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1. INTRODUCTION 

Elsewhere in this journal [5], the sequence {Wn(a9 b; p, q)} has been in-
troduced and its basic properties exhibited. Here, we investigate the finite 
sum of W? (k from 0 to n - 1) and the properties of Wmn. Notation and content 
of [5] are assumed, when required. 

Particular cases of {Wn} are the sequences {Un}, {Vn}, {Hn}9 {Fn} 9 and {Ln} 
given by: 

Un(p, q) = Wn(l9 p; p, q) (1) 

Vn(p, q) = Wn(29 p; p, q) = pUn.±(p9 q) - 2qUn.2(p, q) (2) 

Hn(r9 s) = Wn(r9 r + s; 1, -1) = rFn+1 + sFn (3) 

Fn = Wn(09 1; 1, -1) = Hn(09 1) = ^ ( l , -1) (4) 

Ln = Wn(2, 1; 1, -1) = Hn(29 -1) = Vn(l9 -1) (5) 

Historical information about these second-order recurrence sequences can 
be found in L. Dickson [3]. Of course, {Fn} is the famous Fibonacci sequence, 
{Ln} is the Lucas sequence, {l/n} and {Vn} are generalizations of these, and 
{Hn}9 discussed in [4], is a different generalization of them, while {Wn} is 
the complete generalization of them. Chief properties of {Wn}, {Un}9 {Vn}, 
{Hn}, {Fn}, and {£n} can be found, for example, in V. E. Hoggatt, Jr. [3], A. F. 
Horadam [4], [5], {6], D. Jarden [7], E, Lucas [8], K. Subba Rao [9], A. Tagiuri 
[10], [11], and N.N. Vorobev [12]. 

Two interesting specializations of (1) and (2) are the Fermat sequences 

{Un(3, 2)} = {2n+1 - 1} and {Vn(3, 2)} = {2" + 1} 

and t h e P e l l sequences 

{Z7n(2, - 1 ) } and {Vn{2, - 1 ) } 
( see [ 1 ] , [ 6 ] , [ 8 ] ) . 

From ( l ) - ( 5 ) , i t fo l lows (See [ 4 ] , [ 5 ] , [6] ) t h a t (p 2 + 4c?), 

\w„ = {{b - a g ) a " + (aa - £ ) 3 " } / ( a - 3) (6) 
|Z7„ = ( a " + 1 - 3 " + 1 ) / ( a - 3) (7) 
, Vn = a" + 3" (8) 
JH„ = { ( r + s - r e 0 ) a g - ( r + s - ra0)$n

0}/JE (9) 
*"» = (a? - 3o)A/5 (10) 
Ln = a ? + B£ (11) 
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where 

a = (p + / p 2 - 4 ^ ) / 2 , 3 = (p - / p 2 - 4^ ) /2 

a0 = (1 + >/5)/29 and g0 = (1 - v 5 ) / 2 . 

In t he meantime* from [ 4 ] , [ 5 ] , and [ 6 ] , we have : 

\h/k + 1 = p ^ - ^ _ x 

^fc+i^fc-i = ^k + ec[k~1 ^ where g = aZ?p - a 2 q - Z?2 

^m + rUn-r-'l "" <7 ^m + r- fc^rc - r - A: - 1 = ^m + n-ft^£:-l 

fi^ + r^n-r " ^ m + r-lFn-r-k = ^bWm + n-k ~ aClWm + n-k-^Uk-1 

(12) 

(13) 

(14) 

(15) 

(16) 

n- 1 
2. THE FINITE SUM J ] ^ 

k = 0 

Define 

<?ko». J) - t ( " ) ^ ' * + 1 ( ^ - i ) r f + i + l ! 

we have i = o 

Lemma 1: ^ ( m 5 j ) = q3 + L (pWkT (W% + e ^ - 1 ) 3+1(-nU.\m(ljZ 4- ^ - l W + 1 

P ^ ' Z V ' * l)e3'-i+1qkti-i + 1) +iWm
k
+u 

(17) 

(18) 

(19) 

where g = a&p - a 2 g - Z?2. 

Proof: Gfc(m, J) = E ( • ) C " t + 1 ( ^ - 1 ) , t , t 1 ' b ? <1 7) 
i. = 0 

= ( ? ^ + i ^ k - i ) J + 1 ^Jc + i + ^ f c - 1 ) ™ > b y t h e b i n o m i a l theorem 

= qj+1(W2
k + eqk-1)j+1(Wk+1 + qWk_1)n, by (13) 

= qj + 1(W2
k + eqk'1):i + 1{pWk)m, by (12) 

j ' + i 

f"=n ' binomial theorem i = Q 

J + l 
y (J t )eJ"'i + V ( i _ U l ) •? 
i = 0 

Wk 

Consider a-j(t) satisfying the following recurrences 
ad + 1(t + 2) = aJ- + 1(t + 1) + aj(t)9 (20) 

subject to the initial conditions aQ(t) = 1 for t > 1, cij{2g) = 2 for j > 05 
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with a At) = 0 for j < 0 and j > [t/2]. It is easy to prove directly from (20) 
that 

a^it) = + * - J 
: ' ) 

The first few value of aj(t) are shown in Table 1. 

Table 1. The Values of a At) 

(21) 

Ix 
0 
1 
2 
3 
4 
5 
6 
7 

0 

2 
0 
0 
0 
0 
0 
0 
0 

1 

1 
0 
0 
0 
0 
0 
0 
0 

2 

1 
2 
0 
0 
0 
0 
0 
0 

3 

1 
3 
0 
0 
0 
0 
0 
0 

4 

1 
4 
2 
0 
0 
0 
0 
0 

5 

1 
5 
5 
0 
0 
0 
0 
0 

6 

1 
6 
9 
2 
0 
0 
0 
0 

7 

1 
7 
14 
7 
0 
0 
0 
0 

8 

1 
8 
20 
16 
2 
0 
0 
0 

9 

1 
9 
27 
30 
9 
0 
0 
0 

10 

1 
10 
35 
50 
25 
2 
0 
0 

11 

1 
11 
44 
77 
55 
11 
0 
0 

12 

1 
12 
54 
112 
105 
36 
2 
0 

13 

1 
13 
65 
156 
182 
91 
13 
0 

14 

1 
14 
77 
210 
294 
196 
49 
2 

15 

1 
15 
90 
275 
450 
378 
140 
15 

i - 1 
t - 1 

* \ , , t -
lt/2] 

Lemma 2: £ {,•) K l l ^ k - i ^ = E (-U3+ <*j ^ G
k <* " 2 j , J - 1 ) . (22) 

j - i 

Proof: " ^ ( I K ; ! ^ . / = E (, * iWrr^-i)^1' ^ a du i r any v a r i a b l e 

* i ff • ' K ^ - 1 ^ * . , ) " 1 -1(* I 3)E4(* : 4K+-r<*"*-i>i+2 
i = 0x i = 0 

t / t - 4\^6 ft - 6\T7t 
3\ 2 ) LQ(* ^ b ) ^ ; r 3 ( ^ - i ) ' + 3 - • • " . ̂  expansion 

[ t / 2 ] 

= E 
j = i 
[ t / 2 ] 

(-1)i+S-(*)r.EJ(t;2>*;l-
u-

l ( q l / f c . 1 ) J + l > , by summation 

= £ (~l)J+1aj(t)Gk(t - 2 j \ j - 1 ) , by ( 1 7 ) . 
j = 1 

Consider A(j 9 t; p3 q) = A(j $ t) satisfying the following recurrences 

A(j + 1, t + 2) = pA(j + 1, t + 1) - ̂ (j + 1, t) + A(j9 t) (23) 

subject to the initial conditions A(j» 2j) = 2 for j > 0, >4(0, 1) = ps with 
^(j, t) = 0 for j < 0 and j > [t/2]. It is easy to prove directly from (23) 
t h a t (tt/2]-i . + . ) 

AU, t) =p*-2^ T,Q CJJ)(-p-2<7)f<W*». (24) 

The first few values of A Qj , t) are shown in Table 2. Note that 

i^-ytf), where 7<* - ^ - . 
4(j'» t) ^ .t 
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Table 2. The Values of A(j9 t) 

;v 
0 
1 

2 

3 

4 

5 

6 

7 

0 

2 

P 
P 2 - 2 < ? 

p 3 - 3pq 

ph - kp2q+2q2 

p5 - 5p3q + 5pq2 

p 6 - 6phq+9p2q2 - 2q3 

p7 - 7p5q+ 14p3^2 - 7pq3 

1 

0 
0 

2 

3p 

4p2 - kq 

5p3 - lOpq 

6ph - 18p2^ + 6^2 

7p5 - 28p3q-\- llpq2 

2 

0 
0 

0 

0 
2 

5^ 

9p2 - 6q 

14p3 - 2lpq 

3 

0 
0 

0 

0 

0 

0 

2 

7p 

4 

0 
0 

0 
0 

0 

0 

0 

0 

and 

Now, de f ine 

L„(r, t) ="f;V*tf 
k = 0 

M - l 

k = 0 

(25) 

(26) 

where v and t a r e nonnega t ive i n t e g e r s ; then we have the fo l lowing lemmas and 
theorem. 

[ t / 2 ] 
Lemma 3: E ( ~ D J +V-(t)p^2^ £ e V \ f r + i, t - 2i) 

J = i i = l 
(27) 

[ * / 2 ] 
• 2 (-e)Ji4(«/, t)Lw(r + j , t - 2 j ) . 

j = i 

Proof: X (-1)J" + 1^(«P*"2J'< E (^V~%(^ + i s t ~ 2 i ) r 

^ ( ^ ^ ^ ( r + 1, * - 2) - a2(t)p^V E(^V%(^ + ^ * " 2*) 

+ a 3 ( t )p t ~ 6 < E ( ~ ° y V ~ % ( ^ + ^ t - 2 i ) [ ~ ° * 8 s by e x P a n s i o n 

e4(l, £)£ (2- + 1, t - 2) - e2A(2, t)LA/(r + 2, t - 4) 

+ e3^(39 t)Lw(r + 3, £ - 6) - • • • , by collecting terms in 
Lw(r + i9 t - 2i) for 
all positive integers i, 

[til] 
~ E (~e)JA(js t)Lw(r + j, £ - 2j'K by summation. 

J' = i 

1 i 7 
Lemma 4 : * £ qkrGk(t - 2j, i - 1) = P*~2 j ' i E ( ^ V ' ^ f r + i , * - 2 i ) 

fe = o U - o <"' j 

1987] 
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n-l n - 1 
Proof: '^qkrGk(t - 2 j \ j - 1) = ' £"?**• {q* (pWk)* ~2j (fi£ + eq*'1)3'} 9 by (18) 

?< = o ^ = o 
rc- 1 

k = 0 

,t-2j 

i = 0 

£ qkr+j(pWk)t~2j < XI ( J . ) f / 2 j " ' 2 i ( ^ / £ " 1 ) i > , by the binomial theorem 

> t - 2 j P^ " } E (J) eV~%r(* + *. * - 2^)}> by (25). 

Consider £(£; ps q) - Bit) satisfying the following recurrences 

Bit + 2) = pB(£ + 1) - qB(t) + a^t)?**?, (29) 

subject to the initial conditions 5(0) = B(l) = 0. 

Let C(t) = 2?(£) - aQ(t)pt; then C?(t) satisfies the following recurrence, 

C(t + 2) = pC(£ + 1) - <?£(£) with C(0) = -2, t?(l) = -p, (30) 

i.e. , 

(31) 

(32) 

W ) = "P* { E (-p"2?)^*)^ 
j=o 

t/2] 

E 
J = I 

B(t) = -P* <! E (-p-2q)dad(t)\. 

Table 3- The Values of B{t) and C(£) 

£ 

Bit) 

C(t) 

0 

0 

-2 

1 

0 

"P 

2 

2q 

- p 2 + 2q 

3 

3pq 

- p 3 + 3p<? 

4 

4 p 2 ^ - 2 q 2 

- p 4 + 4 p 2 ^ - 2<?2 

5 

5p3q - 5pq2 

- p 5 + 5p3q~ 5pq2 

Lemma 5= E ' ^ < '£ { | K * + 1 <<7^- I> 1 

[* /2] 
= B(t)Lv<r, t ) - E ( - e ) J / l ( j , t)Lw(r + j , t - Zj). 

i = i 

n - 1 

(33) 

Proof: nZq**\ ± ( | W ; j (qWk _{? 
k=0 [i=1 

n-l (it/2] . ) 
= E <7kr< E (-D3 + 1aAt)Gk(t ~ 2 j , J - 1)>, by (22) 

fc = o ( j = i ) 

[*/2l . ( n - l 
= E ( - D ' ^ - t t W E < 7 ^ ( * ~ 2<7* J - 1) 

j = i ( k = o 
[ t / 2 ] . ( j . ) 

= £ ( - l ) J + 1 a 7 . ( t )p t -^"< £ ( f . ) e V " % ( ^ + i> t - 2 i ) L by (28) 
j - 1 ' [i = o X Z / 

J (continued) 
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[t/2] 

= B(t)Lw(r9 t) - ]C(-e)J4(<7* £ ) M P + 3> t - 2j), by (27) and (32). 
j = 1 

Theorem 1: Lw(r9 t) s a t i s f i e s t he fo l lowing r e c u r s i o n s 

{1 + q2r + t - aQ(t)p*qr + q^B(t)}Lw(r9 t) 

= qn-(qr + t^_± - Wl) - (qr + tW_\ - W*) 

( [ t /2 ] . ) 
+ qr< E (-e)°AU* t)Lw(r + j , t - 2 j )V, (34) 

for t > 1 or (t = 0 and r > 1). 

Proof: (1) When t = 0 and r > 1: 

M* 5 ' 0) ^ i : ^ , from (25). 
& = o 

Hence3 Lw(r9 0) s a t i s f i e s ( 3 4 ) . 

(2) When t > 1: Since 

p ^ ( r 5 *) = ^ ^ ( p ^ ) * , by (25) 
& = o 

= n E ^ O f y + i + A . i l S by (12) 
fe = o 

= *L < 7 ^ L i ^ t ' t ^ v i ) *>» b y t h e b inomia l theorem 

= ^ V W + 1 + < ? X - i + E ' t j K ^ ^ - i ^ i . ^ expansion 
k=o ( ^ = 1 J 

= { < r * V r , t ) + t ^ " 1 ^ ' - q-rW*} + ^ { q ^ v ( r , *) - q^W^ + J/.',} 

[t /2] 

+ 5 ( t ) L w ( r , *) - £ (-e)J4(«7» t)Lw(r + - j \ t - 2 j ) , by ( 3 3 ) , 

we have 

{q-r + ^ r + t _ p t + B ( t ) } £ ( / ( r , t) 

[t/2] 
+ £ ( - e / i i ( j . *)£„(*• + 3, t - 23). 

j ' - i 
Hence, 

{1 + <?2r+* - p V + <7rS(t)}Ls / ( r s t ) 
([t/2] 

+ qr \ E ( - e ) J ^ ( j » t)Lw(r +3, t - 2 j ) 

This completes t h e proof of Theorem 1, s i n c e a0(t) = 1 for t > 1. 
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Setting t = Os 15 2, and 3 in Theorem 1, we have the following four corol-
laries. 

Corollary 1: (1 - qr)Lw(r9 0) = 1 - qnr, for all r > 1 [cf. (25)]. 

Proof: Setting t = 0 in Theorem 1, we have 

(1 + q2r - aQ(0)qr + q^B(0))Lw(r9 0) = q^(qr - 1) - (qp - 1), 
i.e. , 

(1 - qr)Lw(r, 0) = 1 - q™9 since a0 (0) = 2. 

See also Proof (1) of Theorem 1. 

Coro l l a ry 2: (1 + q2r + 1 - pqr)Lw(r, 1) = <?nr(<f+ X - i " >^> ~ ( ^ " ^ - i ~ w
0^ 

Proof: S e t t i n g t = 1 in Theorem 1, we have 

(1 + q2r+1 - a0(l)pqr + qrB{l))Ly{v, 1) 

- ?"r(<7P+1J/B-i " ̂ ) " (<7r + 1 ^ ! " W0> -
completing the proof of Corollary 2. 

Corollary 3: (1 + ̂ 2J3 + 2 - p2qr + 2<f+ 1)Z^(p, 2) 

= q^iq'^Wn^ ~ W2
n) - (qr + 2 ^ 1 - ̂ ) - 2^L^(p + 1, 0) . 

Proof: S e t t i n g t = 2 in Theorem 1, we have 

(1 + q2r + 2 - a 0 ( 2 ) p V + qrB(2))Lw(r, 2) 

= q»Hqr + 2W2_1-W2)- <.qr + 2W2_1-Wl)-eqI,Aa, 2)L„(r + l, 0 ) , 
completing the proof of Corollary 3. 

Corollary h: (1 + q2r+3 - p3qr + 3pqr+1)Lw(r9 3) 

Proof: Setting t = 3 in Theorem 1, we have 

?Br(?P + 3 ^ _ 1 " &£) - (qr + 3 ^ ! - ̂ o) " Sep^Cr +1, 1). 

(1 + q2r + 3 - a 0(3)pV + <?rB(3))Lw(r, 3) 

= <7B'(?r + 3 ^ _ 1 - ^ ) - (qr+3W3_1-Wl)-eq1'A<.l, 3)Lw(r + 1, 1) , 

completing the proof of Corollary 4. 

Since C(t) = B{t) - aQ(t)pt
9 we have 

Theorem 1': Lw(r, t) satisfies the following recursion, 

{1 + q2r + t + qrC(t)}Lw(r, t) 

= q^iq^W^ ~ Wfr - (q-^W^ - W$) 

([*/2] . ) 
+ ?r{ E (~^y^U, t)Lw(r + j, t - 2j)V , (35) 

for O 1 or (t = 0 and r > 1). 

Setting p = 0 in Theorem 1f, we have 

Theorem 2: J/(£) satisfies the following recursion, 
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{1 + qt + C(t)}W(t) 
[t/2] 

= (q^n-l - Wn)~ (<7^i ~ < ) + S (^)^(J5 Wwti, t ~ 2j), (36) 
J = l 

for t > 1. 

Now, we have the following five formulas about W(t) for t9 respectively, 
1 to 5: 

(1 + q - p)tf(l) = (^^ - Wn) - (qW_± - WQ); (37) 

(1 + q2 - P2 + 2<?)tf(2) = (q*w*^-W*)- (q^2^ - W2
Q) - 2eLw(l9 0); (38) 

(1 + q3 - p3 + 3P<7)^(3) = (q3K-i~T4)- (q'W3^-W3
Q) - 3epLw(l, 1); (39) 

(1 + q* - p4 + 4p2<7 - 2<72)^(4) 

= (q^n-i~Wn)~ (qhWl:i~wl)~^e(p2~q)Lw(ls 2) + 2 g % (2 9 0); (40) 

(1 + q5 - p5 + 5p3q - 5pq2)^(5) 

= (q'w'^-W5^- (q5W5_l-Wp-5ep(p2-2q)Lw(l9 3) + 5e2pLw(2, 1) . (41) 

We note that (37) is the equivalent form of (3.5) in [5], (38) is the simple 
form of (4.16) in [5], and (39) is the simple form of (4.28), misprinted, in 
[5]. 

Finally, we consider the corresponding special cases of W(t)i 
n- 1 

\ (1) When a = r, b = r + s9 p = 1, and q = -1, then H(t) = 2 #/f(p* s ) n a s t n e 

following properties: k~° 

H(l) = Hn + #„_.,_ - r - s = #n + 1 - r - s, by (37); 

#(2) = H2
n - i^2.! - P 2 + s2 + (1- (-l)n)(r2 - rs - s 2), by (38) and Cor. 1; 

4#(3)=F3 + H3
 1 - v3 - s3 + 3(P2 - rs - s2){(-l)n + 1Hn_2 + r - s}9 

by (39) and Cor. 2; 
5#(4) = ̂  - Eh

n_l ~ rh + sh + 6n(r2 - rs - s2)2/5 
+ 8(P2 - rs - s2){(-l)n + 1(H2

n + H2^) + r2 + s2}/5, 
by (40) and Cors. 1, 3; 

11#(5) = El + ^ _ 1 - r5 - s5 + 25(r2 - rs - s2)2 (Hn + 1 - r - s)/4 
+ 15(P2 - rs - s2){(~l)n + 1(H3

n ~ H3
n ±) + r3 - s3}/4, 

by (41) and Cors . 2 , 4 . 

n - 1 
(2) When a = 0 , fc = p = 1, and q = - 1 , then F ( t ) - £ i ^ has the fo l lowing 

p r o p e r t i e s : k=0 

F(D =Fn+1 ~ 1 
F(2) = Fn

2 - ^ . x + ( -1)" = (F2n - F2
n)/2 

4F(3) = ?l + F*^ + 3 ( - l ) n F n - 2
 + 2 

5F(4) = Fh
n - ^ _ , + 8 ( - l ) " (F„ 2 + ^ . ^ / S + 6w/5 - 3/5 

11F(5) = F5
n + Fs

n_x + 15(~l)n(F3
n - F3

n^)/h + l^F^Jk - 111 

n-l t 

(3) When a = 2, b = p = 1, and q = - 1 , then L(t) = J2 ^y_ n a s t n e fo l lowing 
p r o p e r t i e s : * " ° 

i d ) = Ln + 1 - 1 
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L(2) = l \ - L\.x + 5 ( - l ) n + 1 + 2 

4L(3) = L3
n + Ll_x + 15(~l)n + 1Ln_2 + 38 

5L(4) = Lk
n - L^_1 + 8 ( - l ) n + 1 ( £ * + L2

n_x) + 30« + 25 
11L(5) = Ls + L5 . + 7 5 ( - l ) n + 1 ( £ 3 - L3 , ) / 4 + 625L ^Jh - 37/2 

K y n n-1 • / v n n~\J n+1 

3. THE PROPERTIES OF fi^ 

D e f i n e 
[(m- l ) / 2 ] - -

2W(?) = ̂  - E (w " Z " ^ ( - ^ C " 2 * " 1 . with Z0 - o, 
k=o v * ; 

where m and n are nonnegative integers. Then we obtain the following lemma. 
LerriJria 6: Lm satisfies the following recursion, 

4+2 = VnLm+1 - qnLm9 with LQ = 0 and Lx = 1. 

Using Lemma 6 and mathematical induction, we have 
Theorem 3: Wmn = LwJ/„ - a ^ L ^ . 

Proof: For m = ls we have J/„ = L1Wn - aqnLQ from the definition and from the 
formula. Similarly, the theorem is true if m = 2. We now show that the for-
mula for 772 + 1 follows from the formula for m and TT? - 1. 

W{m + l)n = VnWmn ~ < f ( / * - ! ) „ » ^ < 1 4 ) 

= Vn(LmWn - aq^lm_x) - qn&m_^n - a < 7 n V 2 > 

= £ m + 1 ^ n - aqnLm, by Lemma 6, 
complet ing t h e proof . 

In p a r t i c u l a r , we have the fo l lowing s i x c o r o l l a r i e s . 

C o r o l l a r y 5= Umn^ = LJJn^, i . e . , Un_1\Umn_1. 

C o r o l l a r y 6: Umn = LmUn - qn~Lm_x 

±o(-q»)kv:-*-fm-1- l)unVn - { m ~ \ - 2 y \ 

Corollary 1: Vmn = ~LmVn - 2q"ln^ = ̂  + £ ( ^ n ) * C 2 * a * < » » 
fc = l 

k = 0 

That i s to say , V \Vmr} i f 772 i s odd. 
z^rfi'K-rrvf 

Corollary 8: 5 m n ( r , s) = i m ( - l ) f l „ ( r , s ) - r{-\)nLn_x(-l) 

= | o ( - l ) < » + 1) tir«-J{(n " £ - ^VUr, s) 
+ r(-D" + 1 ( m ~ f c " 2 ) } -
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C o r o l l a r y 9 : Fmn = Lm(-l)Fn = ± (-ifn + Dk/m - k - l y ^ . ^ . ^ ^ ^ ^ 
k = 0 ^ 

Corollary 10: Lmn = Lm(-l)Ln - 2 ( - l ) " 2 ^ ( - 1 ) 

= £„m+ E ( - i ) ( " + 1 ) l £ ; - J * a i w 

= fcE(-l)(" + 1 ' k ^ -"- 2 { ( ' n - £ " 1 ) ^ + 2(-l)»+1(m " £ 

That is to say, Ln\Lmn if m is odd. 

Example 1: Setting m = 2S we have the following seven properties: 

W2n = VnK ~ ^ 
U2n-1 = Wn-1 ( S e e C 5 ^ [8]> 
Z72n = VnUn - qn 

V2n = Vl ~ 2qn ( see [ 5 ] ; [8] ) 
Hzn(r5 s) = LnHn(r, s) - r(~l)n 

F = L F 
x 2n nL n 

L2n = L2
n - 2 ( - l ) » 

Example 2: S e t t i n g m = 3 , we o b t a i n t h e fo l lowing seven p r o p e r t i e s : 
Wzn = ^l - qnWn - aqnVn 

£/3n-i = ^l ~ qn)Un_x (see [ 5 ] ; [8]) 

U3n = (V2 ~ qnWn ~ qnVn 

V3n = (V2 - 3qn)Vn ( see [ 5 ] ; [8] ) 

H3n(r, s) = (£2 - (-l)n)Hn(r, s) - r(-l)nLn 

F3n = (L2
n - i-Dn)Fn 

Example 3- S e t t i n g m = 4 , we have t h e fo l lowing seven p r o p e r t i e s : 

^ „ = <*£ - 2?")7„J/„ - «?«(7 2 - q») 

^ n = ( ^ " 2qn)V„Vn - qn(V2 - qn) 
V = V* - kq-Vl + 2q2" 
Hhn(r, 8) = (L2

n - 2(-l)n)LnHn(r, s ) - r(-l)nZ2
n + v 

Fhn = (L2 - 2(-l)n)LnFn = (£2 - 2 ( - l ) " ) ? 2 „ 

Lhn = 4 - 4( - l )*£ 2 + 2 
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SOME PROPERTIES OF THE SEQUENCE {Wn{a, b; p, q)} 

4. THE POWER EXPANSION OF Wn 

. M L 0; p, q) = ̂ f (n " * " ̂ p*"2* (-*?)* 
Since 

) [(n+i)/2] 7 

'MO. i; P, ?> - z r p " - ^ 1 ^ / - 1 . 
we have 

/n - k\ /n - k - h 
p -- <^ ;

 _<^p' 

k = i 

Now, we consider the special cases of Wn(a, b; p , q): 

M«. 6; p. ?) = E p""* ( ^ ^ M f c I i) " < ft - i )}• 

n - /c - 1 
fc - 1 

Hn(r, s) = f; ip(n ik)+*(n~l~ l)\ = ^ + 1 + sFn 

in - k - 1 

Remark: B , n „ - £ ("J » ; . , ( - , » „ . , ) - < 

* - - ^ l " * " ) - ( " " * " ^ • " » ' - ' • 

i - 0 ^ ' 
& + £• 
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