l)ej—i+lqk(j—i+1) _-‘(-iwzwzi } .

the following recurrence,

subject to the initial conditions gq,(£) = 1 for ¢ 2 1, q;(2f) = 2 for J 2z 0,

19871
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SOME PROPERTIES OF THE SEQUENCE {W,(a, b; p, q)}

with a; (t) =0 for j§ <0 and J > [t/2]. 1t is easy to prove directly from (20)

that ) )
(575 @

The first few value of aj(t) are shown in Table 1.

aj(t)

Table 1. The Values of a; (%)

P ¢ 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0 2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 0 0 2 3 4 5 6 7 8 9 10 11 12 13 14 15
2 0 0 0 0 2 5 9 14 20 27 35 44 54 65 77 90
3 0 0 0 0 0 0 2 7 16 30 50 77 112 156 210 275
4 0 0 0 00O 0 O 0 2 9 25 55 105 182 294 450
5 0O 0 0 0 0 0 O 0 0 0 2 11 36 91 196 378
6 0 0 000 OO0 0 0 0 0 0 2 13 49 140
7 0 0 0 0 0 0 O 0 0 0 0 0 0 0 2 15
t-1 . ) [t/2] . L
Lemma 2: 3 (5) weztaam, e = L D706, - 27, 7 - D (22)
- i
-t t- R t-i-1 L1
Proof: 'Zl ( )Wk+i(qwk_l)'“ = 0<$ )Wk+7i (@W,_)"""s by a dummy variable
i= 7=

- -4 3
§ (* i aw - (] 3)Z§O<t P et

+§<t ; 4>t§ (t ’: 6) 7f+1 3(61 L+3 - +++, by expansion

=0

[t/2] . t-2j . .
> (‘1)J+laj(t){ Z (t : )W;d"‘(qwk_l)‘”l}, by summation

J=1 1=0
[t/2] .

= 2 (D7Tra; ()6 (¢ - 25, § - 1), by (17).
Jg=1

Consider A(j, t; p> q) = A(j, t) satisfying the following recurrence,
AG + 1, t+2) =pA(G + 1, t+1) -qgA(d + 1, ) + A(F, ¢) (23)

subject to the initial conditions A(j, 2J) = 2 for j > 0, 4(0, 1) = p, with
A(G, t) =0 for g <0 and j > [t/2]. It is easy to prove directly from (23)

that (ter21-d + .
AG, t) = pt 28! % ( (P72 as, ;)¢ (24)
=0
The first few values of A(j, t) are shown in Table 2. Note that
- -,
4G, t) = ——( ) V(J), where Vt(J) =—.
9g 7
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SOME PROPERTIES OF THE SEQUENCE {W.(a, b; p, q)}

Table 2. The Values of A(j, t)

£ NI 0 1 2 3 |4
0 2 0 0 010
1 p 0 0 0|0
2 p? - 2q 2 0 0|0
3 pa - 3pg 3p 0 0|0
4 p"* - 4p2q + 2¢° 4p? - bg 2 01lo
5 p° - 5p°q + 5pg? 5p% - 10pq 5q 0 (0
6 pe - 6pL'q+ 9pzq2 - 2q3 6pl’ - 18p2q+ 6q2 9p2 - bq 2 0
7 p’ = Tp3q+ l4p3q® - Tpg® | 7p° - 28p3g+ 21pg? | 14p° - 21pg | 7Tp | O
Now, define
n-1 .
L,(r, t) =k§%qkrwk (25)
and
n-1
W(t) = > W = L,(0, t), (26)
k=0

where r and ¢t are nonnegative integers; then we have the following lemmas and
theoremn.

(/21 N
Lemma 3: 2. <“1)J+1aj(t)Pt-2J{ > (d)efqi Ty it - 2i)} 27)
j=1 =1
(¢/2] o ' '
== 3 (=) A(G, O)Ly(r +J, t = 27).
J=1
[t/2] . . J g\ i g
Proof: 3 (-1)7"ay pt LS (7,->€LCI‘7'LLW(17 +i, t - 20)
j=1 i=1

i=1

2 , ,
a, (B)pt el (@ + 1, t = 2) - a,(@&)p" ™" { > (g)elqz'iLw(r + 4, t - Zi?}

i=1

3 . .
+ czgj(t)pt_6 { z (2)91613—7'[/;/(1” + 1, t - 27:)} —-.++, by expansion

eA(l, ©)L (» + 1, t = 2) = e®A(2, )L, (x + 2, t = 4)

+e%4(3, t)Ly(» + 3, t = 6) —---, by collecting terms in
Ly(r + 1, t - 2i) for
[£/2] all positive integers ©
-3 (-e) 4, )y + j, t - 24), by summation.
Jg=1

"ok . PPYD BEAVE NN EP . l

Lemma hk: kgoq"Gk(t~2,7,J—- 1) = pt 2 igo(i>e q' Ly, (r + 1, b = 2)p .
(28)
19871 271



SOME PROPERTIES OF THE SEQUENCE {W,(a, b; p, q)}

-1 n-1 . . .
Proof: "Z g G (t = 25, 4 - 1) =3 gk {qi W)t "% (W + eq* 17}, by (18)
k=0 k=0

Joa )
3, (i)WzJ'ZZ(eqk'l)L}, by the binomial theorem
=0

N d s An- . .
pt—LJ { -ZO (tZ)elqg-l{"E qk(r+1)W£—21}}
i=

k=0

_ nilqkr +j(ka)t—2j {
k=0

N
pt'zJ{.E%)<i)equ'lLW(r + 7, t - 27),, by (25).
s

Consider B(t; p, q) = B(t) satisfying the following recurrence,
B(t + 2) = pB(t + 1) - gB(¥) + a,(t)ptq, (29)
subject to the initial conditions B(0) = B(l) = O.

Let C(t) = B(t) - a,(t)pt; then C(¢) satisfies the following recurrence,

C(t +2) =pC(t + 1) - qC(¢) with ¢(0) = -2, C(1) = —p, (30)
i.e.,

(t/2] .

c(t) = -p? { ,ZO (—p‘zq)Jaj(t)} s (3D
P
(/2] .

B(t) = p¢< Y (-p’@la;8) . (32)
Ji=1

Table 3. The Values of B(¢t) and C(%)

t 0 1 2 3 4 5
B(t) 0 0 2q 3pq 4p2q - 2q2 5p3q - 5pq2
c@ | -2 -p -p*+29 -p +3pg -p*+4p’q-2¢" -p°+5p’q-5pq®

n-1 - t-1 + e ;
Lemma 5: kzo q .Zl<i)wk+1(qwk—1)
= i=

[t/2] .
= B)ILy(. 8) = 3 (-e)4W, O, + 4. ¢ - 2). G3)
i=1
n-1 t-1 . .
Proof: kz% qkr {‘2: (E)Wfli(qh%-l)l}
= =1

k=0 Jg=1

el fre o
=2 gk Y (DT a6 (t - 25, § - D, by (22)

[t/2] ) n-1
2 DT ) T e - 27, § - 1)
i=1 k=0

J 4 PR
> (D)efed iy + 4, ¢ - 27;)}, by (28)

[t/2

i=0\%

] . .
Py (—l)‘7+laj(t)pt‘2‘7{
I (continued)
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SOME PROPERTIES OF THE SEQUENCE {W,(a, b; p, q)}

[z/2]

= B(t)Ly(r, t) - _Zl(—e)jA(j, OLy(r + j, t = 24), by (27) and (32).
i

Theorem 1: Lw(r, t) satisfies the following recursion,

{1+ g% - a,(B)ptqr + q"B(E)} L, (r, t)

= t .
= qnp(ql‘%-twj_l - Wn) _ (qr’+tw_tl _ W(Z)f)
[¢/2] ,
+qr< l(—e)JA(j, )Lyr + Js t = 27)p, (34)
i=

for ¢ 2 1or (¢ =0and » 2 1).

Proof: (1) When £ = 0 and r = 1:

n-1

Ly(r, 0) = 3 gkr, from (25).

Hence, Ly(r, 0) satisfies (34).

(2) When ¢t = 1: Since

n-1
piLy(r, t) = Y gk (pWy)*, by (25)
k=0

n-1

= ¥ gk (Wger + qWe-1)" 5 by (12)
k=0
n-1 t £ i )

= ke WPt (gW, )*Y, by the binomial theorem
k=0q Lo\t PRSP
n-1 t-1

£\ voi , ,

=3 qkr{hf;l + thE_l + 3 (i)Wf+;(qu_l)l} » by expansion
k=0 i=1

= {77, (s t) + qVTRE = ¢TTWEY + qP{qTLy (e, t) - gL + WI)

[¢/2] . ) )
+ B(E)Ly(r, t) -~ Y. (-e)?A(j, t)L,(» +J, t = 25), by (33),
=1
we have J
{g7" +q"*t - pt + B(E)IL,(x, t)
- q(n—l)r(qr+twrf_l _ er) _ q—r(qr+tW_tl _ W(;ﬁ)
(er21 5 . . .
+ Y (=) A, )y + G, t - 29
=1
Hence, /

{1+ q2r+t _ ptqr + qu(t)}LW(Y', t)
= an(qr+twg-l _ Wﬁ) _ (qr+twf1 - Wg)

[t/2] i
+ g7 _Zl<—e>JA(j, )L, (r + g, t = 25) 5.
e

This completes the proof of Theorem 1, since a,(¢) = 1 for ¢ = 1.
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SOME PROPERTIES OF THE SEQUENCE {W,(a, b; p, q)}

Setting ¢ = 0, 1, 2, and 3 in Theorem 1, we have the following four corol-
laries.

Corollary 1: (1 - g")Ly(r, 0) =1 - g™, for all r > 1 [cf. (25)].

Proof: Setting ¢ = 0 in Theorem 1, we have

(1 + g% - a,(0)qr + q"B(0))Ly(r, 0) = g™ (g7 = 1) = (g - 1),

(1 - g")Ly(r, 0) =1 - g*", since a,(0) = 2.
See also Proof (1) of Theorem 1.

2r+1

Corollary 2: (1 + g - pg)L,(r, 1) = q"f(q”+1w2_1 - W) - (q”“W_l - Wy

Proof: Setting ¢ = 1 in Theorem 1, we have
(I +g*"* - a,(Hpg” + q*B(1))Ly,(r, 1)
= an(qr+lwn—l _ Wn) _ (qr+1w_l _ Wo)’
completing the proof of Corollary 2.
Corollary 3: (1 + ¢**% - p?q” + 2¢" " 1)L, (», 2)

= q" (@ W, - W2) - (§"FPWP, - W2) - 2eq"Ly(r + 1, 0).

Proof: Setting ¢ = 2 in Theorem 1, we have
(1 +@°"*2 - a (2)p*q” + q*B(2))Ly(r, 2)
= g (@ TR = WE) - (PR - W) —eqTA(L, 2)I,(r + 1, 0),

n-1
completing the proof of Corollary 3.

Corollary b: (1 + g*"*"? - pg” + 3pq"* "), (z, 3)

=qr(@TWE L - W) - (@ TWR, - W3) - 3epqtLy(r + 1, 1).

1

Proof: Setting ¢ = 3 in Theorem 1, we have
(L +q""3 - a,(3)p3q” + ¢"B(3))Ly(r, 3)
=g (@ W _ - W) - (TP - W) —eqTA(L, 3)Ly(r + 1, 1),
completing the proof of Corollary 4.
Since C(t) = B(¢) - a,(t)pt, we have

Theorem 1': L, (r, t) satisfies the following recursion,

{1 +g*"*" + g"C() I, (s )

= an(qr+tw7:;_l _ W;’) _ (qr+th1 _ Wot)

(e/21 .
+ q”{ > (e)AG, I, + .t - ZJ)} > (35)

g=1
for t 2 1or (£ =0and r 2 1).

Setting » = 0 in Theorem 1', we have

Theorem 2: W(t) satisfies the following recursion,
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SOME PROPERTIES OF THE SEQUENCE {W,(a, b; p, q)}

{1 + gt + C(E)IW(E)

= @W_, = WD - (@@ W, - wh + [_3/:2] (-e) 40, Ly, ¢t - 25), (36)
for ¢ 2 1. o
. Now, we have the following five formulas about W(t) for ¢, respectively,
to 5:
(I +q -pIW(L) = (qW,_y = Wp) = (@W_1 = Wy); 37)
(1 +q% = p? +2Q)W(2) = (§°Wi_ - Wo) - (q°W?, - W2) - 2eL, (1, 0); (38)
(1 +q° -p + 3pgW(3) = @°Wo_, - W) - (@°W, - W) - 3epL, (1, 1); (39)
(1 +q* - p* + dp’q - 2N (4)
= (q"Wy_ = W) = (@*W - W) - be(p? - @)Ly (1, 2) +2e°L,(2, 0); (40)
(1 +q° - p® + 5p°q - 5pg*)W(5)
= (@°WS_, = W) = (@°W° = W) = Sep(p® - 2q)L, (1, 3) +5e’pLy, (2, 1). (41)

We note that (37) is the equivalent form of (3.5) in [5], (38) is the simple
form of (4.16) din [5], and (39) is the simple form of (4.28), misprinted, in

[5].

(1)

(2)

(3)

Finally, we consider the corresponding special cases of W(¢):

il

n-1
When a =r, b =»r + s, p 1, and g = -1, then H(%) = 3 Hf(r, g) has the
k=0

following properties:
H(1) =H, +H, , -r -8 =H,,, -r —s, by (37);
H(2) = Hi - Hi_l - r? + 82 + (1-(-1)")(r® - rs - 8*), by (38) and Cor. l;

4H3) =8 + B | -r® - 8® + 3" -rs - sH{-D""E, , +r - s},
by (39) and Cor. 2;
SH(4) = HY = B | - r* + 8% + 6n@’ - rs - sM)?/5
+ 8% - rs - sH{(-D)"TWL + H_)) + v’ + 8°}/5,
by (40) and Cors. 1, 3;
_ 5 5 5 5 2 _ L2y 2 o
11H(5) = H, + H _, - r> - 8> + 25(» rs - s°)"H, . -7 s)/4

+ 15(r? - rs - eH){(-1)""H (@ - H:_l) +r® - g%}/4,
by (41) and Cors. 2, 4.

n-1
When a = 0, b=p =1, and g = -1, then F(%) = E: F; has the following
properties: k=0

F(1) =F, -1
F(2) =F? = F2__ + (-1)" = (F,, - F})/2

n-1
4LF(3) = F? + Fj_l +3(-D)'F _, +2
SF(4) = F} - F' |+ 8(-1)"(F} + F?_)/5 + 6n/5 - 3/5
_ @5 5 _1\" 3 _ @3 -
1IF(5) = F, + F>  + I5(-1)"(F} Fn_l)/l; + 25Fn+1/4 7/2

n-1
When ¢ = 2, b=p=1, and q = -1, then L(t) = g L, has the following
properties: k=0

L(l) =L,,, -1
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L(2) =12 - L2 | + 5"+ 2

"

4L(3) = L3 + L3 . + 15(-1)""'L,_, + 38
5L(4) = L% - L' | + 8(-1)"" (L2 + L2_)) + 30m + 25
— 5 5 - +1 3 3 -
11L(5) = Ln + Ln_l + 75(-1)" (Ln Ln_l)/Q + 625Ln+1/4 37/2
3. THE PROPERTIES OF W,,
Define Lene 13/2]
~ ~ m- — - ~
Pn@ =L, = % (" i 1>(~q”)kvf‘2k"1, with I, = 0,
k=0

where m and »n are nonnegative integers. Then we obtain the following lemma.

Lemua 6: Zm satisfies the following recursion,
Tmss = Volpeyr = q"L,, with Ly = 0 and T, = 1.

Using Lemma 6 and mathematical induction, we have

Theorem 3: W, = meg - aq”zm_l

mn

Proof: For m = 1, we have W, = 51WZ - aqnzo from the definition and from the
formula. Similarly, the theorem is true if m = 2. We now show that the for-
mula for m + 1 follows from the formula for m and m - 1.

W(m+l)n = VoW = C[nW(m_l)n, by (14)
Vo @by, = aanm—l) - qn(Lm—1M1 - aanm-z)
(Van - anm—l)Wn - aqn<Van—1 - anm—-z)

=L, W, - aq”fm, by Lemma 6,

il

]

completing the proof.

In particular, we have the following six corollaries.

Corollary 5: U =1 U,_\» ieees U, _,|U

mn -1 m

Coroilary 6: U,, = ZWU% - q”zm_

mn-1"°

1

= & it Ne, - (TR Y

mn

Corollary 7: v =1V, - Zq”fm_l = U+ D (=g Vg, (m)
k=1

;ig(—q”)sz'Zk"2{<m - 2 - I)Vj - z(m - i N Z)QH}.

That is to say, V%[th if m is odd.

#l

Corollary 8: H,  (r, &) Zm(—l)Hn(P, 8) - P(—l)nzm,l(“l)

=3 (_lyn+1)kLZ-2k—z{<m - i - 1>Lnyn(r, s)
k=0

n+1{m - k -2
+ -1 . )}.
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"y
I

Corollary 9:

mn

=7 (- e mrDR(Mm =k = Y moox 1 )
In(-DE, = ¥ (-1 (N P F,,i.e., F,|F

[l
1l

Corollary 10: L, = L,(-1)L, - 2(-1'L___(-1)

= (n+1)k ; ;-
LZ-#;;IOJ)” Kpm-2kg (m)

k

f (=1)F Dk -2k -2 {(m - k- 1)L§-+2(—1)”+1(m - i - 2)}.

k=0

That is to say, L,|L,, if m is odd.

Example 1: Setting m = 2, we have the following seven properties:

W,, = VW, - aq”
Upyr = VU, (see [5]; [8])
v,, = VU, - q”

Vo, = Vi - 2q" (see [5]; [8])
Hzn(l”’ g) = [’anQq’ g) - r(-1)"

By = LyFy
L,, = L - 2(-1)"
Example 2 Setting m = 3, we obtain the following seven properties:
W, = (V2 = q"W, - aq"V,
Uy oy = (Vo = g™V, (see [5]5 [8])
Uy, = W = q™U, = q"7,
V,, = (77 = 3¢V, (see [515 [8])
H, (ry 8) = (T} ~ (-1)")H, (r, 8) - r(-1)"L,
Fy, = (I - (-DHF,
Ly, = (IZ - 3(-1)"L,
Example 3: Setting m = 4, we have the following seven properties:
Wy = (Vi = 2q"MV, W, = 0q™ (Ve = q™)
Uppor = W2 - 2gM%U0,
u,, = (V2 = 2q™MV,U, - q*(V: - q")
Ve, = V) = 4q"V: + 2g°"
ankr, §) = (I - 2(-1)")L,H, (r, 8) - »(-1)'L2 + »
Fo, = (L% = 2(-1Y")L,F, = (Li - 2(-1)")F,,
Ly, = L% = 4(-)"L2 + 2

19871 277
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L. THE POWER EXPANSION OF W,

[n/2]

n-k -1, 0 k
W,(1, 05 p, q) = m ()
n " ko1 )p 4

Since (s 1) /2]
-k - -
W, (0, 1; p, q) = (% : R G LA
we have kot

14

. oS _n-2k K- - ky _ n-k-1 }
W,(as b3 ps q) ég%_p (=) l{bp(k - 1) “q( k-1 ) ’

Now, we consider the special cases of W, (a, b; ps q):

0, @ @) = £ o ot (R T E) ot R E DY)
= ;i%(_l)j<n ; j)pn—2jqj

e @ = £ ol 1Y) -l 17 )

H,(r, s) =Z§:O{P<n % k) + s(n - % - 1)} =yF ., + sF,
Poex (T
Iy _12;0{2<” ; k) - <” ) z ) 1)} =2 P

Remark: Wo,.z = 55 (?) Us 1 (-qUn )" W o-

Z=0
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