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1. INTRODUCTION

= F

and let LO = 2, Ll =1, Ln+2 = Ln+l +L,,n=20,1, ..., be the Lucas numbers.

Let Py = F, =1, F +F,,n=1, 2, ..., be the Fibonacci numbers

n+1
According to the Theorem of Zeckendorf (see, for example, [5,p. 741, [6], [1],
[8]), every positive integer m has a unique '"minimal" representation as a sum
of distinct Fibonacci numbers #,,#,, ... such that no two consecutive Fibonacci
numbers are used. If we denote by f(m) the number of Fibonacci numbers in the

representation of m, then Lekkerkerker [6] defined the average value

Fn-l—z_]'
wn=( 2 f(i)>/Fn
L'=Fn+l

and proved that

Y 5 - V5
A T “)

In [7] we gave a very simple proof of (1) and also proved a certain gener-
alization of this result. 1In order to state this generalization, we introduce
some notations and terminology from [7]. Let 1 = a, <a, < +-+ be a strictly
increasing sequence of positive integers with fhe first element equal to 1. We

call this an A-sequence. Suppose that m is a positive integer. We write

mo=agq, tag t o+ A(gys (2)

where a(;y is the greatest element of the A-sequence < m, a(py 1s the greatest
element of the A-sequence § m = agys and, generally, a(; is the greatest ele-
ment of the A-sequence < i1 - ey — Gy — *°* — A .-p- We denote by h(m) the
number s in (2), that is, the number of terms in the representation of m.
Suppose that % 2 2 is a positive integer and define an A-sequence by a, =
1, a, = k, and Q4o = Ay4y + ays n =1, 2, ... . We call this a recursive A=

sequence. 1f a, =k =3, then a, =L,, n=1,2, ... . If a, =k =2, then
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a, = Fn+1, n=1,2, ..., and (2) is the Zeckendorf representation [7, Lemma
5.12, p. 45], so that h(m) = f(m).

Consider now a recursive A-sequence. If a, = k, we defined

Apay =1
wﬂm=(_z Mw»@%y

so that Y,(n) =1, and proved [7, Theorem 5.15, p. 46] that for all a, =k 22,

Lim ¥, () _5-45
Are N 10

a generalization of (1).
In [4] Daykin has given a different generalization of (1). If % and k are
positive integers such that Z < k< h + 1, then he defined [4, p. 144] the

(B, K™ Fibonacei sequence (v;) in the following way:

v; =1 for 1 €7 <k,
i = Vi1 tUsy for k< 7 < h + k, (4)
v; =V, U+ (kK -h) for i 2 h + K.
Clearly, the Fibonacci numbers F,, Fs’ ... are given by the (2, 2)th Fibonacci
sequence.

Daykin generalizes the Theorem of Zeckendorf by proving [4, Theorem C, p.
144] that, if (v;) is the (h, k)™ Fibonacci sequence, then for each positive
integer m there is one, and only one, system of positive integers il, iz, cees

1; such that

M= vy kg, o o (5)

where ¢, 2 ¢, + h if d > 1, and 7,,, 2 Z, + kK for 2 < v < d. [We note that the
(h, k)™ Fibonacci sequence is an A-sequence, and it is easy to see that the
representation (5) -is the same as (2).]

Let Y, denote the average number of summands required in (5) for all those
positive integers m sﬁch that v, <m < U,.,+ Then [4, Theorem E, p. 144] for

k=22,

+1

LPn g -1
lm " = %G o) (6)

nroo
where 6 = 0(k) is the positive real solution of the equation z - 1 = ik,

In this paper we consider three other kinds of unique representations using
Fibonacci and Lucas numbers and prove the following corresponding results. Let
f"(m) denote the number of elements in the "maximal' representation (see [5,

P. 741,[2]) of m using Fibonacci numbers F,, F,, ... (where no 'gaps" formed

3?
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by two consecutive Fibonacci numbers are allowed). Let g(m) denote the number
of elements in the '"minimal" representation (see [5,p. 76], [3], [8]) of m and
let g'(m) denote the number of elements in the "maximal" representation (see
[5,p. 77], [3]) of m using Lucas numbers. These are similar to the correspond-
ing Fibonacci representations but with certain additional restrictions to en-

sure uniqueness. We define

Fryp-1 Lyyo-1
(o) e (E0) e
= n+l 7'=er-¢-1
) Ln+2—l
and A= ( > g’(i)>//2n.
=L,

Then we have

Yy

A
_'n 5 -5
Hoor =715 )
)\!
. Mn 545
TR TV ®)
and ,
1im ?ﬁ,= é_i;ﬁg 9)
n+w " 10 ‘
2. "MINIMAL'" LUCAS REPRESENTATIONS
Let a; =1 =1L, a; =Ly, and a, = L,_1, n = 3, 4, ..., so that
Apyo = Auaq Tt ays m =3, 45 o0l (10)

Lemma 1: The representation of a positive integer m corresponding to this 4-

sequence is the "minimal" Lucas representation.
Proof: Similar to that of Lemma 5.12 in [7, p. 45]. ®

It follows that g(m) = h(m) for every positive integer m. Let
n
S(m) = 2, k(i) and S'M) = S@u+; - 1) [7, p. 71.
i=1

Then it follows from (10) that we have (compare with Theorem 5.4 in [7, p. 411)
S'n+2) =8"n+1)+5'(n) +L,, n.=2, 3, ... . (1)
Lemma 2: S'(n) =n- Fo_,»n=2,3,

Proof: Easily by induction, using (11) and [5, (), p. 56]. =
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It follows that

L -1

n+2

g~ 1
g@) = __Z h(Z) = S'"(n +2) - 8'"(n + 1) (12)

+2

n+1

(n +'2>FZ+1 - (n+ 1)F, =n-°F + I n =2, 3,

n-1 n?
(This holds also for n = 1, if we define F, = 0 as usual.) From (12), it fol-
lows that (7) holds, because

F
_Tn-1 -5
lim 7 =2 lOVP- (see, for example, [7, (5.36), p. 471). (13)
w0 n

3. ''MAXIMAL'' LUCAS REPRESENTATIONS

Lemma 3: Suppose that m is a positive integer such that L <Sm< 1L -1,

n+1l n+2

where n 2 1. Then the greatest-indexed Lucas number in the "maximal" Lucas

representation of m is L.
Proof: This follows from Theorem 2 in [3, p. 250]. m

Let
Lyyp=1

a(n) = Z g,(i)’VL}Os

1= Ln+1

so that A] = a(n)/Ln.
Lemma 4: a(n) =a(n - 1) +a(n -2) +0L,,n=2,3, ... .

Proof: Since a(0) = a(l) = 2, a(2) =7, and L, = 3, the equation clearly holds
forw = 2. Let L,,, <m<1L,,, -1, where n 2 3. According to Lemma 3, the
greatest-indexed Lucas number in the representation of m is L, . Letm' =m -

L,. Then
L <m' <L - 1. (14)

According to Lemma 3, if L, <m’ <L, , - 1, then the greatest-indexed Lucas

number in the representation of m' is L, ,, and if L, , < m' < L[, - 1, then it
is L,_,. It follows that in both cases we get the representation of m by adding
L, to the representation of m'. It follows that

g'my =g'm" + 1, (15)

which, together with (14), clearly completes the proof. m

Lemma 5: a(n) =n- Fn+1 +L,,n=20,1,

Proof: Easily by dinduction using Lemma 4. m

It follows that (8) holds because
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Z;1n+1 _ 5+ /3

1im = —— (see, for example, [7, (5.34), p. 47]). (16)
n -0 L‘Vl ].O
L, UMAXIMAL'' FIBONACCI REPRESENTATIONS
Let
Fpep-1
bn) = 2 f'@),n=>1,
1=Fp+1

so that Y] = bn)/F,. Let

Fryp-2

cn) = Z ')y, n =2 2.

T=Fp41-1
Then we have

1 + (_1)n+l
2

Lemma 6: b(n) = c(n) + ,m =2, 3,

Proof: bn) - e¢(n) = f’(Fn+2 -1 - f'(Fn+1 - 1). We use the formulas (see,
for example, [5, (I;), (I;), p. 56])

F -1=F

o + P, e 4 F o+ Fa k=2, 3, ooy 17)

2k -1 3 5

and

F -1=F, +F e+ F Py, k=1, 2, ca. . (18)

2k+1 2k -2

If n is even, n = 2k, we get f'(F, ., - 1) - f'"(F ., - 1) =k -k =0 and if n
is odd, n = 2k + 1, we get f'(F, ,, - 1) - f'(F ,-1)=((k+1)-k=1m

Lemma 7: Let F  ,-1S<m<F -2, where n 2 2. Then the greatest Fibonacci

n+2
number in the "maximal" representation of m is F,.

Proof: [2, Theorem 1, p. 2]. =

In a similar fashion as in the case of "maximal" Lucas representations, it

follows now that
en) =cn -1) +c(n -2) +F,,n="4, 5, ... . (19)
Lemma 8: c(n) = (1/5)(n L., = 3F),n=2,3,
Proof: Easily by induction using (19) and [5, (I4), Pp- 56]. ®
Formula (9) now follows from Lemma 8 and Lemma 6 using the fact that

. Ln+1 5 + JE
lim —/4/—— = —————

7 (see, for example, [7, (5.36), p. 47]). (20)
) n 2
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